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TOUGHNESS  OF  INTERFACES 


A. S.  Argon,  V.  Gupta,  H.S.  Landis*,  and  J.A.  Cornie 
Massachusetts  Institute  of  Technology 
Cambridge,  MA  02139 


.STRACT 

The  critical  energy  release  rate  for  separation  of  thin 
coatings  from  their  substrate  can  be  determined  accurately  in 
many  instances  when  the  coatings  are  elastic,  and  are  under  a 
state  of  residual  stress.  When  the  thickness  of  Such  coat¬ 
ings  reaches  a  critical  value,  so  that  the  elastic  strain 
energy  per  unit  surface  area  in  them  equals  the  specific  work 
of  fracture  of  the  interface,  the  coating  will  delaminate 
from  the  substrate  in  quasi-static  equilibrium.  Through 
analysis  of  such  delaminations  of  SiC  coatings  from  single 
crystal  Si  substrates  and  Pitch-55  carbon  fibers,  the  in¬ 
trinsic  toughness  of  Si-SiC  and  C-SiC  interfaces  have  been 
determined  »^and  are  in  the  range  of  5.5  J/m2. 

INTRODUCTION 


^7  & 


In  metal  matrix  composites,  it  is  often  necessary  to  protect  the  re¬ 
inforcing  fiber  from  damage  resulting  from  fracture  of  surrounding  fibers 
or  from  misfitting  reaction  products  between  the  matrix  and  the  fiber. 

It  has  long  been  appreciated  that  this  is  best  accomplished  by  permitting 
some  slippage  along  the  interface  between  fiber  ar,g  matrix,  or  by  control¬ 
led  delamination  along  this  interface.  Since  other  requirements  must  also 
be  met  during  the  processing  of  the  composite,  such  as  proper  wetting  along 
interfaces  to  avoid  porosity,  simultaneously  controlling  the  interface 
tougnness  becomes  very  difficult.  Therefore,  we  nave  proposed  that  the 
two  functions  be  separated  by  the  introduction  of  a  second  parallel  inter¬ 
face,  the  properties  of  which  can  be  separately  controlled  [1],  This  be¬ 
comes  possible,  with  little  extra  effort,  when  protective  coatings  are 
used  on  fibers  to  isolate  them  from  reaction  with  the  matrix.  In  svcn 
cases,  the  primary  interface  between  the  coating  and  the  fiber  can  be 
tailored  during  production  of  the  coated  fiber,  and  controlled  to  have 
special  toughness  properties  to  govern  the  decoupling  of  the  fiber  from  its 
damaging  surroundings,  while  maintaining  full  wetting  contact  along  the 
interface  between  the  coating  and  the  matrix.  Thus,  the  primary  interface 
can  be  used  as  a  mechanical  fuse,  as  illustrated  in  Fig.  1.  When  a  crack 
impinging  on  a  fiber  from  the  outside,  either  caused  by  fiber  damage  in  the 
surrounding  regions,  or  resulting  from  a  reaction  misfit  weoge,  as  shown  in 
rig.  1,  if  the  ratio  of  the  fracture  toughness  of  the  primary  interface  to 
tnat  of  the  fiber  in  the  plane  of  the  crack  is  less  than  the  corresponding 
ratio  of  energy  release  from  the  surrounding  stress  field  for  virtual  ex¬ 
tensions  of  the  crack  along  the  interface  vs.  in  its  plane,  the  crack  will 
propagate  along  the  interface,  instead  of  going  into  the  fiber,  with  well 
Donded  fibers,  this  is  not  likely  to  happen  without  special  treatments  for 
the  primary  interface,  requiring  deliberate  control  of  tne  interface  tougn¬ 
ness.  Normally,  this  requires  a  decrease  in  the  interface  toughness. 


Now  with  GTE  Laboratories,  Waltham,  Massachusetts 
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FIG.  1.  Sketch  showing  various  possible  paths  of  a  crack  impinging  on  an 
interface  between  a  coating  and  the  underlying  fiber. 


Since  the  propagation  of  a  crack  either  into  the  fiber  or  along  the  inter¬ 
face  is  accompanied  by  more  or  less  inelastic  dissipation  in  the  matrix  or 
in  the  fiber  itself,  the  effective  reduction  of  the  interface  toughness 
could  be  achieved  in  principle  by  altering  the  inelastic  properties  of  the 
matrix  or  the  fiber.  This,  however,  nay  have  other  undesirable  global 
consequences.  A  much  more  successful  procedure,  following  again  along  the 
notion  of  considering  the  primary  interface  as  a  mechanical  fuse,  is  to 
control  the  intrinsic  toughness  of  the  primary  interface.  This  should  be 
quite  effective,  since  in  such  interface  fractures,  the  actual  mode  of 
separation  is  cleavage-like  with  or  without  surrounding  inelastic  dissipa¬ 
tion,  the  latter  affects  the  crack  only  through  its  shielding  effect.  In 
sue,'  instances,  the  overall  toughness  Gc  of  the  interface  is  a  sum  of  the 
intrinsic  toughness  Gp0  and  the  additional  specific  inelastic  work  of 
separation  GD  where,  however,  the  latter  is  directly  scaled  by  the  former 
[2],  i -e. . 


Gco  +  Gp  "  Gco  (1  +  K) 


dG 

K  *  35?T 


Thus,  the  task  of  protection  of  fibers  from  damage  reduces  to  two 
specific  related  requirements  of  tailoring  the  intrinsic  toughness  of  the 
primary  interface  between  the  protective  coating  and  the  fiber,  and  the 
measurement  of  this  interface  toughness.  Here,  we  will  report  briefly  only 
on  special  techniques  for  the  determination  of  intrinsic  toughness  of 
interfaces,  wnich  has  become  possible  through  the  analysis  of  tne  phenome¬ 
non  ot  spontaneous  aelamination  of  coatings  from  subttrates.  A  more  ex¬ 
panded  discussion  of  the  phenomenon  and  its  special  potential  for  interface 
toughness  determination  can  be  found  elsewhere  [']. 
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THE  SiC  SYSTEM 


Vapor  Deposition  of  Si'C  Coatings 

The  coating  of  choice  to  protect  carbon  fibers,  such  as  the  Pitch-55 
fibers,  widely  used  for  reinforcement  in  metal  matrix  composites,  is  S'C. 

It  adheres  well  to  carbon  fiber  and  the  surrounding  metal  matrix,  and  is 
neutral  in  reactions  with  the  metal  matrix.  In  the  experiments  reported 
here,  SiC  coatings  have  been  applied  to  substrates  of  single  crystal  Si 
wafers  and  Pitch-55  fibers  by  a  plasma-assisted  chemical  vapor  deposition 
process. 

It  was  found  that  tne  ion  bombardment  energy  is  the  most  important 
single  parameter  governing  the  properties  of  the  coatings.  Preliminary  ob¬ 
servations  showed  that  during  deposition  of  SiC  on  substrates,  large  con¬ 
centrations  of  atomic  hydrogen  are  entrapped  in  the  coatings,  which  must  be 
removed  by  annealing  the  substrate-coating  pair  at  a  temperature  of  600C 
for  about  30  minutes,  if  severe  porosity  problems  are  to  be  avoided  during 
the  processing  of  the  metal  matrix  composite.  Associated  with  this  problem, 
it  was  discovered  that  the  as-deposited  hydrogenated  SiC  coatings  are  under 
a  state  of  bi-axial  compression,  which  is  relieved  during  the  annealing 
treatment,  and  is  replaced  with  a  residual  bi-axial  tensile  stress  of 
similar  magnitude.  It  is  these  residual  stresses  in  the  coatings  which  are 
responsible  for  the  spontaneous  delamination  and  offer  in  the  process  the 
means  for  determination  of  interface  toughness. 

Coatings  with  Tensile  Misfit 

The  residual  stresses,  whether  compressive  or  tensile  in  SiC  coatings 
on  circular  disk  shaped  thin  Si  single  crystals  with  (111)  planes  parallel 
to  the  plane  of  the  disk  were  measured  by  measuring  the  curvature  of  the 
combination  of  coating  and  disk.  As  shown  in  Fig.  2,  if  the  coatings  are 
in  tension,  the  curvature  of  the  assembly  is  concave  upward  in  the  direction 
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-13.  2.  Sowing  of  a  circular  Si  wafer  with  a  thin  SiC  coating:  in  bi-axial 
tension,  and  bi-axial  compression. 


of  the  coating,  while  the  opposite  is  true  when  the  stresses  are  compres¬ 
sive.  By  elementary  considerations,  it  'S  easy  to  snow  that  For  thin 


coatings,  the  residual  stress  depends  only  on  the  thickness  t  of  the  coat¬ 
ing,  and  the  radius  of  curvature  R  of  the  assembly,  but  not  on  the  elastic 
oroperties  of  the  coating.  The  residual  stress  o  is  given  by  an  expression 
[3], 

Esh2 

3  =  ff(l  -  vsJtR  !3) 

where  £s  and  are  the  Voungs  modulus  and  Poisson's  ratio  of  the  substrate, 
and  n  is  the  substrate  thickness.  The  measured  residual  stresses  in  the 
coatings  in  tension  or  compression  are  shown  in  Fig.  3.  This  established 
that  the  residual  stress  depended  only  on  the  ion  beam  energy  and  not  on 
the  thickness  of  the  coatings. 


FIG.  3.  Measured  residual  stresses  in  coatings  as  a  function  of  ion  beam 
energy  for  as-deposited  coatings  in  compression  and  annealed  coatings  in 
tension. 


In  annealing  experiments  of  coatings  to  drive  out  the  entrapped  hydro¬ 
gen,  it  was  discovered  that  the  resulting  coatings  in  residual  tension  re¬ 
mained  attached  to  the  substrate  indefinitely  when  they  were  of  a  thickness 
less  than  0.2  um.  With  larger  thicknesses,  the  coatings  developed  two 
families  of  parallel  cracks:  one  set  parallel  to  the  <110>  direction  of 
the  Si  substrate,  the  other  family  parallel  to  the  <112>  direction,  ortho¬ 
gonal  to  the  first  set.  When  thicknesses  of  the  coatings  exceeded  0.3  jn, 
delamination  fronts  spread  out  along  the  interface  between  coating  and  sub¬ 
strate  bounded  by  the  parallel  through-thickness  pre-cracks.  This  produced 
well  delineated  long  delam’ination  ribbons,  which  continued  to  lie  flat  on 
the  Si  substrate ,  as  the  one  shown  in  Fig.  4a.  A  large  magnification  view 
of  the  detached  end  of  the  ribbon  in  Fib.  4b  shows  a  readily  measurable 
gap,  which  represents  the  initial  tensile  misfit  displacement  in  the  now 
delaminated  ribbon.  Through  the  measurement  of  such  built-in  misfit 
strains,  and  the  previously  measured  residual  tensile  stress,  the  Young's 
moduli  of  the  amorphous  S i C  coatings  could  be  determined  from  Eon.  (4) 
below,  on  the  assumption  that  the  Poisson's  ratio  of  the  coating  is 
0.3, 
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FIG.  4,  Example  of  ribbon-like  delamination  of  an  3**ealed  coating  in  ten¬ 
sion:  'a)  low  magnification  view  snowing  extent  of  ccoon,  ;b)  high  magni- 
f 'cation  view  snowing  tne  initial  tensile  material  --rit  displacement. 

%e  calculated  moduli  are  shown  in  Fig.  5,  and  indicate  that  tney  too  de¬ 
pend  on  tne  ion  beam  energy  and  not  on  any  other  oara'eter, 

Tne  Observations  thus,  indicate  tnat  the  delamnac'on  is  driven  by  tne 
elastic  strain  energy  in  tne  coating,  in  sucn  droolers  o'  biaxial ly 
stressed  tnin  coatings  resulting  from  a  constant  mate'-al  misfit  independ¬ 
ent  of  tnickness,  the  elastic  strain  energy  almost  entire1;/  resides  in  the 
coating,  with  only  a  negligible  contribution  coming  from  the  much  thicker 
substrate  [3].  Thus,  for  very  thin  coatings  where  the  elastic  strain 
energy  per  unit  area  of  the  interface  is  less  than  the  interface  toughness, 
tne  coating  remains  intact  indefinitely.  As  tne  thickness  of  the  coating 
mrreases,  tne  available  elastic  strain  energy  oer  jnit  area  'onotonical ly 
•ncreases  until  it  becomes  equal  to  the  intrns'c  interface  ''act.,re  sepa¬ 
ration  worx  oer  unit  area  Gc0.  Then,  the  coating  can  delaminate  away  ''O'* 
t-e  substrate  under  auasi-static  concit'ors,  starting  'rom  any  ’-ter'ace 
defect  or  ore-cracx.  "or  thicKnesses  greater  than  the  c't’cal  t'"c*ness, 
tne  delamination  will  occur  with  inceasirg  velocity.  *rom  e'erentary  ccn- 
s'derations,  the  cr’tical  specific  fracture  secarafon  worx  Gco  ’s  given  o. 
13:, 


wnere  ,  E,  .,  tc  are  in  order:  the  bi-ax’al  res'dual  ter5''e  stress, 

fe  pi  -a-tal  -atenal  "misfit  strain,  the  Young's  "OCjIjS,  t*e  :0'S3cn': 


Ion  Bombardment  Energy,  eV 


FIG.  5.  Dependence  of  calculated  modulus  of  coatings  in  tension  on  ion 
beam  energy . 

ratio,  and  tne  critical  thickness  --  all  of  the  coating.  This  work  of 
interface  fracture  is  shown  in  Fig.  6.  It  is  found  to  depend  weakly  on  the 
ion  beam  energy, .and  for  large  energies,  reaches  an  asymptotic  average 
level  of  5.1  J/m  , 


Ion  Bombardment  Energy,  eV 

FIG.  6.  The  dependence  of  the  calculated  interface  fracture  work  on  ion 
beam  energy  for  coatings  in  tension. 


joaf  res  nit**  Compressive  Misfit 


In  the  as-deposited  coatings,  the  residual  stress  is  compress- ve,  as 
stated  aoove.  There  too,  the  elastic  strain  energy  stored  in  tre  :oat;ng 
oer  unit  area  of  the  interface  increases  monotonically  with  thickness  o* 
the  coating.  The  delamination  of  these  coatings  from  the  substrate,  nc«- 
ever,  exhibits  a  very  different  form,  r.ere,  it  is  found  that  coat'n.gs  zc 
considerably  greater  thickness  remain  attacned  intact  to  the  substrate, 
uhen  tney  reach  a  new  critical  thickness  in  the  range  of  1.0  _n,  tney  are 
found  to  separate  by  forming  a  blister  which  lifts  off  the  substrate  '  n  a  re¬ 
gularly  buckled  form,  as  shown  in  Fig.  7,  where  a  number  of  blisters  -n 


FIT.  7.  Del amination  blisters  in  an  as-deoosited  coating  in  bi-axial  com¬ 
pression:  (A)  smallest  Size  blister  just  lifting  off,  (5)  large  blisters 
growing  redially  outward,  with  a  self-similar  and  regular  circumferent'ai 
buckled  front,  (C)  a  blister  just  large  enough  to  assume  a  regular  circum¬ 
ferential  buckled  shape. 


various  stages  of  separation  can  be  seen.  At  (A),  the  blisters  are  just 
la’-ge  enough  to  produce  two  half  waves  of  vertical  buckling,  at  (B),  large 
blisters  have  settled  into  a  form  where  tney  propagate  raaially  outwara  in 
Cuasi  static  eauilibrium,  with  a  self-similar  circumferential  oucxl^ng  wave 
lengt.o  This  wave  length  appears  just  established  in  the  small  cVster 
snown  at  (C). 

Detailed  observations  of  the  growth  of  the  blister  with  Ncr-arsxi 
interference  contrast  microscooy  snowed  that  as  tne  blister  front  aava^ces 
rac'3 11/  outward,  first  tne  radial  residual  stress  is  relieved  by  slippage 
of  the  coating  radially  inward  over  a  process  zone  of  several  mic-crs  -n 
w'dtn.  ~his  is  followed  by  the  partial  relief  of  tne  circumferential  stress 
; /  tne  formation  of  the  circumferential  buckles,  with  a  wave  ’engt"  : ■  trao 
depends  on  the  initial  bi-axial  residual  compressive  stress  :  giver,  by 
Eon .  [6 )  below  [3] , 


In  Eqn.  (6),  E  is  the  Young's  modulus  of  the  coating,  t  its  thickness,  and 
vi  its  Poisson's  ratio,  which  we  take  to  be  0.3.  Since  the  residual  com¬ 
pressive  stress  can  be  measured  independently  from  the  curvature  of  the 
substrate  attached  to  the  coating,  and  l  can  be  measured  from  the  micro¬ 
graphs,  such  as  Fig.  7,  the  modulus  of  the  coating  can  be  calculated  from 
Eqn.  (6).  When  this  was  done  for  a  coating  of  1.1  urn  thickness  with  a 
measured  l  of  20  um,  and  residual  compressive  stress  of  2  GPa,  E  was  found 
to  be  116  GPa. 

Further  elementary  analysis  of  the  remaining  elastic  strain  energy  Uf 
per  unit  area  of  interface  in  the  post  buckled  shape  of  the  coating  estab- 
1 ishes  it  to  be  [3], 


uf  - 
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(7) 


In  the  same  fundamental  parameters,  the  initial  strain  energy  per  unit  area 
of  interface  is  [3], 


At5 
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(8) 


At  the  critical  thickness  t  ,  the  difference  between  (8)  and  (7)  should 
provide  for  the  intrinsic  fracture  toughness  GCQ  of  the  interface,  i.e., 


vr4Etc5 

Gc0  9(1  -  v2)2(  1  -  vH4 


( 3) 


Evaluation  of  the  typical  case  already  referred  to  above  gave  an  inter¬ 
face  toughness  of  Gc0  =  5.95  J/m2,  which  is  14%  higher  than  the  value  de¬ 
termined  for  coatings  in  residual  tension.  The  difference  is  attributed  to 
the  additional  si ight  dl ssipative  work  of  slippage  when  relative  sliding 
occurs  between  coating  and  substrate  during  the  release  of  the  radial 
stress. 


THE  SiC  PITCH-55  CARBON  FIBER  SYSTEM 

The  same  phenomenon  of  spontaneous  delamination  also  occurs  with  SiC 
coatings  on  Pitch-55  carbon  fibers.  When  such  fibers  were  coated,  followed 
by  the  annealing  treatment  of  600C  for  30  minutes,  the  coatings  were  found 
to  remain  stable  and  intact,  if  their  thicknesses  were  less  than  0.33  -m 
for  coatings  deposited  at  low  ion  beam  energy.  When  coatings  with  this 
history  were  left  in  laboratory  air  with  the  usual  relative  humidity  of  60% 
for  several  months,  they  were  found  to  undergo  copious  and  complete  de¬ 
lamination  by  cracking  and  flaking,  as  shown  in  Fig.  8. 


.  3.  Flakes  of  delaminated  SiC  coatings  on  a  Pitch-55  fiber. 


The  initial  si  -axial  misfit  strain  cm  between  fating  and  ‘ioer  could 
oe  determined  from  tne  ratio  of  tne  average  gap  site  cetween  ‘lakes  to  the 
average  dimension  of  the  flakes.  With  this  informaf  on,  and  the  assumpt'on 
that  tr.e  modulus  of  the  coating  in  tension  is  given  .-'ouely  by  Fig.  5  as 
oe'ng  a  function  of  only  the  ion  beam  energy,  and  fe  further  assumption 
tnat  tne  Poisson's  ratio  remained  at  0.3,  the  elasf:  strain  energy  o‘  tne 
coating  oer  unit  area  could  be  calculated  and  ecuatec  to  the  fracture 
toughness  of  tne  interface  to  simply  result  in  [3], 


‘or  coating  thickness  to  fiber  radius  ratio  t  /R  <<  1.  Evaluation  of  tnese 
results  for  a  typical  case  of  coating  with  a  modulus  of  15  3Pa,  tnickness 
o‘  3.33  -R,  and  a  misfit  strain  of  2.7x10  1  on  a  fiber  with  a  radius  of 
5  tne  interface  tougnness  was  calculated  to  be  Gco  =  5. -17  Tnis 

•:  Cu’te  close  to  the  value  of  5.1  J.mt  determined  for  the  5iC-Si  pair. 


™e  nave  demonstrated  that  tne  Phenomenon  of  spontaneous  celaminatipn 
of  coafngs  under  residual  stress,  from  more  -assive  substrates  occurs  when 
t-e  e'astic  strain  energ,  of  misfit  oer  unit  area  eouals  tne  inf'nsic  worx 
of  separation  of  the  coating  ‘rom  the  interface,  delammation  can  occur 
C-.as’ -stat’ca!  ly.  The  analysis  of  the  cond’tions  of  Sucn  cela-mation  p-o- 
.'ces  t-e  "ucn  needed  information  on  the  intrinsic  ‘ract^re  toughest  c‘ 
tie  -ntenface.  Apart  ‘rom  small  differences,  which  apparent:.,-  are  o^e  to  a 
slight  energy  dissipation  during  slicpage  of  tne  coat'rg  over  tne  substrate 
as  the  radial  stress  is  relieved  first  before  tne  tangential  stress,  'r  t-e 


case  of  the  growth  of  the  compression  blister,  the  interface  toughness  is 
independent  of  the  state  of  stress  in  the  coating.  Furthermore,  the  tough¬ 
ness  of  the  interface  between  S i C  coatings  and  carbon  fibers  is  also  quite 
close  to  tnat  measured  for  the  SiC/Si  pair. 

Observation  of  such  delamination  events  is  not  new.  Earl ier,  Evans  and 
Hutchinson  [4]  have  reported  somewhat  similar  delamination  phenomena  for 
interfaces  between  surface  layers  and  substrates  in  computer  interconnects, 
but  observed  a  rather  different  process  in  the  delamination  of  the  layers 
in  compression,  which  was  less  informative. 

It  must  be  noted  that  the  simplicity  of  the  phenomenon  reported  above 
results  from  the  sharply  defined  nature  of  the  interface,  and  the  condition 
that  the  interface  toughness  is  evidently  less  than  the  toughness  of  either 
the  coating  or  the  substrate,  so  that  delamination  cracks  remain  in  the 
interface  and  do  not  wander  into  either  of  the  two  adjoining  materials. 
Under  this  condition,  the  nature  of  the  stress  intensity  at  the  crack  tip 
for  the  interface  crack,  which  has  created  quite  considerable  controversy 
[5,6],  is  irrelevant,  since  the  problem  can  be  analysed  by  overall  ener¬ 
getics  alone. 

On  the  whole,  we  conclude  that  the  interface  toughnesses  reported  here 
are  quite  meaningful  and  of  an  expected  magnitude.  How  these  reflect  them¬ 
selves  in  actual  composites  is  a  more  complex  matter,  and  require  under¬ 
standing  of  the  other  accompanying  dissipative  processes  [1], 
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INTERFACES  WITH  CONTROLLED  TOUGHNESS 
AS  MECHANICAL  FUSES  TO  ISOLATE  FIBERS  FROM  DAMAGE 
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ABSTRACT 


A  source  of  inadequate  performance  of  Metal  Matrix  Composites  has  been 
the  loss  of  strength  due  to  the  reaction  layers  between  the  fiber  and  the 
surrounding  metal  matrix.  Here ,  we  propose  that  the  traditional  diffusion 
barrier  coatings  on  the  fiber  can  be  utilized  to  serve  as  mechanical  fuses 
to  isolate  the  impinging  reaction  zone  cracks  by  interface  delamination. 
Requirements  on  the  interface  strength  and  toughness  for  the  specific 
tailoring  of  the  fiber/coating  interface  are  given.  Special  problems  as¬ 
sociated  with  the  graphite /aluminum  system  are  identified.  A  double  canti¬ 
lever  beam  experiment  has  been  developed  to  measure  the  work  of  separation 
of  thin  coatings  (0.1  to  0.3  urn)  from  bulk  substrates.  This  test  has  been 
successfully  applied  to  measure  the  work  of  fracture  of  the  interface 
between  a  planar  pyrolytic  graphite  substrate  with  the  same  chemistry  and 

closely  related  microstructure  as  that  of  the  10  pm  Pitch-55  graphite  fiber 

2 

and  SiC  coatings  on  them.  A  value  of  60  J/m  was  obtained  for  the  critical 
energy  release  rate  for  the  PG/SiC  interface.  Additional  measurements  of 
energy  release  rates  in  thin  layers  of  glue  used  to  model  the  aluminum 
matrix  and  in  PC  itself ,  have  given  values  which  account  for  the  high 
toughness  of  the  main  interfaces  through  the  accompanying  inelastic  de¬ 
formation  work  in  the  glue  and  the  PC  while  the  crack  travels  along  the 


I.  INTRODUCTION 


Composite  materials  are  tailored  combinations  of  materials  constructed 
to  exploit  the  desirable  properties  of  the  component  parts,  while  minimizing 
their  weaknesses.  The  points  of  particular  interest  are  the  attainment  of 
high  stiffness  and  strength  under  both  monotonic  and  cyclic  loading,  and 
other  improvements  in  associated  properties,  such  as  desired  levels  of  thermal 
expansion,  damping  capacity,  resistance  to  environmental  attack;  all  at  mini¬ 
mum  weight  and  acceptable  cost. 

Since  composites  combine  a  multiplicity  of  component  material  parts, 
they  contain  a  high  volume  density  of  interfaces.  The  proper  performance  of 
composites  in  service  puts  extreme  and  often  conflicting  demands  on  these 
interfaces.  In  all  of  our  considerations  here,  we  will  view  composites  as 
heterogeneous  media  having  a  relatively  coarse  microstructural  scale,  for 
which  the  elastic  or  plastic  properties  of  the  heterogeneities  are  governed 
by  representative  volume  elements  on  a  much  finer  scale.  This  implies  that 
individual  phases  can  be  considered  as  continua,  and  that  they  interact  with 
each  other  only  through  their  interfaces.  Thus,  the  consideration  of  choice 
is  micro-mechanics,  from  which  other  macro-properties  are  assumed  to  be  ob¬ 
tainable. 

In  normal  service,  interfaces  are  required  to  transmit  full  traction 
to  assure  that  reinforcing  phases  such  as  fibers  are  fully  load  bearing  to 
enhance  the  stiffness  of  the  composite  and  to  promote  redundant  deformations 
in  a  ductile  matrix  that  can  markedly  increase  the  overall  deformation  re¬ 
sistance  in  it.  The  difference  in  the  deformation  resistance  between  fibers 
and  matrix  results  in  the  development  of  stress  concentrations  across  the 
interfaces.  These  concentrations  can  initiate  cavitation  and  incipient 


fracture  phenomena,  which  sooner  or  later  become  unstable  and  result  in  the 


premature  termination  of  service  by  overall  fracture.  When  such  fracture  is 


inevitable,  it  is  desirable  that  as  much  dissipative  work  be  associated  with 


it  as  possible  to  result  in  tough  and  energy  absorbing  structures.  Whether 


that  toughness  has  the  clear  characteristics  of  being  associated  with  the 


propagation  of  a  single  crack,  and  carrying  conventional  implications  of 


fracture  toughness,  or  is  more  diffuse  and  widespread  over  the  entire  struc¬ 


ture  is  important  in  design,  but  of  secondary  consideration  here.  In  all  of 


these  terminal  phenomena,  overall  instability  can  be  delayed  by  the  system¬ 


atic  decoupling  of  the  reinforcing  elements  that  are  on  the  verge  of  be¬ 


coming  critically  stressed.  To  the  extent  that  this  can  be  successfully  ac¬ 


complished,  subcritical  damage  can  be  spread  over  larger  volume  elements,  to 


result  in  a  quasi-plastic  response  of  the  entire  composite  on  the  large 


scale.  This  desired  systematic  decoupling  of  the  reinforcing  fibers  or 


other  heterogeneities  can  be  accomplished  by  controlling  the  terminal  pro¬ 


perties  of  interfaces,  to  have  them  act  as  mechanical  fuses  at  appropriate 


pre-determined  levels  of  critical  tractions.  Such  fine  tuning  or  "tailoring" 


of  interface  properties  is  in  principle  possible,  but  requires  a  high  degree 


of  understanding  of  both  the  micro-mechanics  of  interfaces  and  the  factors 


that  affect  their  cohesive  strength  and  overall  fracture  toughness. 


In  metal  matrix  composites,  where  chemical  reactions  are  also  pos¬ 


sible  between  the  fibers  and  the  metal  matrix,  forming  reaction  product 


layers  along  interfaces,  the  positive  material  misfit  that  often  accompanies 


such  reactions  can  initiate  cracks  in  the  fibers.  To  protect  the  fibers 


from  such  reaction  damage,  it  is  customary  to  provide  them  with  non-reactive 


-4- 


coatings.  Since  such  coatings  are  introduced  on  the  fibers  under  carefully 
controlled  conditions,  they  can  also  offer  the  opportunity  for  tailoring  the 
strength  and  toughness  of  their  interfaces  with  the  fiber,  to  achieve  the 
mechanical  fuse  action  discussed  above  to  isolate  damage.  Such  damage  may 
have  originated  either  among  neighboring  fibers,  and  is  transmitted  across 


the  matrix  to  the  fiber,  or  it  may  have  been  generated  by  reaction  products 
forming  on  the  outer  interface  between  the  matrix  and  the  protective  coating. 

We  report  here  the  results  of  a  combined  experimental  and  theoretical 
study  on  such  key  interfaces  between  the  fibers  and  their  protective  coatings. 
It  should  be  emphasized  that  the  concept  of  using  such  interfaces  as  mecha¬ 
nical  fuses  is  a  very  general  one,  and  in  principle,  could  be  applied  to  any 
composite  system.  However,  in  this  study,  we  focus  on  its  application  to 
metal  matrix  composites. 


II.  INTERFACE  MECHANICS 


2.1  Metal  Matrix  Campsite  Systems 


For  metal  matrix  composites,  a  large  number  of  fiber  and  matrix 
systems  have  been  explored.  For  structural  applications  at  intermediate 
temperatures,  the  light  metals  of  aluminum,  titanium,  and  magnesium  have  been 
under  primary  consideration  as  matrices.  While  beryllium  has  most  attractive 
properties  in  its  own  right,  even  without  any  reinforcement,  it  has  not  re¬ 
ceived  much  attention  because  of  the  difficulties  associated  with  its  proces¬ 
sing.  Of  these,  aluminum  has  been  the  matrix  most  widely  considered.  As  a 
f.c.c.  metal,  it  exhibits  exceptional  ductility,  and  has  a  large  number  of 
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well  developed  alloys  with  impressive  properties.  Of  the  various  fibers 
used  to  reinforce  aluminum,  such  as,  boron,  A1 203 ,Si C ,  and  carbon,  the  one 
that  will  be  of  primary  interest  to  this  investigation  is  the  system  of 
meso-phase  pitch  base  fibers  obtained  from  spun  polymer  precursors  by  a 
sequence  of  carbonization  (1000  -  2000°C)  or  graphitization  (2000  -  3000°C) 
treatments.  Such  pitch  base  fibers  have  axial  fiber  Young's  moduli  that 
range  from  100  -  500  GPa  with  increasing  molecular  orientation,  increasing 
long-period  of  crystalline  domains,  and  increasing  density  (1.9  -  2.2  g/cm3). 
In  graphitized  form,  their  tensile  strengths  are  of  the  order  of  2  GPa  and 
relatively  independent  of  their  stiffness  [1],  Figure  la  gives  the  micro¬ 
structure  of  a  Pitch-55  (Axial  modulus  55  x  10^  psi  =  385  GPa)  fiber,  as 
viewed  in  a  cross  section  across  the  axis.  The  fibers  are  typically  of  10  _m 
in  diameter,  and  are  predominantly  available  in  500  -  10,000  filament  yarns. 
The  long  axial  grooves  along  the  external  cylindrical  surface  and  the  micro¬ 
structure  of  the  transverse  section  indicate  tha*-  the  principal  morphology  of 
the  fiber  is  in  the  form  of  randomly  corrugated  and  densely  packed  lamellae, 
oriented  parallel  to  the  fiber  axis.  This  suggests  an  idealized  fiber 
morphology,  shown  in  Fig.  lb,  with  "planes  of  weakness"  terminating  roughly 
at  right  angles  on  the  external  surface.  The  consequence  of  this  fiber 
morphology  is  a  very  low  transverse  modulus  (14  GPa  for  the  Pitch-55  fiber), 
and  correspondingly  low  transverse  tensile  strength  as  well,  estimated  to  be 
around  75  MPa  on  the  basis  of  the  usual  correlation  between  modulus  and 
strength.  The  particular  morhpology  of  the  fiber  also  results  in  low  shear 
stiffness  and  shear  strength  in  longitudinal  shear  response  to  stresses  o2r> 
Although  this  has  no  important  consequence  in  the  normal  service  of  the 


composite;  it  can  have  important  benefitial  effects  in  the  spreading  of 
damage.  Pitch-55  fibers  have  a  density  of  2.0  g/cm  .  The  major  advantage 
of  Pitch-55  fibers  is  their  chemical  intertness  due  to  high  carbon  content, 
high  density,  and  high  crystallinity.  In  the  case  of  metal  matrix  composites 
for  space  structures,  the  attractions  of  this  are  the  combination  of  proper¬ 
ties  which  promote  thermal  dimensional  stability,  i.e.,  high  Young's  modulus, 
low  and  negative  coefficient  of  thermal  expansion,  and  high  thermal  conduct¬ 
ivity. 

The  fibers  are  usually  provided  with  a  Si C  coating  of  roughly  0.2  pm 
thickness,  applied  by  a  plasma-assisted  chemical  vapor  deposition  process 
(PACVD)  to  isolate  them  from  the  matrix.  The  properties  of  such  SiC  coatings 
and  means  for  their  placement  have  been  investigated  by  Landis  et  a  1., 
and  will  be  reported  by  them  elsewhere  [2],  Such  coatings  can  be  under  sub¬ 
stantial  bi -axial  misfit  stresses,  dependent  upon  their  structure  and  levels 
of  entrapped  hydrogen.  These  misfit  stresses  are  compressive  in  the  as- 
deposited  form  of  the  coatings,  but  can  be  relieved  and  even  turned  into  ten¬ 
sile  stresses  upon  thermal  treatment.  They  are  usually  either  maintained  at 
zero  or  slightly  compressive  levels.  The  coatings  are  generally  amorphous  and 
have  isotropic  Young's  moduli  of  about  300  GPa. 

As  discussed  earlier,  the  overall  mechanical  properties  of  the  com¬ 
posite  are  critically  dependent  on  the  properties  of  the  key  interfaces 
between  the  fiber  and  coating.  The  general  mechanics,  and  in  particular,  the 
problems  associated  with  Gr/Al  systems  involving  the  fiber-coating  inter¬ 
actions  are  of  a  generic  nature,  and  are  potentially  applicable  to  many  other 
composite  systems  as  well. 


2. 2  Fiber-Matrix  Interaction 

In  composites,  certain  conflicting  requirements  must  be  satisfied  by 
the  interfaces  between  fiber  and  matrix.  First,  in  a  successful  composite, 
it  is  important  to  decouple  the  fiber  from  the  matrix  during  fracture,  so  as 
to  prevent  planar,  low  energy  absorbing  fractures.  In  fact,  fiber  fracture 
at  random  levels,  followed  by  fiber  pull  out  is  desirable.  This  demands 
that  the  interfacial  strength  should  not  be  too  high.  On  the  other  hand, 
adequate  interfacial  strength  is  required  to  provide  good  transverse  proper¬ 
ties  of  the  composite.  Hence,  in  order  to  tailor  the  interfaces  to  desired 
properties  for  them  to  act  as  mechanical  fuses,  it  is  necessary  to  bound  the 
interface  strength  and  toughness. 

2.  3  Transverse  Behavior  and  Lever  Bound,  to  the  Interface  Strength 

The  interface  strength  is  probed  directly  when  the  composite  is  stres¬ 
sed  in  the  transverse  direction.  Hence,  the  interface  strength  should  be 
high  enough,  so  that  transverse  service  stresses  can  be  transferred  to  the 
fiber.  Because  of  the  complexity  of  the  stress  field  at  the  interfaces  in  a 
bundle  of  fibers,  the  transverse  loading  problem  has  been  approached  chiefly 
with  numerical  techniques.  The  interfacial  stresses  developed  under  trans¬ 
verse  tensile  loading  in  composites  of  Pitch-55  fibers  in  pure  A1  matrices 


has  been  studied  to  a  considerable  extent  by  Zywicz  [3],  Figure  2, 
relating  to  their  work,  shows  the  geometry  of  a  typical  close-packed  array  of 
Pitch-55  fibers  surrounded  by  an  A1  matrix.  The  relevant  results  for  our 
consideration  are  given  in  Table  I,  where  the  stress  concentrations  in  purely 
elastic  and  elastic-plastic  behavior  of  the  A1  matrix  are  summarized  as  a 
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function  of  volume  fraction  of  fibers  for  two  different  modes  of  tensile  load¬ 
ing  in  the  transverse  direction,  i.e.,  o  ,  in  the  close-packed  direction 
and  oy  ,  mid-way  between  the  close-packed  directions.  The  table  shows  that 
since  the  transverse  modulus  of  the  fibers  is  less  than  that  of  the  aluminum, 
the  fibers  have  actually  a  deficiency  in  load  carrying  capacity  in  purely 
elastic  behavior  of  fibers  and  matrix,  resulting  in  a  stress  concentration  in 
the  matrix.  This,  however,  is  changed  when  the  matrix  can  undergo  plastic 
deformation,  and  can  continue  to  load  the  fibers  by  plastic  drag.  Thus,  for 
an  equivalent  plastic  strain  of  even  as  small  as  0.01,  interface  stress  con¬ 
centrations  ranging  from  1.14  to  2.40  appear  on  the  cylindrical  fiber  surface, 
depending  on  fiber  volume  fraction  and  are  governed  by  the  equivalent  plastic 
resistance  of  the  matrix.  Based  upon  what  the  equivalent  plastic  resistance 
of  the  matrix  is,  i.e.,  whether  the  matrix  is  pure  A1  or  an  A1  alloy,  the  re¬ 
sults  in  Table  I  provide  a  lower  bound  for  the  required  interface  strength, 
i.e., 

ai  (lower  bound)  >  ka^  .  ^ 

Where  k  is  the  maximum  stress  concentration  factor,  and  ax  is  the  desired 

i » 

transverse  tensile  strength  of  the  composite. 

2.4  Controlled  Delamination  of  Coatings  and  Cover  Bound  to  t'-'.e 


Pitch-55  fiber.  The  crack  could  alternatively  have  resulted  from  a  matrix 
strain  concentration  produced  by  fractures  in  the  surrounding  fibers,  a 
surface  notch,  or  as  shown  in  the  figure,  by  a  reaction  product  produced 
misfit  wedge  propping  the  flanks  of  the  crack  open.  In  all  these  cases,  the 
principal  concern  is  to  protect  the  fiber  from  fracturing  by  penetration  of 
the  main  crack  into  the  fiber.  This  is  to  be  achieved  by  decoupling  the 
fiber  at  the  interface  between  the  coating  and  the  fiber  by  producing  either 
normal  or  shear  failure  at  the  interface  using  the  concentrated  interface 

stresses  aan(Tt/2)  or  a  _(n/2) .  The  crack  deflection  process  along  the  inter- 

y  y  ry 

face  requires  the  following  conditions  to  be  satisfied  by  the  stress  field 
near  the  tip  of  the  crack: 

a)  The  ratio  of  the  fiber  tensile  a£  strength  to  the  interface  co¬ 
hesive  strength  a*  should  be  greater  than  the  ratio  of  the  elastic 
crack  tip  stresses  probing  the  plane  across  the  fiber  to  the  stress 
probing  the  interface  to  separate  it  in  tension,  i.e.,  the  ratio 
of  aeQ  (at  8  -  0)  to  gQq  (at  0  =  tt/2).  This  will  lead  to  the 
delamination  of  the  interface  in  tension,  provided  that  such 
tensile  stress  can  be  achieved.  This  condition  leads  to  an  up¬ 
per  bound  for  the  interface  cohesive  strength. 

b)  The  ratio  of  the  fiber  tensile  strength  to  the  interface  shear 

strength  t*  should  be  greater  than  the  ratio  of  (at  0  =  0)  to 

a  .  at  the  interface  (i.e.,  at  0  =  tt/2).  This  will  ensure  the 
ry 

separation  of  the  interface  in  shear,  and  bounds  the  interface 
shear  strength.  When  the  ratio  of  the  interface  cohesive 
strength  to  the  interface  shear  strength  is  less  than  the  ratio 
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of  aQg/arQ  at  the  interface,  tensile  separation  will  be  preferred. 
Alternatively,  for  two  possible  directions  of  growth  of  the  crack, 
i.e.,  across  the  fiber  vs.  along  the  interface,  if  the  ratio  of 
the  energy  release  rate  for  growth  across  the  fiber,  to  growth 
along  the  interface  is  less  than  the  ratio  of  the  work  of  fracture 
Gcft  transversely  across  the  fiber  to  work  of  separation  of  the 
interface  G  .  ,  then  the  fracture  will  follow  the  interface. 

W  I 

c)  The  work  of  separation  of  the  interface  Gci  in  any  appropriate 
combination  of  separation  across  aQQ  and  ar0  along  the  interface 
should  be  less  than  the  work  of  fracture  Gc^  of  the  fiber  in  the 
longitudinal  direction  or  the  coating  for  the  crack  to  continue  to 
travel  along  the  interface. 

Thus,  it  is  of  interest  to  determine  the  stress  a00  and  orQ  acting  across 
the  interface  for  a  crack  terminating  at  right  angles  on  the  interface,  and  estab¬ 
lish  the  energy  release  rates  that  result  when  the  crack  branches  into  the  interface 
to  relieve  these  stresses.  Furthermore,  it  is  of  interest  to  compare  these  energy 
release  rates  with  the  relase  rate  for  a  crack  going  into  the  fiber. 

Upon  the  initial  successful  diversion  of  the  delamination  crack  along  the 
interface,  continued  preferential  delamination,  as  opposed  to  the  crack  entering 
the  fiber,  requires  inaddition,  knowledge  of  the  stress  intensity  associated  with 
cracks  lying  on  the  interface,  to  sati  sfy  the  condition  under  (c)  above. 

A1  though  knowledge  of  these  stresses  and  energy  release  rates  for  cracks 
terminating  on  the  interface  or  lying  along  the  interface  in  these  bi -material 
problems  shouldbe  quiteuseful  for  purely  elastic  behavior,  itwill  beclearthat 
additional  considerations  will  be  necessary  to  understand  the  interface  behavior , 
when  plastic  deformation  in  the  fiber  or  in  the  matrix  outside  the  coating  ac¬ 
companies  the  propagation  of  the  delamination  crack. 


W 

w 

w 

s 

»!•!* 


For  isotroipc  bi-material  media  with  a  crack  terminating  at  right 
angles  on  the  interface,  a  very  useful  solution  has  been  provided  by  Swenson 
and  Rau  [4]  for  the  Mode  I  loading  of  such  a  crack.  As  these  authors  show, 
such  cracks  have  a  singularity  which  differs  fundamentally  from  that  of 
cracks  in  homogeneous  media,  with  singularity  exponents  either  larger  or 
smaller  than  0.5,  depending  upon  whether  the  crack  is  in  the  stiffer  or  the 
more  compliant  medium.  The  principal  result  of  their  analysis  for  the 
changes  in  stress  intensification  around  the  crack  tip  in  a  bi-material  with 
semi-infinite  extent  is  reproduced  in  Fig.  4  for  plane  strain.  Mode  I  load¬ 
ing,  as  a  function  of  the  shear  modulus  ratio  for  a  pair  of  materials  having 
the  same  Poisson's  ratio  of  0.3.  It  is  to  be  noted  that,  when  the  crack  is 
in  the  stiffer  medium,  as  would  be  the  case  of  interest  in  this  study  with 
a  crack  in  the  Si C  coating,  the  intensification  of  delaminating  tensile 
stress  cjq0(tt/2)  decreases,  while  the  delaminating  shear  stress  or0(iT/2)  in¬ 
creases  with  increasing  shear  modulus  ratio u-j/ug*  In  fact»  when  ex" 

ceeds  10,  the  opening  mode  stress  a_. Q (tt/2 )  across  the  interface  drops  to  zero, 
while  the  magnitude  of  ar0( tt/2 )  has  doubled.  It  is  to  be  noted  that  in  the 
case  of  interest  here,  the  ratio  between  the  modulus  of  the  SiC  and  the  axial 
modulus  of  the  fiber  is  1.17,  and  thus  differs  only  marginally  from  the  iso¬ 
tropic  case.  This  implies  that  the  ratio  of  the  opening  mode  stress  a00( tt/2) 
across  the  interface  to  that  in  the  fiber,  i.e.,  a00(iT/2)/a00(O)  is  roughly 
0.35  (as  is  the  ratio  arQ(Tr/2)/aQ0(O) ) .  We  note,  however,  that  the  Pitch-55 
fiber  is  intensely  anisotropic  and  has  a  transverse  modulus  that  is  only  4% 
of  the  axial  modulus.  Thus,  it  can  be  expected  that  the  fiber  can  readily 
flex  in  the  transverse  direction  to  release  the  transverse  normal  stress 
ooq(tt/2);  perhaps  completely.  This  indicates  that  decoupling  the  fiber  from 
the  coating  may  prove  to  be  quite  difficult,  particularly  if  the  interface 
has  no  means  of  responding  plastically  in  shear.  Clearly,  a  full  solution  of 


this  bi-material  problem  with  the  anisotropy  of  the  fiber  fully  taken  into 
account  is  necessary. 


The  associated  bi-material  problem  of  a  crack  lying  in  the  interface 
of  two  elastic  media  that  would  be  required  to  follow  the  path  of  the  de¬ 
lamination  crack  has  been  considered  by  a  number  of  investigators  [5,6],  and 
is  plagued  by  oscillatory  singularities,  the  origin  of  which  is  not  under¬ 
stood.  Incorporation  of  geometrical  and  material  non-linearities  are  pre¬ 
sently  being  explored,  but  have  so  far  not  led  to  fully  satisfactory  results 
[7],  Solutions  of  this  type,  however,  will  be  necessary  not  only  for  the 
problem  of  continued  propagation  of  delamination  cracks,  but  also  in  the 
final  interpretation  of  experimental  measurements  of  interface  toughness,  as 
we  describe  below. 

III.  CONTROL  AND  MEASUREMENT  OF  TOUGHNESS  OF  INTERFACES 

3. 1  General  Strategy 

To  use  the  interface  between  the  fiber  and  its  coating  as  a  reliable 
mechanical  fuse  to  protect  the  fiber  from  damage,  requires  both  control  of 
interface  strength  and  toughness  in  processing,  as  well  as  reliable  methods 
of  measuring  such  strength  and  toughness.  The  process  of  producing  high 
quality  coatings  of  SiC  on  Pitch-55  fibers  and  other  substrates  with  the  de¬ 
sired  properties  of  interfaces  by  plasma-assisted  chemical  vapor  deposition 
has  been  discussed  by  Landis,  et  al .  [2],  The  actual  tailoring  of  the 
properties  of  these  interfaces  between  coating  and  substrate  to  place  them 
between  the  required  lower  and  upper  bounds  discussed  above,  is  still  in 
progress,  and  will  be  reported  in  the  future.  Here,  we  will  discuss 
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primarily  the  procedures  developed  for  the  measurement  of  inter¬ 
face  properties.  Of  these,  the  interface  cohesive  strength  and 
shear  strength  are  difficult  to  measure,  since  they  will  be  very 
sensitive  to  imperfections  and  are  not  likely  to  be  of  great  value  in  govern¬ 
ing  the  mode  of  the  delamination  of  the  interface  to  protect  the  fiber.  For 
this  latter  purpose,  the  work  of  separation  across  the  interface  will  be  of 
greater  value.  From  fundamental  considerations,  it  is  expected  that  the  actual 
fracture  work  of  an  interface  could  be  dependent  on  the  mixture  of  the 
modes  that  are  forcing  it  apart,  i.e.,  the  mixture  of  the  applied  Mode  I 
and  Mode  II,  to  which  the  interface  crack  is  subjected.  However,  since  the 
nature  of  the  singularity  related  to  interface  cracks  separating  two  dis¬ 
similar  materials  under  any  mode  of  loading  is  presently  associated  with  un¬ 
certainties  discussed  briefly  in  Section  2.4  above,  we  have  concentrated  at¬ 
tention  on  the  development  of  reliable  and  reproducible  methods  of  measure¬ 
ment  of  the  fracture  work  of  an  interface  by  the  most  convenient  means  possible. 
In  this  quest,  however,  two  limiting  approaches  have  been  distinguished. 

The  interfaces  which  are  of  interest  are  expected  to  be  relatively  sharply 
defined  along  a  steep  material  gradient  between  the  coating  and  the  fiber. 

The  decohesion  should  then  follow  along  a  smooth  surface,  and  have  the  appearance  of 
a  typical  cleavage  fracture.  Thus,  the  actual  intrinsic  toughness  GcQ,  i.e., 
the  release  rate  necessary  for  the  decohesion  is  expected  to  be  in  the  range 
of  only  3-5  J/m2,  which  is  typical  for  a  cleavage-like  fracture  in  a  hard 
inorganic  solid.  On  the  other  hand,  the  energy  release  rate  Gc  for  an  actual 
interface  delamination  in  a  composite  is  likely  to  be  very  much  larger, 
because  of  the  presence  of  accompanying  inelastic  deformation  in  the  fiber 
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and  in  matrix  surrounding  the  fibers.  In  such  fractures  where  the  eventual 
separation  process  is  of  a  cleavage  type,  the  additional  energy  release  rate 


Gp  that  is  associated  with  the  surrounding  inelastic  dissipations  will  be 
scaled  by  the  intrinsic  toughness  of  the  interface  GCQ  [8],  i.e., 

G  '  Gco  +  Gp  a  Gco('  *  K)  •  (2) 

where  K  =  Gp/Gco  •  (3) 

Therefore,  in  spite  of  the  much  larger  dissipations  associated  with  delamina¬ 
tions  of  interfaces  in  composites,  the  fundamental  interface  property  to  be 
controlled  is  the  interface  toughness  Gcq,  which  is  expected  to  be  related  direct¬ 
ly  to  the  reversible  work  of  separation  of  the  interface  by  the  well-known  relation 

Gco  =  xSiC  *  *c  -  *1  (4) 


where  Xsi  c  and  \  are  the  surface  free  energies  of  SiC  and  Candy.,-  isthe  inter¬ 
face  energy  of  SiC  and  carbon.  Hence,  in  the  control  of  the  fuse-like 
action  of  the  interface  between  coating  and  fiber,  the  reliable  measurement 
of  Gcq  and  how  it  may  be ^affected  by  the  processing  conditions  is  of  vital 
importance.  Nevertheless,  of  almost  equal  importance  is  the  measurement  of 
the  interface  toughness  in  the  actual  composite  itself. 


In  what  follows,  we  will  discuss  the  methods  developed  to  measure 
the  overall  toughness  Gc  of  the  interfaces  in  systems  very  similar  to  those 
of  the  actual  composite.  The  special  methods  necessary  to  measure  the  in¬ 
trinsic  toughness  of  the  interface  are  discussed  in  an  accompanying  communication 
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Measurement  of  Critical  Energy  Release  Rates  0  cf  Inter fa. 
in  Composites 

Measurement  of  interface  fracture  work  is  not  a  new  problem  in  thin  film 
and  coating  technology.  The  literature  is  replete  with  practical  techniques 
for  the  measurement  of  some  average  properties  of  thin  film  or  coating  inter¬ 
faces,  recently  reviewed  by  Mittal  [10].  Here,  we  shall  develop  some  special 
considerations  and  procedures  necessary  for  the  accurate  measurement  of  inter¬ 
face  fracture  work. 

The  preferred  test  for  the  determination  of  interfacial  properties 
should  measure  the  state  of  adhesion  directly  using  simple  fundamental  pro¬ 
cedures  of  mechanics  relatively  free  of  artifacts  relying  on  complex  models, 
based  on  unverifiable  assumptions.  For  example,  in  the  scratch  test  [11], 
the  process  of  scratch  formation  is  complex  and  cannot  be  readily  explained 
in  terms  of  pure  models.  Furthermore,  there  is  no  preferential  failure  at 
the  film/substrate  interface,  and  the  size  and  shape  of  the  stylus  can  in¬ 
fluence  the  mode  of  failure  in  an  undeterminable  manner.  In  the  periodic 
cracking  technique  utilized  by  Chow,  Liu  and  Penwell  [12]  and  by  Davutoglu 
and  Aksay  [13],  the  complex  state  of  stress  at  the  edge  of  the  film  in  con¬ 
tact  with  the  substrate  is  not  taken  into  account.  More  detailed  stress 
field  modeling,  such  as  that  carried  out  by  Yang  and  Freund  [14]  using 
sliding  stress  intensity  factors,  are  necessary.  The  indentation  technique 
of  Chiang,  Marshall,  and  Evans  [15],  requiring  the  presence  of  the  interface 
in  the  vicinity  of  a  plastic  zone,  is  also  based  on  a  fairly  complicated  model, 
and  does  not  measure  the  interface  work  of  fracture  directly.  On  the  other 
hand,  the  double  cantilever  beam  test  provides  a  simple  and  direct 


<  Bumromw  bbbw  wiwiwwwuttfwwwiimiujitm  mnm  mu’ 


-16- 


method  to  measure  the  total  adhesive  fracture  work,  and  has  been  used 
earlier  by  Gilman  [16]  quite  effectively  to  measure  the  work  of  cleavage 
fracture  of  bulk  materials.  However,  we  have  modified  it  to  measure  the 
work  of  fracture  of  thin  film  interfaces  in  systems  structurally  and 
chemically  resembling  those  in  the  metal  matrix  composite  itself. 


IV.  INTERFACES  IN  MODEL  COMPOSITE  SYSTEMS 


4.1  The  Pyrolytic  Graphite  SiC  Interface 


An  important  prerequisite  in  the  control  of  interface  properties, 
such  as  tensile  cohesive  strength  and  the  work  of  fracture,  is  that  these 
properties  should  be  measurable  and  the  effectiveness  of  the  crack  deflec¬ 
tion  process  should  be  demonstrable. 

Performing  experiments  on  actual  interfaces  in  composites  would  be 
best,  but  is  very  difficult  because  of  the  very  small  diameter  of  the  fiber 
(c.a.  10  microns).  Therefore,  it  is  desirable  that  the  experiments  be  per¬ 
formed  on  similar  planar  interfaces  on  a  larger  scale.  This  requires  find¬ 
ing  material  available  in  bulk,  having  the  same  chemical  and  morphological 
characteristics  as  that  of  the  fiber,  which  can  then  be  adopted  for  macro¬ 
scopic  testing  procedures. 

For  this  purpose,  pyrolytic  graphite  was  chosen  as  a  first  approxi¬ 
mation  to  the  Pitch-55  fibers.  Pyrolytic  graphite  (PG)  is  obtained  by  vapor 
phase  deposition  of  pure  carbon  in  a  temperature  range  of  1900  -  2500°C.  It 
has  a  density  of  2.2  g/cm^,  which  is  approaching  the  theoretical  density  of 
graphitic  carbon,  i.e.,  2.28  g/cm  .  It  grows  in  polycrystalline,  nearly 
planar  spherulitic  forms  in  a  layer-like  manner,  but  with  a  great  degree  of 


anisotropy  in  the  growth  direction  across  which  it  is  very  compliant  and 
weak.  Its  isotropic  Young's  modulus  in  the  growth  planes  is  28.5  GPa,  and 
in  the  growth  direction  across  the  layers  is  only  7  GPa.  Figure  5  shows  the 
basis  of  modeling  of  the  fiber  surface  with  PG.  The  surface  of  PG  parallel 
to  the  C  axis  resembles  the  surface  of  the  Pitch-55  fiber.  It  has  the  same 
chemistry  of  Pitch-55,  a  somewhat  higher  density,  and  rather  similar  aniso¬ 
tropic  morphology  that  resembles  that  of  the  Pitch-55  fibers,  as  viewed  in 
the  circumferential  direction.  However,  the  analogy  is  quantitatively  quite 
different.  The  Pitch-55  fibers  have  a  stiff  direction  modulus  13.5  times 
that  of  PG,  but  a  compliant  direction  modulus  that  is  only  2  times  that  of 
PG.  Thus,  the  fibers  are  both  far  more  anisotropic  and  far  stiffer  than  the 
PG.  Nevertheless,  experimentation  of  relative  interface  properties  and 
general  response  of  coatings  on  carbon  substrates  are  far  more  readily  in¬ 
vestigated  on  PG  than  on  individual  Pitch-55  fibers,  and  permit  simulation 
of  coating-substrate  interactions  in  bulk. 

4. 2  The  Double-Cantilever  Beam  Experiment 

This  experiment  was  designed  to  measure  the  work  of  separation  of  a 
SiC  coating  of  0.1  -  0.5  micron  thickness,  deposited  on  a  planar  PG  sub¬ 
strate.  The  specimen  consits  of  strips  of  PG  of  6.3  mm  width,  3.2  mm  thick¬ 
ness,  and  150  mm  length  with  the  layer  planes  oriented  perpendicular  to  the 
surface,  as  shown  in  Figure  6.  The  surfaces  of  these  strips  with  the  given 
orientation  of  the  planes  were  metalographically  polished  in  a  Syntron 
vibratory  polisher.  These  polished  surfaces  were  then  coated  with  SiC  of 
near  stoichiometric  composition,  using  a  plasma-assisted  chemical  vapor  de¬ 
position  process.  The  coated  strips  were  annealed  at  600°C  in  a  vacuum 


oven  in  order  to  relieve  the  residual  stresses  inside  the  films.  Two  of 
these  coated  strips  were  then  bonded  together  using  a  very  tough  Permabond 
glue  (ESP  109  and  110)  over  75  mm  of  their  length,  so  as  to  create  an 
initial  crack  of  75  mm  between  the  two  strips.  This  laminate  assembly  was 
heated  to  200°C  to  cure  the  glue.  As  will  become  clear  below,  the  glue  layer 
between  the  two  strips  has  mechanical  properties  close  to  those  of  pure 
aluminum. 

A  schematic  diagram  of  the  test  apparatus  is  shown  in  Figure  6.  The 
free  ends  of  the  graphite  strips  were  connected  to  tightly  fitting  metal 
cages,  which  were  then  connected  to  the  Instron  machine  load  train,  as  shown 
in  the  figure.  Load  was  transferred  to  the  free  ends  of  the  cantilever 
strips  by  200  urn  thick  tungsten  wire.  This  wire  was  made  taut  prior  to  the 
testing,  using  a  pin  and  set  screw  arrangement,  shown  in  the  figure.  The 
double  cantilevers  were  pulled  apart  with  a  cross-head  speed  of  0.5  mm/minute. 
A  plot  of  load  vs.  load  point  displacement  was  obtained.  By  initial  selection 
of  components,  stable  testing  conditions  were  obtained,  requiring  that  the  un¬ 
loading  stiffness  of  the  specimen  is  substantialy  less  than  the  stiffness  of 
the  testing  machine. 

Treating  the  arms  of  the  crack  as  cantilever  beams  and  using  simple 
beam  theory,  the  bending  force  F  at  the  time  of  the  crack  propagation  can  be 
related  to  the  fracture  work  of  the  interface  Gc,  through  the  Griffitth 
criterion  by  means  of  the  formula: 

Gc  =  F2L2/EIb  ,  (5) 


width,  and  E  is  the  modulus  of  elasticity  of  the  PG  strips. 

4. 3  Double  Cantilever  Experiment  Results 

Since  the  glue  and  the  interface  between  the  glue  and  the  Si C  coat¬ 
ing  is  tougher  than  the  interface  between  PG  and  SiC  coating,  the  crack  pre¬ 
ferentially  propagates  along  the  latter  interface.  In  some  instances,  the 
crack  was  found  to  initiate  in  the  glue  layer,  but  jumped  to  the  less  tough 
interface  between  SiC  and  PG.  In  such  cases,  the  portion  of  the  force/crack  - 
length  curve  pertaining  to  this  type  of  propagation  was  not  considered. 
Scanning  electron  microscopy,  such  as  Fig.  7  of  the  fracture  surface  clearly 
shows  the  plane  of  the  crack  and  the  regions  where  the  crack  deviated  from 
the  interface,  dipped  inside  the  glue,  and  came  back  to  the  PG/SiC  interface. 
Additional  stereo-images  of  the  fracture  surface  helped  to  establish  better 
these  occasional  deviations  of  the  crack  path.  Figure  8  shows  an  example 
of  such  a  stereo-pair.  These  observations  established  that  the  area  of  the 
fracture  surface  through  the  glue  is  only  a  small  fraction  (about  0.1)  of 
the  total  fractured  area  along  the  interface.  To  make  corrections  for  such 
deviations,  to  obtain  the  actual  energy  release  rate  along  the  PG/Sic  inter¬ 
face,  it  is  necessary  to  measure  the  fracture  toughness  of  a  comparably  thin 
glue  layer.  This  was  accomplished  by  bonding  two  high  strength  steel  strips 
together  with  the  same  glue  of  the  same  thickness,  and  prying  the  strips 

apart  in  a  double-cantilever  beam  experiment.  This  gave  a  critical  energy 

2 

release  rate  Gc  =  244  J/m  for  the  glue  layer,  which  was  used  in  making  the 


desired  corrections 


Figure  9  shows  a  typical  load  extension  curve  for  a  crack  running 
along  the  planar  interface  between  SiC  and  PG.  Three  drops  in  the  curve  in¬ 
dicate  three  stable  jumps  ahead  of  the  crack.  The  average  value  of  the 
fracture  work  G  (the  critical  energy  release  rate)  for  the  interface 
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determined  from  such  experiments,  and  incorporating  corrections  for  devia- 

2 

tions  of  the  path  through  the  glue  gave  a  value  of  60  +  6.85  J/m  . 

The  quoted  value  of  the  critical  energy  release  rate  Gc  along  the 

interface  obtained  from  the  double  cantilever  beam  experiment  is  quite  high 

2 

when  compared  to  an  expected  level  of  3-5  J/m  ,  based  on  interface  energy  for 
hard  inorganic  solids.  These  high  values  must  incorporate  additional  in¬ 
elastic  dissipation  when  the  crack  runs  along  the  interface  between  SiC  and 
PG.  Thus,  the  crack  also  probes  the  PG  and  the  glue  on  both  sides,  and 
forces  them  to  undergo  plastic  relaxation.  It  is  known  that  the  tensile 
yield  strength  of  the  glue  is  64  MPa,  while  the  intra-laminar  shear  strength 
of  the  PG  is  52  MPa,  which  translates  into  a  Mises  tensile  yield  strength  of 
90  MPa.  Considering  as  a  crude  first  approximation  the  interface  cracking 
to  be  occurring  in  a  conventional  homogeneous  material  under  small  scale 
yielding  conditions,  we  can  estimate  the  inelastically  affected  layer  depth 
h  of  material  near  the  fracture  surfaces  from  the  well  known  linear  elastic 
fracture  mechanics  relation  of: 


o 

Here,  Gc  =  60  J/m  is  the  measured  work  of  fracture,  Y  is  the  tensile  yield 
strength  of  the  equivalent  homogeneous  material  (take  Y  =  71  MPa  as  the 
average  for  the  glue  and  the  PG) ,  is  the  elastic  strain  at  yield  ("«  0.02 


for  the  glue  and  n,  0.013  for  the  PG,  take  0.015),  and  \>  is  the  Poisson's 
ratio  (  3  0.3).  Evaluation  of  this  expression  gives  a  layer  depth  of  about 
10  microns.  As  a  similar  first  approximation,  the  plastic  work  per  unit 
area  of  fracture,  locked-up  in  the  crack  surface  layers  of  thickness  h, 
should  be  of  the  order  of  2BYcyh,  where  S,  which  is  a  constant  of  integration 
involving  the  plastic  strain  gradient  into  the  surface  in  the  deformed  layers, 
is  expected  to  be  in  the  range  of  2-3  (take  2.5).  Using  the  above  choices 
for  Y,  and  h,  we  estimate  the  dissipative  component  Gp  of  the  energy  re- 
lease  rate  to  be  53  J/m  ,  or  quite  close  to  what  was  measured. 

In  order  to  gain  more  confidence  in  the  above  explanations,  the 

critical  energy  release  rate  for  fracture  of  the  PG  in  the  same  orientation 

as  in  the  above  tests  (i.e.  with  its  weak  planes  oriented  perpendicular  to 

the  fracture  surface  and  running  parallel  to  the  crack  growth  direction)  was 

also  measured  using  the  double  cantilever  beam  experiment.  The  measured 

2 

average  value  of  Gc  *  136  J/m  is  about  twice  as  large  as  thecritical  energyre- 
lease  rates  measured  for  cracks  propagating  along  the  PG/SiC  interface. 
Scanning  electron  microscopy  of  the  fracture  surfaces  of  the  PG,  as  shown  in 
Fig.  10,  revealed  the  layered  structure  of  PG  and  indicated  considerable 
roughness  in  the  forms  of  steps  between  lamina.  The  measured  difference  in 
fracture  work  between  the  PG/SiC  interface  and  the  PG  substrate  itsel f  is  quite 
large,  indicating  that  the  preferred  delamination  path  should  indeed  be 
along  the  PG/SiC  interface,  as  was  observed. 

The  toughness  of  the  glue  layer  is  worth  more  consideration.  As 
mentioned  above,  the  thin  glue  layer  exhibited  a  critical  energy  release 
rate  at  fracture  of  the  order  of  244  J/m  ,  and  has  a  flow  stress  equal  to 


64  MPa.  This  is  close  to  the  yield  strength  of  unalloyed  aluminum,  which, 
however,  in  bulk  form,  exhibits  energy  release  rates  in  plane  strain  fracture 
nearly  two  orders  of  magnitude  higher,  with  deformation  zones  being  correspond¬ 
ingly  thicker.  But  when  tested  in  confined  spaces  in  thin  layers,  the  fracture 
work  of  aluminum  is  likely  to  be  no  larger  than  what  was  found  for  the 
glue.  This  indicates  that  the  glue  in  many  respects  acts  as  a  good  model  for 
the  aluminum  matrix  in  the  prototype  composite.  Therefore,  we  conclude 
that  the  double-cantilever  beam  experiment  for  the  fracture  work  of  the  PG/SiC 
interface,  being  surrounded  by  a  glue  layer  and  a  PG  substrate,  mimicks  the 
behavior  of  the  actual  composite  of  SiC  coated  Pitch-55  fibers  in  an  unalloyed 
aluminum  matrix.  Table  II  summarizes  all  the  measured  overall  critical  energy  re¬ 
lease  rates  for  fracturing  along  the  interface  and  in  the  PG  as  well  as  in  the  glue 
along  paths  shown  in  Fig.  11.  From  these  measurements  of  the  properties  of 
the  PG/SiC  interfaces,  we  conclude  that  the  overall  energy  release  rates Gc 
are  indeed  made  up  of  an  intrinsic  component  GCQ  and  a  much  larger  plastic 
dissipation  component  Gp  in  the  surrounding  material,  as  discussed  in  con¬ 
nection  with  Eqn.  (2),  but  that  GCQ  is  still  the  fundamental  quantity  which 
sets  the  scale  of  the  overall  fracture  work. 

Therefore,  for  the  purpose  of  monitoring  the  toughness  properties  of 
the  tailored  interface,  it  is  essential  to  find  reliable  means  of  measuring 
the  intrinsic  toughness  level  GCQ  alone.  In  an  accompanying  communication 
[9],  we  discuss  howthis  intrinsic  work  of  separation  of  the  coatings  from 
its  substrate  can  be  measured  under  nearly  ideal  conditions  of  quasi-static 
delamination  of  residually  stressed  coatings  under  the  driving  force  of  the 
locked-in  strain  energy  of  the  coating,  which  produces  only  negligible 


inelastic  effects  in  the  substrate. 

V.  DISCUSSION 

The  delamination,  or  fracture  toughness  of  interfaces  play  a  key  role 
in  all  composites,  but  particularly  so  in  metal  matrix  composites,  where  un¬ 
wanted  reactions  between  the  matrix  and  the  fiber  can  produce  reaction  pro¬ 
ducts  with  material  misfit  that  can  severely  damage  the  fiber.  This  was  ob¬ 
served  in  elegant  experiments  of  Metcalf  [17]  in  the  boron  fiber  aluminum 
system.  Since  during  the  production  of  composites  processing  histories  that 
give  proper  wetting  of  fibers  by  the  molten  matrix  and  good  adhesion  are 
often  in  conflict  with  conditions  to  limit  reaction  damage,  the  proposal  has 
been  made  here  to  separate  functions  of  proper  wetting  from  careful  control 
of  interface  mechanical  properties.  This  can  be  accomplished  by  tailoring 
the  desired  mechanical  properties  of  the  interface  between  the  protective 
coating  and  the  reinforcing  fiber,  while  accepting  wetting  related  reaction 
damage  between  the  matrix  and  the  outer  surface  of  the  protective  coating  of 
the  fiber.  When  properly  controlled,  this  permits  the  pedigreed  key  inter¬ 
face  between  the  coating  and  the  fiber  to  act  as  a  mechanical  fuse  to  de¬ 
couple  the  fiber  from  its  surroundings  by  initiating  delamination  along  it. 

In  this  communication,  we  have  discussed  techniques  for  the  measure¬ 
ment  of  the  fracture  work  of  such  interfaces  in  simulated  conditions  of  local 
environments  representative  of  those  in  the  composite  itself.  The  double 
cantilever  beam  experiment  that  was  used  to  measure  the  fracture  work 
in  symmetrical  sandwiches  of  PG/Si C/glue/SiC/PG  showed  that  very  sub¬ 
stantial  inelastic  deformation  in  the  PG  and  the  thin  glue  layer  accompanies 


the  apparent  cleavage-like  separation  of  the  interface  between  the  PG  and  the 
SiC.  Since  the  PG  has  qualitatively  similar  inelastic  behavior  and  morpho¬ 
logy  to  that  of  the  Pitch-55  fibers,  and  the  glue  has  similar  yield  behavior 
to  that  of  a  pure  A1  matrix  in  the  composite,  the  toughness  measurements 
reflect  behavior  that  can  be  expected  from  the  composite  itself.  Direct 
meaningful  measurements  of  fracture  work  of  interfaces  between  SiC  coatings  and 

Pitch-55  fibers  in  prototype  composites  have  so  far  not  been  carried  out. 

Clearly,  additional  developments  are  necessary  both  for  the  measure¬ 
ment  of  intrinsic  toughnesses  of  interfaces,  and  for  the  analysis  of  inter¬ 
face  cracks  with  accompanying  inelastic  behavior  in  the  surrounding  matrix 
and  fibers.  In  the  accompanying  communication,  we  present  new  developments 
on  the  measurement  of  intrinsic  toughness  of  interfaces  [9]. 
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TABLE  I  -  Transverse  Stress  Concentration  for  Pitch-55  Fibers  in  an 


Aluminum  Matrix  (* (**)) 


Elastic  Stress  Concentration  Factors  k 


vf 

0.4 

" 

0.6 

0.8 

a  /a 

0.44 

0.56 

0.74 

rrmax  xx® 

a  /a 

0.60 

0.82 

1.04 

rrmax  yy°° 

\ 

! 

1 


Elastic-Plastic  (e  *  0.01}  Stress  Concentration  Factors  k  (**) 


a  /a 

rrmax 

1.14 

1.55 

2.40 

(o  ) 

'  XX® 

a  /a 

rrmax 

1.14 

1.14 

1.33 

(*)  Zywicz  and  Parks  [3], 

(**)  a  is  the  Mises  equivalent  stress. 
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TABLE  II  -  Total  Specific  Fracture  Work  or  Critical  Energy  Release  Rate 


Fracture  Path 


PG/SiC  Interface 
Permabond  Glue 
Pyrolytic  Graphite 


GIC  (J/nf) 


62.4  +  6.8 
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FIGURE  CAPTIONS 


-  (a)  Morphology  of  a  10  micron  diameter  Pitch-55  fiber  revealed  on 
a  transverse  fracture  surface,  (b)  idealized  fiber  morphology  as 
a  set  of  corrugated  parallel  planes  running  parallel  to  the  fiber 
axis.  The  fiber  yield  strength  is  expected  to  be  low  in  longi¬ 
tudinal  shear. 

-  A  hexagonal  packing  of  aligned  fibers  in  a  meta,  matrix.  The 
transverse  plastic  resistance  differs  in  the  y  direction  from 
that  of  the  x  direction. 

-  Sketch  showing  a  potential  form  of  mechanical  probing  of  a  fiber 
by  a  crack  in  the  coating  pried  open  by  a  misfit  wedge  produced  by 
a  coating-matrix  reaction.  To  protect  the  fiber, controlled  de¬ 
lamination  at  the  interface  is  desired. 

-  The  effect  of  shear  modulus  ratios  on  crack  tip  stresses  for  a 
crack  in  one  medium  ending  perpendicularly  on  the  interface,  under 
plane  strain  loading  (from  Swenson  and  Rau  [4],  courtesy  of 
Pergamon  Press). 

-  (a)  Scanning  electron  micrograph  of  the  morphology  of  a  smooth 
layer  plane  perpendicular  to  the  "c"  axis  in  pyrolitic  graphite 
showing  nodules,  (b)  idealized  rendering  of  the  layer  planes  in 
PG. 

-  The  double  cantilever  beam  experiment  for  the  measurement  of 
interface  toughness. 


Fig.  7 


A  SEM  micrograph  of  the  fracture  surface  between  a  SiC  coating  and 


a  PG  substrate  having  its  surface  parallel  to  the  c  axis  of  the 


PG.  The  crack  propagation  direction  was  parallel  to  the  surface 


markings:  (a)  fracture  surface  viewed  toward  PG,  (b)  viewed 


toward  SiC  and  glue  layer. 


Fig.  8  -  A  stereo-pair  of  SEM  micrographs  of  the  fracture  surface  between 


a  SiC  coating  and  PG  substrate.  The  crack  propagation  direction 


was  parallel  to  the  markings. 


Fig.  9  -  A  typical  load  (displacement)  curve  recorded  in  a  double  canti¬ 


lever  beam  experiment,  showing  3  quasi-stable  extensions  of  the 


crack  before  it  finally  ran  unstably. 


Fig.  10  -  A  SEM  micrograph  of  the  fracture  surface  in  PG  running  trans¬ 


verse  to  the  smooth  layer  planes. 


Fig.  11  -  Sketch  showing  the  three  possible  paths  of  a  crack  running  paral¬ 


lel  to  an  interface  between  SiC  and  PG. 
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Fig.  1  -  (a)  Morphology  of  a  10  micron  diameter  Pitch-55  fiber  revealed  on 

a  transverse  fracture  surface,  (b)  idealized  fiber  morphology  as 
a  set  of  corrugated  parallel  planes  running  parallel  to  the  fiber 
axis.  The  fiber  yield  strength  is  expected  to  be  low  in  longi¬ 
tudinal  shear. 
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(a)  Morphology  of  a  10  micron  diameter  Pitch-55  fiber  revealed  on 
a  transverse  fracture  surface,  (b)  idealized  fiber  morphology  as 
a  set  of  corrugated  parallel  planes  running  parallel  to  the  fiber 
axis.  The  fiber  yield  strength  is  expected  to  be  low  in  longi¬ 
tudinal  shear. 
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A  hexagonal  packing  of  aligned  fibers  in  a  metal  matrix.  The 
transverse  plastic  resistance  differs  in  the  y  direction  from 
that  of  the  x  direction. 
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Fig.  5 


-  (a)  Scanning  electron  micrograph  of  the  morphology  of  a  smooth 
layer  plane  perpendicular  to  the  "c"  axis  in  pyrolitic  graphite 
showing  nodules,  (b)  idealized  rendering  of  the  layer  planes  in 
P  G  ■ 
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^9«  5  -  (a)  Scanning  electron  micrograph  of  the  morphology  of  a  smooth 
layer  plane  perpendicular  to  the  "c"  axis  in  pyrolitic  graphite 
showing  nodules,  (b)  idealized  rendering  of  the  layer  planes  in 
PG. 
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Fig-  8  -  A  stereo-pair  of  SEM  micrographs  of  the  fracture  surface  between 

a  Si C  coating  and  PG  substrate.  The  crack  propagation  direction 
was  parallel  to  the  markings. 
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INTRINSIC  TOUGHNESS  OF  INTERFACES 
BETWEEN  SiC  COATINGS  AND  SUBSTRATES  OF  Si  OR  C  FIBER 

A.S.  Argon,  V.  Gupta,  H.S.  Landis*,  and  J.A.  Cornie 

Massachusetts  Institute  of  Technology,  Cambridge,  MA  02139 


ABSTRACT 


The  critical  energy  release  rate  for  separation  of  SiC  coatings  from 
single  crystal  Si  substrates  or  surfaces  of  carbon  fibers,  along  their  veil- 
defined  interfaces  can  be  determined  quite  accurately  from  analysis  of  the 
spontaneous  delamination  of  coatings  under  bi-axial  stress,  when  such  coat¬ 
ings  exceed  a  critical  thickness.  Direct  evaluations  have  been  made  of  the 
specific  work  of  delamination  along  the  interface  for  SiC  coatings  from 
single  crystal  Si  substrates,  for  both  the  case  of  coatings  under  bi-  axial  compre- 
sion,  as  well  as  under  bi-axial  tension .  The  critical  energy  release  rate  for  coat- 
ings  in  tension  was  5.1  J/m  ,  and  that  for  coatings  under  compression  was 
5.9  J/m .  The  higher  value  of  the  latter  is  attributed  to  relative  slip¬ 
page  between  coating  and  substrate  before  lift-off  of  the  former. 

Corresponding  determination  of  the  critical  energy  release  rate  for 
delamination  of  SiC  coatings  under  bi-axial  tension  from  surfaces  of  ar.iso- 
tropic  Pitch-55  carbon  fibers  gave  an  answer  of  5.5  J/m  .  Tnese  values 


ccreare  very  well  witn  expectations  prom  surga.ce  energies  eg  strong  so.ias. 


♦Now  with  General  Telephone  and  Electronics  Laboratory,  Waltham,  Massachusetts 


I. 


INTRODUCTION 


Relaxation  of  shear  tractions  across  interfaces  and  eventual  fracture 
along  interfaces  are  key  phenomena  affecting  the  performance  of  composites 
reinforced  with  stiff  or  less  deformable  heterogeneities.  Particularly,  the 
possibility  of  controlled  delamination  along  an  interface  of  a  reinforcing 
fiber  or  platelet  before  the  stresses  become  too  high  in  them  to  produce 
fracture  has  been  recognized  for  some  time  as  a  desirable  condition  to 
achieve  stable  traction-displacement  behavior,  and  to  increase  overall  tough¬ 
ness.  In  the  composites  field,  key  interface  properties  are  usually  measured 
by  simple  operational  procedures,  such  as  a  single  fiber  pull-out  test  or  a 
relatively  macroscopic  interlaminar  shear  test  [1],  There  have  also  been 
other  more  indirect  techniques,  such  as  the  periodic  cracking  of  a  brittle 
fiber  embedded  in  a  matrix,  plastically  extended  parallel  to  the  fiber  [2], 
or  initiating  local  interface  fractures  through  very  local  deformations 
produced  by  scratches  [3]  or  hardness  indenters  [4].  In  all  of  these  cases, 
either  only  average  information  is  obtained  for  a  delamination  process  in 
which  in  reality  a  front  of  concentrated  stresses  and  inelastic  strain  pro¬ 
pagate  along  the  interface,  or  the  deformation  is  even  more  inhomogeneous  and 
produces  local  interface  separation  through  the  production  of  plastic  misfit 
which  requires  the  solution  of  local  elasto-plastic  boundary  value  problems 
for  the  evaluation  of  the  critical  interface  conditions.  In  all  of  these 
instances,  the  critical  interface  tractions  that  result  in  separation  are 
not  accurately  determinable,  while  the  fracture  toughness  of  the  interface 
itself  is  usually  shrouded  by  much  excess  accompanying  deformation,  often 
even  absent  in  the  failure  process  occurring  in  the  prototype  composite. 
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In  many  interface  fractures  resulting  in  a  clean  cleavage-like 
separation,  the  critical  intrinsic  energy  release  rate  GCQ  for  separation 
of  the  interface  (to  be  referred  to  here  as  the  intrinsic  interface  tough¬ 
ness)  ,  is  accompanied  by  a  much  larger  term,  G  ,  reflecting  the  dissipative 
additional  inelastic  deformations  in  the  layers  immediately  adjacent  to  the 
separating  interface.  While  this  additional  work,  Gp,  can  dominate  over 
the  toughness  GcQ,  the  latter  still  scales  the  much  larger  inelastic  dis¬ 
sipation  work,  so  that  any  factor  which  affects  Gcq  is  directly  reflected 
in  the  magnitude  of  Gp  in  an  amplified  manner  [5,6].  In  an  accompanying 
communication  [6],  we  have  proposed  that  the  toughness  of  interfaces 
between  protective  coatings,  such  as  SiC  and  fibers  such  as  Pitch-55,  can 
be  tailored  to  initiate  controlled  delamination  to  protect  the  fiber  from 
damage,  and  thereby  act  as  mechanical  fuses.  There,  we  discussed  an  ex¬ 
perimental  technique  based  on  the  double  cantilever  beam  to  measure  the 
overall  specific  fracture  work  (GcQ  +  Gp)  of  model  composite  interfaces. 
Here,  we  will  discuss  special  techniques  on  how  the  much  smaller,  but  key 

intrinsic  toughnesses  G  of  interfaces  can  be  measured,  which  must  be 

co 

governed  to  control  composite  properties. 

II.  INTRINSIC  MECHANICAL  PROPERTIES  OF  INTERFACES 

2. 1  Toughness  of  Coating  -  Substrate  Interfaces 

During  the  study  of  vapor  deposition  of  SiC  coatings  on  various  sub¬ 
strates,  it  became  clear  that  the  intrinsic  toughness  of  an  interface 
between  a  thin  coating  and  a  more  massive  substrate  is  directly  measurable 
through  the  controlled  delamination  of  the  coating  from  the  substrate  during 
the  relief  of  the  residual  stresses  in  the  coating.  Such  delaminations  and 
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their  potential  for  interface  toughness  measurement  were  recognized  earlier 
by  Evans  and  Hutchinson  for  surface  layers  under  residual  compression  [7]. 
Here,  we  will  demonstrate  how  this  technique  can  be  generalized  and  used  for 
intrinsic  interface  toughness  measurement  in  cases  where  the  coating  is 
either  in  residual  tension  or  residual  compression,  on  both  model  systems 
as  well  as  on  actual  prototype  interfaces  betwee  SiC  coatings  and  Pitch-55 
fibers.  Before  we  present  the  details  of  such  interface  toughness  deter¬ 
minations,  it  is  necessary  to  discuss  some  essential  details  of  the  coating 
process  which  clarifies  the  origin  of  the  residual  stresses. 

2. 2  Vapor  Deposition  of  SiC  Coatings 

Amorphous  hydrogenated  thin  films  of  SiC  were  deposited  in  Pitch-55 
fibers  and  on  Si  single  crystal  wafers  using  a  plasma  assisted  chemical 
vapor  deposition  (PACVD)  process,  the  details  of  which  are  discussed  by  one 
of  us  elsewhere  [8]. 

It  was  observed  that  the  processing  parameters,  especially  the  ion 
bombardment  energy  play  a  critical  role  in  determining  the  unique  physical 
and  mechanical  properties  of  the  SiC  deposits.  These  processing  parameters 
|  could  be  adjusted  to  obtain  the  necessary  toughness  properties  for  the 

I  interfaces  to  optimize  their  desirable  mechanical  fuse  action  discussed  in 

the  accompanying  communication  [6]. 

i 

Preliminary  observations  made  on  such  PACVD  coatings  of  SiC  on 
Pitch-55  fibers  indicated  that  in  the  as-deposited  form,  the  coatings  en¬ 
trap  a  large  concentration  of  hydrogen,  which  leaves  the  coatings  under  sub- 

istantial  residual  compressive  stress.  When  such  coated  fibers  are  incorpo¬ 
rated  into  actual  metal  matrix  composites,  molten  M  must  be  infiltrated 


among  them  at  or  around  660°C.  This  releases  the  entrapped  hydrogen,  and 
results  in  poor  adhesion  of  fibers  to  matrix  and  in  unwanted  porosity.  To 
prevent  this,  coatings  are  given  outgassing  treatments  at  6 00°C  to  remove 
the  hydrogen. 

If  this  process  is  carried  to  completion  in  a  period  of  about  30 
minutes  at  600°C,  the  coatings  acquire  a  substantial  level  of  residual  ten¬ 
sile  stress.  Thus,  the  type  and  magnitude  of  the  residual  stress  in  coat¬ 
ings  is  an  important  element  in  the  proper  performance  of  composites,  and 
the  factors  which  influence  it  are  of  direct  interest. 

2. 3  Measurement  of  Residual  Stresses  in  Coatings 

The  levels  of  residual  stress  in  SiC  coatings  applied  by  the  PCVD 
process  were  measured  through  the  change  of  curvature  they  produce  in  a 
1  inch  diameter  standard  Si  single  crystal  wafer  with  (100)  surfaces  and 
250  urn  thickness  when  the  coating  is  deposited  on  the  wafer.  An  initially 
flat  and  homogeneous  circular  disk  shaped  Si  wafer  acquires  a  convex  shape 
with  a  coating  in  residual  compression  on  its  top  surface,  as  depicted  in 
Fig.  lb,  and  a  concave  shape  when  the  coating  is  in  residual  tension,  as 
depicted  in  Fib.  la.  Elementary  considerations  give  readily  that  the  re¬ 
sidual  biaxial  stress  o  in  the  coating  depends  on  the  average  in-plane  elastic 
modulus  E$  and  the  Poisson's  ratio  of  the  substrate,  the  thickness  h  of 

the  substrate,  the  thickness  t  of  the  coating,  and  of  course,  the  radius  of 
curvature  R  of  the  substrate.  Provided  that  the  coating  is  very  much  thin¬ 
ner  than  the  substrate,  i.e.  t/h  «  1,  this  residual  stress  is  (Appendix  I) 


The  residual  stress  is  tensile  for  a  positive  curvature  (concave  upward)  and 
compressive  for  a  negative  curvature  (convex  upward),  and  is  not  influenced 
by  the  elastic  properties  of  the  coating.  The  thicknesses  of  the  coatings 
were  measured  using  a  Dektak  II  profilometer  by  masking  portions  of  the  Si 
wafer  with  a  layer  of  vacuum  grease  before  the  coating  was  applied.  When 
the  masked  areas  were  cleaned  with  a  series  of  rinses  of  toluene,  acetone, 
methanol,  and  finally,  ethanol,  a  sharp  surface  step  emerged  at  the  peri¬ 
pheries  of  the  coated  areas  left  on  the  wafer.  The  height  of  these  steps 
was  readily  measured  by  the  diamond  stylus  of  the  profilometer  (under  a 
contact  pressure  of  25  mg)  to  an  accuracy  of  2.5  -  10  nm.  Typical  coating 
thicknesses  which  were  measured  were  between  0.1  -  1.0  ym,  and  were  quite 
reproducible  through  control  of  the  deposition  conditions.  The  curvatures 
of  the  circular  disk  shaped  wafers  with  the  variously  stressed  coatings  were 
also  measured  with  the  same  profilometer.  The  deformation  of  the  bowed  disks 
during  the  measurements  under  the  si  ight  pressure  of  the  stylus  was  negligible. 

Since  the  maximum  difference  in  the  Young's  modulus  in  the  plane  of  the 
(100)  wafer  is  only  16%,  no  important  differences  in  curvature  were  detected 
in  any  orientation  by  the  profilometer  for  coatings  of  uniform  thickness. 

As  shown  in  Fig.  2,  the  measured  level  of  biaxial  compression  in 
as-deposited  fibers  was  found  to  be  independent  of  the  thickness  of  the  de¬ 
posit,  but  increased  with  increasing  ion  beam  energy  in  the  PACVD  apparatus. 

Upon  annealing  of  the  as-deposited  films  for  a  period  of  30  minutes 
at  600C,  coupious  hydrogen  gas  evolution  from  the  films  was  observed,  which 


resulted  in  substantial  reduction  of  film  thickness.  This  thickness  reduc¬ 
tion  also  increased  with  increasing  ion  beam  energy,  as  shown  in  Fig.  3,  in¬ 
dicating  that  more  energetic  ion  beams  result  in  more  built-in  material  mis¬ 
fit  in  the  films.  Residual  stress  measurements  on  the  wafers  after  the  30 
minutes  outgassing  treatment  at  600°C  indicated  that  in  spite  of  the  very 
large  reduction  of  thickness,  the  coatings  also  contract  biaxically  and 
acquire  a  large  bi-axial  residual  tensile  stress.  As  Fig.  2  shows,  the 
measured  bi-axial  tensile  stresses  in  the  outgassed  coatings  increase  with 
initial  ion  beam  energy  in  a  manner  symmetrical  to  the  compressive  stress  in 
the  as-deposited  coatings.  Clearly,  these  residual  stresses  at  around  2  GPa 
are  exceedingly  high  (around  0.5%  of  the  Young's  modulus  of  the  SiC  coating). 

2.  4  Delamination  of  Coatings  from  Substrates 

It  was  observed  that  coatings,  whether  under  a  compressive  residual 
stress  or  a  tensile  residual  stress,  delaminated  nearly  spontaneously  from 
the  substrate  when  their  thickness  exceeded  a  well-defined  critical  value. 

In  both  cases,  delamination  was  initiated  from  interface  flaws  which  appeared 
to  be  of  circular  shape  and  were  most  probably  a  result  of  occasional  local 
surface  contamination.  The  form  of  delamination  in  compression  differed 
significantly  from  that  in  tension.  In  the  former  case  for  coatings  of 
thickness  substantially  under  1  micron,  the  initially  circular  delamination 
patches  did  not  grow.  However,  when  the  coating  thickness  exceeded  1  micron, 
slow  delamination  in  quasi-static  conditions  could  be  observed,  which 
initiated  with  outward  buckling  of  the  coating  into  one  or  two  fundamental 
wave  lengths,  as  can  be  seen  in  regions  A  of  Fig.  4.  These  delamination 
patches  grew  by  development  of  ever  increasingly  complex  wrinkling  patterns, 


but  rapidly  developed  a  regular  delamination  front,  as  shown  for  the  blister 
at  C  and  for  the  relatively  large  blisters  in  regions  B  of  Fig.  4.  The 
blister  then  grew,  often  in  neutral  equilibrium,  as  residually  stressed 
layers  fed  across  the  blister  periphery  into  a  circumferential  strip  with 
regularly  spaced  radial  buckling  ridges.  In  the  further  radial  expansion  of 
the  delamination  front,  the  principal  buckling  wave  length  in  the  circumfer¬ 
ential  strip  immediately  adjacent  to  the  blister  front  remained  unaltered, 
as  can  be  discerned  from  Fig.  4  readily  by  comparing  the  smallest  buckled 
blisters  at  A  with  the  largest  ones  at  B,  as  well  as  with  the  other  inter¬ 
mediate  sized  blisters  shown  in  the  figure.  Figure  4  shows  other 
circular  patches,  larger  than  those  at  A,  in  which  no  buckling  has  occurred. 
These  are  likely  to  be  interface  flaws,  in  which  the  adhesion  of  the  coating 
to  be  substrate  across  the  interface  has  not  been  fully  impaired.  No  pro¬ 
gressive  delamination  in  such  regions  was  observed. 

In  the  outgassed  samples,  where  the  residual  stress  in  the  coating 
becomes  bi-axial  tension,  the  delamination  shows  quite  different  features 
with  increasing  thickness  of  the  coating.  Three  different  regimes  of  de¬ 
lamination  have  been  identified  in  the  coatings  deposited  under  inter¬ 
mediate  and  high  ion  beam  energies  (75  -  150  e.V.),  i.e.,  those  in  which  the 
measured  residual  tensile  stress  was  above  2  GPa.  In  relatively  thin  de¬ 
posits  (less  than  0.2  ym  thick)  only  circular  blisters  were  found  by  the  en¬ 
trapment  of  hydrogen  gas  evolving  during  the  outgassing  process.  In  some 
instances,  particularly  for  blisters  of  large  radius,  the  caps  of  the 
blisters  were  found  detached  from  the  sample.  In  samples  where  the  thick¬ 
ness  of  the  coating  exceeded  0.2  ym,  blister  detachment  was  followed  by 


formation  of  cracks  in  the  coatings  emanating  from  the  edge  of  the  detached 
blister  hole,  as  shown  in  Fig.  5.  The  initially  radial  cracks  become  paral¬ 
lel  to  one  of  two  perpendicular  directions  once  they  are  about  one  diameter 
away  from  the  hole.  The  straight  cracks  away  from  the  holes  were 
found  to  be  parallel  to  the  two  < 1 1 0 >  directions  in  the  plane  of 
the  Si  wafer.  These  directions  are  the  stiffest  in  the  plane  of 
the  (100)  wafer,  and  produce  the  largest  misfit  stress,  across 
them  in  the  coating. 

In  coatings  that  were  thicker  than  0.3  pm,  delamination  fronts  spread 
out  along  the  interface  between  the  coating  and  the  substrate  bounded  by  the 
parallel  pre-cracks  in  the  coatings  radiating  away  from  the  holes  in  the 
mutually  orthogonal  <1 1 0>  directions,  as  shown  in  Fig.  6.  In 

samples  with  even  thicker  coatings,  the  delaminated  fraction  of  the  interface 
steadily  increases,  as  in  the  case  of  Fig.  7,  until  at  thicknesses  ex¬ 
ceeding  0.75  pm  almost  the  entire  coating  has  delaminated  from  the  substrate, 
as  is  shown  in  Fig.  8. 

Clearly,  the  driving  force  for  the  delamination  in  both  cases  of  com¬ 
pressive  and  tensile  residual  stresses  is  the  elastic  strain  energy  in  the 
coating.  As  discussed  in  Section  2.3  above,  the  residual  stress  in  the  coat¬ 
ing  depends  only  on  the  ion  beam  energy  and  the  concentration  of  entrapped 
hydrogen  gas  in  the  coating,  that  results  in  the  bi-axial  material  misfit, 
but  not  on  the  coating  thickness.  Furthermore,  as  is  well  known,  and  as  we 
.■.•ill  demonstrate  below,  when  the  coating  is  very  much  thinner  than  the  sub¬ 
strate,  nearly  all  the  elastic  strain  energy  of  misfit  between  coating  and 
substrate  is  stored  in  the  coating.  Thus,  as  the  coating  thickness  increases 


the  driving  force  for  delamination  increases  nearly  with  thickness.  In  very 
thin  coatings,  the  stored  elastic  strain  energy  is  insufficient  to  provide 
for  the  required  elastic  energy  release  rate  necessary  to  form  the  interface 
delamination,  and  no  delamination  was  found  to  occur  in  either  vacuum  or  in 
air.  In  an  intermediate  range  of  thickness,  coatings  could  be  preserved  in¬ 
tact  when  stored  in  a  vacuum,  but  delaminated  in  time  when  exposed  to  the 
laboratory  environment. 

With  even  thicker  coatings,  delamination  occurred  very  rapidly  both 
in  vacuum  and  in  air.  Thus,  it  is  expected  that  the  delamination  process 
along  the  interface  is  aided  by  humidity  and  is  subject  to  static  fatigue, 
well  known  in  silica  glasses  [9].  This  effect,  however,  will  not  be  pursued 
further  in  this  communication. 

We  will  demonstrate  in  Section  2.6  below  that  the  observed  delamina¬ 
tion  phenomenon  described  above  permits  the  rather  accurate  determination 
of  the  intrinsic  interface  toughness  between  a  sharply  delineated  coating  and 
its  substrate,  as  is  the  case  here  between  SiC  and  Si.  In  addition,  the  very 
regular  and  ribbon-like  delamination  in  the  case  with  tensile  residual 
stresses  also  permits  the  determination  of  the  Young's  modulus  of  the 
amorphous  SiC  coatings.  We  discuss  this  below  in  the  following  section  in 
preparation  of  the  developments  for  interface  toughness  determination. 

2.  5  The  Younc's  Moduli  of  Anorvkous  Coatings  in  F.esid'ual  Tension 

In  samples  exhibiting  the  very  regular  ribbon-like  delamination,  it 


was  observed  that  some  of  the  loose  ribbons  remained  perfectly  flat  upon  delamina¬ 
tion  and  in  registry  with  the  rectangular  slots,  in  which  they  underwent  the 


contractile  strain  resulting  from  the  relief  of  the  material  misfit  causing 
the  residual  stress.  A  particularly  clear  example  of  this  is  shown  in  Fig. 

9a  and  b.  In  Fib.  9a,  the  extent  of  the  delamination  ribbon  is  shown  clear¬ 
ly  by  the  bordering  parallel  cracks  in  the  coating  terminating  roughly  140 
um  below  the  horizontal  crack  that  initiated  the  delamination.  The  termina¬ 
tion  of  the  gray  region  inside  the  ribbon  at  the  point  of  termination  of  the 
parallel  cracks  indicates  that  the  extent  of  delamination  in  the  ribbon  is 
well  delineated.  The  upper  portion  of  the  same  ribbon, given  at  a  larger 
magnification  in  Fig.  19b,  shows  a  well  defined  gap  which  represents  the  over¬ 
all  contraction  of  the  ribbon  upon  delamination.  Observations  of  this  type, 
which  could  be  made  with  equal  precision  at  many  places  on  the  coating,  per¬ 
mitted  the  accurate  determination  of  the  initial  bi-axial  misfit  strain  in 
the  coating.  The  results  of  such  measurements  are  shown  in  Fig.  10.  They 
indicated  that  while  the  tensile  misfit  strain  was  quite  large  in  coatings 
deposited  at  low  ion  beam  energy,  it  was  considerably  smaller  and  independ¬ 
ent  of  ion  beam  energy  for  energies  above  75  e.V. 

Since  the  residual  tensile  stress  in  the  coatings  resulting  from  this 
misfit  strain  could  be  measured  separately  through  the  measurement  of  the  curva¬ 
ture  of  the  Si  wafer  before  any  cracks  could  develop,  as  di scussed  in  Section  2.3 
above,  the  Young's  modulus  of  the  coatings  could  then  be  calculated  from  the  equation 


m 


giving  the  dependence  of  bi-axial  residual  stress  o  on  the  bi-axial  misfit 

strain  e  provided  Poisson's  ratio  v  is  known.  For  an  assumed  Poisson's 
m 

ratio  of  0.3,  the  calculated  Young's  moduli  of  Si C  coatings  are  plotted  in 


Fig.  11  as  a  function  of  the  initial  ion  beam  energy.  The  modulus  goes  from 
a  rather  low  value  of  about  16  GPa  to  around  300  GPa  for  coatings  deposited 
at  energies  in  excess  of  75  e.V. 

The  determination  of  the  Young's  modulus  of  coatings  having  compres¬ 
sive  misfit  strain  require  a  different  procedure,  which  will  be  discussed  in 
Section  2.7  below. 


Although  the  stress  intensity  for  delamination  propagating  along 
interfaces  between  a  coating  under  tensile  residual  stress  and  a  massive  sub¬ 
strate  of  different  elastic  properties  is  complex  and  difficult  to  determine 
no, 11]  the  associated  and  far  more  useful,  critical  elastic  energy  release 

rate  G  ,  which  we  have  referred  to  as  the  intrinsic  interface  toughness  can  be 
co 

readily  determined  if  the  crack  is  constrained  to  remain  in  the  interface.  Thus, 
considering  the  elastic  energy  release  from  the  coating  and  the  substrate  in  re¬ 
sponse  to  a  quasi-static  extension  of  the  interface  crack,  the  desired  energy  re¬ 
lease  rate  available  from  the  system  can  be  calculated  readily  by  elementary 
methods  from  the  theory  of  circular  plates  in  bending  (see  Appendix  I)  to  be: 


where  the  second  term  in  brackets  gives  the  fraction  of  the  energy  released 
from  the  substrate  during  delamination.  In  Eqn.  (3),  em  is  the  total  misfit 
strain  between  coating  and  substrate  E,  v,  Es>  are  the  Young's  moduli  and 
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Poisson's  ratios  of  the  coating  and  substrate  respectively,  and  t  and  h  are 
the  thickenesses  of  the  coating  and  substrate.  For  the  cases  of  interest 
where  ..  «  h,  where  the  total  misfit  strain  is  nearly  entirely  accommodated 
in  the  coating,  i.e.,  where 


~m 


(5) 


Since  a  and  E  are  separately  measurable,  as  discussed  in  Sections  2.3  and 
2.5,  the  energy  release  rate  is  calculable  uniquely,  provided  Poisson's 
ratio  of  the  coating  is  known.  Thus,  as  the  thickness  of  the  coating  in¬ 
creases,  the  available  energy  from  the  system  becomes  larger.  At  a  given 

threshold  thickness  t  of  the  coating,  when  the  available  strain  energy  is 

c 

sufficient  to  provide  for  the  total  specific  work  of  delamination  in  air, 
such  delamination  will  occur,  and  establishes  the  intrinsic  interface  tough¬ 
ness  in  air  as: 
co 


(6) 


Since  the  work  of  delamination  in  a  vacuum  will  be  substantially  larger 

because  of  the  absence  of  static  fatigue,  the  critical  delamination  thickness 

in  vacuum  for  comparable  conditions  should  be  proportionally  larger.  The 

observed  critical  thicknesses  for  delamination  in  air  are  shown  in  Fig.  12, 

while  the  calculated  specific  work  of  delamination  is  shown  in  Fig.  13. 

Both  of  these  terms  depend  somewhat  on  the  ion  beam  energy.  The  average 

2 

value  of  this  work  of  fracture  for  high  ion  beam  energies  is  5.1  J/m  . 


As  is  shown  in  Fig.  4  and  in  the  sketch  of  Fig.  14a,  once  a  suffi¬ 
ciently  large  portion  of  the  coating  is  delaminated  from  the  substrate  at  an 
initial  flaw,  it  will  undergo  some  release  of  elastic  strain  energy  by  buck¬ 
ling.  After  undergoing  some  early  and  complex  buckling  shapes,  the  delamina¬ 
tion  process  settles  down  into  a  self  similar  front,  seen  established  for 
the  blister  at  C  in  Fig.  4.  In  this  delamination  front,  sketched  out  in  Fig. 
14a,  bi -axial ly  strained  coating  feeds-in  across  the  circumferential  delamina¬ 
tion  front  of  the  blister,  and  undergoes  nearly  complete  release  of  the 
radial  stress.  This  is  seen  more  clearly  in  Fig.  15,  which  shows  a  blister 
of  intermediate  size  viewed  with  Nomarski  interference  contrast  microscopy 

that  is  capable  of  detecting  very  small  changes  in  elevation  by  a  color  con¬ 
trast.  The  figure  reveals  that  the  blister  has  an  outer  ring,  which  sur¬ 
rounds  the  buckling  front  at  a  radial  distance  of  5-7  urn  ahead  of  it.  The 
zone  between  the  outer  radius  of  this  circular  front  and  the  average  front 
of  the  buckled  zone  could  only  be  seen  with  the  Nomarski  contrast  mode  of 
observation  because  of  a  slight  decrease  of  elevation  of  the  coating  surface 
different  from  its  outer  surroundings,  which  was  still  fully  attached  to  the 
substrate.  Such  a  change  results  through  the  release  of  the  radial  stress, 
as  postulated,  which  produces  a  differential  radial  strain  icr  and  a  dif¬ 
ferential  thickness  Aez,  given  by: 


and  a  decrease  in  the  tangential  stress  oQ  by  a  factor  of  (1  -  v)  from  its 
initial  level  of  -  ,E/(1  -  v).  As  we  will  see  below,  the  thinning  of  the 
film  upon  the  release  of  the  radial  stress  is  of  a  magnitude  that  can  be  de¬ 
tected  readily  by  the  Nomarski  interference  contrast  mode  of  microscopy. 

Upon  a  critical  radial  displacement  of  the  coating  toward  the  interior 
of  the  outer  front  of  the  blister,  cohesion  across  the  interface  is  com¬ 
pletely  lost,  and  the  remaining  tangential  stress  aQ  (=  (1  -  v)a)  is  relieved 
further  by  the  regular  circumferential  buckling  of  the  film  to  a  wave  length  l. 
The  process  of  delamination  with  a  self  similar  circumferential  buckling 
mode  becomes  self  sustaining  when  for  a  radial  increment  of  delamination,  the 
difference  between  the  initial  elastic  strain  energy  in  the  coating  and  that 
remaining  in  the  regular  post  buckling  shape  is  sufficient  to  provide  for  the 
total  work  of  delamination  of  the  interface  in  this  increment. 

The  key  element  of  the  delamination  is  the  principal  circumferential 
buckling  wave  length  lt  which  is  directly  measurable  from  micrographs.  It 
relates  to  the  initial  tangential  stress  o  that  governs  it  by  the  Euler 
buckling  relation  of  thin  strips,  (for  details  of  the  analysis  see  Appendix 
II)  as: 


where  E  and  v  are  the  Young's  modulus  and  the  Poisson’s  ratio  of  the  coating 
as  before,  and  a  is  the  initial  bi-axial  compressive  residual  stress  in  the 
coating.  We  note  parenthetically  that  since  the  initial  residual  stress  r 


is  directly  measurable  from  the  curvature  of  the  bent  wafer  and  l  from  the 
micrographs,  the  Young's  modulus  of  the  hydrogenated  coating  in  its  as- 
deposited  form  in  the  PCVD  process  is  calculable  directly  from  Eqn.  (8). 

Since  the  substrate  is  massive  and  nearly  inextensional ,  once  strips 
of  coating  traverse  across  the  delamination  front  their  initial  displacement 
misfit  in  the  circumferential  direction  must  be  completely  relieved  by  the 
circumferential  buckling.  This  permits  calculation  of  the  steady  state  post 
buckling  amplitude  zQ,  sketched  in  Fig.  14b  as: 


This  then  permits  the  calculation  of  the  final  elastic  strain  energy  Uf  per 
unit  area  in  the  post  buckling  shape  of  the  tangential  strip,  just  on  the 
blister  side  of  the  delamination  front  to  be  (see  Appendix  II): 


Uf  = 


At5 


9(1 


T7FT  ‘ 

v  )  s, 


(10) 


Since  the  initial  elastic  strain  energy  per  unit  area  in  the  bi-axially 
stressed  coating  in  the  same  form  of  representation  is: 


Ui  = 


At5 

9(1  -  v2)2(l  -  v)£4  ’ 


(11) 


the  elastic  strain  energy  release  rate  G  by  this  special  form  of  tangential 
buckling,  available  to  provide  for  the  specific  work  of  delamination  of  the 


interface  becomes. 


Once  again,  at  a  critical  thickness  t  ,  this  energy  becomes  sufficient  to 
provide  for  the  quasi-static  propagation  of  the  delamination  front  in 
neutral  equilibrium  in  air,  establishing  the  intrinsic  delamination  toughness 
of  the  interface  GcQ  as: 

VTT  Et 

^co  ~  2  3"  *  (13) 

As  a  specific  case,  we  consider  the  delamination  blisters  of  Fig.  4 
of  a  coating  deposited  at  high  ion  beam  energy,  expected  to  have  a  bi-axial 
compressive  residual  stress  of  a  -  2GPa,  as  shown  in  Fig.  2.  The  critical 
thickness  of  this  coating  was  measured  to  be  1.1  urn,  while  the  average  post 
buckling  wave  length  a  in  the  circumferential  direction  was  measured  to  be 
20  um.  Assuming  as  before  a  Poisson's  ratio  of  0.3,  we  calculate  first  the 
Young's  modulus  from  Eqn.  (8)  to  be  116  GPa.  Finally,  using  this  value,  the 
critical  energy  release  rate  GcQ  (specific  work  of  delamination)  is 
calculated  from  Eqn.  (13)  to  be  5.9  J/m  .  This  is  14%  higher  than  the 
average  value  calculated  from  the  delamination  of  the  coatings  under  tensile 
residual  stress,  and  well  within  the  scatter  of  measurements  of  that  experi¬ 
ment.  Thus,  we  conclude  that  the  intrinsic  toughness  of  the  interface 
between  SiC  and  Si  is  uninfluenced  by  the  "dehydrogenation"  that  converts 
the  coatings  from  having  negative  misfit  to  positive  misfit. 


III.  TOUGHNESS  OF  INTERFACES  BETWEEN  SiC  COATINGS  AND  PITCH-55  FIBERS 


The  total  work  of  delaminating  a  SiC  coating  from  a  Pitch-55  carbon 

fiber  can  also  be  determined  by  a  technique  very  similar  to  that  used  for  a 

system  of  Si  wafer  and  SiC  coating  under  tensile  misfit  strain.  Figure  16 

shows  a  SEM  micrograph  of  an  outgassed  fiber  with  a  SiC  coating  of  0.33  ym 

thickness,  initially  deposited  under  conditions  of  low  ion  beam  energy.  The 

coating  showed  some  small  through  the  thickness  cracks,  but  no  delamination 

during  several  weeks  of  storage  in  air  after  the  regular  outgassing  treatment 

of  30  minutes  at  600°C.  When  it  was  examined  again  after  several  months  of 

further  storage  in  laboratory  air  with  the  usual  level  of  relative  humidity. 

in  the  vicinities  of  60%,  copious  delamination  of  the  SiC  coating  was  found, 

as  shown  in  Fig.  16.  The  initial  bi-axial  misfit  strain  t  between  the 

m 

coating  and  the  fiber  could  be  determined  from  the  ratio  of  the  average  gap 
size  between  flakes  to  the  dimensions  of  the  flakes.  With  knowledge  of  this, 
and  the  assumption  that  the  Young's  modulus  of  the  coating  was  the  same  as 
that  for  similar  coatings  on  Si  wafers  deposited  under  the  same  ion  beam 
conditions,  the  total  energy  release  rate  per  unit  area  of  interface  could 
be  determined  from  the  sample. 

An  elementary  misfit  analysis  presented  in  more  detail  in  Appendix  III 
gives  the  intrinsic  interface  toughness  Gcq  of  the  interface  to  be 
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(N) 


where  c  is  the  bi-axial  misfit  strain  between  coating  and  fiber,  E  the 
m 

i  Young's  modulus  of  the  coating,  t  the  thickness  of  the  coating,  and  F  and  H 

i  c 

l 


i 

i 

i 


are  complicated  functions  of  ratios  of  Young's  moduli  and  the  coating  thick¬ 
ness  to  fiber  radius  given  as: 


+  2 


^xfxfn  f 

r  z  r 


(15) 


H  =  (1  -  v)  +  [(1  -  2v)(-f)  +  2(1  -  v)(£)  (£)  +  2(1  -  2v)  (•=£-)  (■—)(£■  f 

l  r  z  J  r  Lz 

(16) 

In  Eqns.  (15)  and  (16),  (E/Er)  and  ( E/Ez )  are  the  ratios  of  the  Young's 
modulus  of  the  coating  to  the  transverse  modulus  of  the  fiber  and  the  axial 
modulus  of  the  fiber  respectively;  v  is  the  Poisson's  ratio  of  both  the 
fiber  and  the  coating  (assumed  to  be  the  same),  and  t/R  is  the  ratio  of  the 
thickness  of  the  coating  to  the  fiber  radius. 

As  a  specific  example,  we  evaluate  the  critical  energy  release  rate  of 
the  coating  related  to  the  case  of  Fig.  16  of  a  coating  applied  to  a  fiber 
under  low  ion  beam  conditions  in  the  PACVD  apparatus.  This  should  result  in 
a  coating  with  Young's  modulus  of  E  =  16  GPa.  The  initial  misfit  strain,  as 

measured  from  the  gaps  between  the  fragments  of  the  coatings  was  found  to  be 

_2 

c  =2.7x10  in  the  axial  direction.  Since  the  axial  and  radial  Young's 
m 

moduli  E^  and  Er  of  the  fiber  were  385  GPa  and  14  GPa  respectively. 


mmmm 


_2 

E/Er  =  1,14  and  E/E2  =  4.16x10  .  Furthermore,  the  thickness  of  the  SiC 

_2 

coating  was  0.33  um  and  the  fiber  radius  5  pm,  giving  t/R  =  6.6x10  .  Thus, 

for  assumed  Poisson's  ratios  of  0.3,  the  values  of  the  functions  F  and  H 

can  be  calculated  to  be  1.53  and  0.734  respectively.  This  gives  for  the 

2 

intrinsic  interface  toughness  G  =  5.5  J/m  ,  which  is  very  close  to  the  cor- 

W  v 

responding  value  measured  for  the  delamination  of  the  interface  between  SiC 
and  a  Si  substrate,  presented  in  Sections  2.6  and  2.7  above. 

IV.  DISCUSSION 

In  the  preceding,  we  have  demonstrated  that  the  "spontaneous"  de¬ 
lamination  phenomenon  of  thin  misfitting  coatings,  from  their  substrates, 
can  be  used  very  effectively  to  determine  the  toughness  of  the  interface 
between  them.  When  the  elastic  strain  energy  per  unit  area  due  to  the  mis¬ 
fit  in  the  coating  begins  to  exceed  the  intrinsic  interface  toughness,  i.e., 
the  specific  work  of  separation  of  the  coating  from  the  substrate  along  the  inter¬ 
face,  the  coating  delaminates  from  the  interface  flaws.  Since  no  instabil ity 
is  involved,  the  delamination,  once  started,  can  propagate  under  quasi-static 
conditions.  Observations  indicate  that  the  critical  thickness  of  a  coating 
for  delamination  in  vacuum  is  larger  than  the  corresponding  thickness  for  de¬ 
lamination  in  laboratory  air  with  the  usual  levels  of  relative  humidity.  Thus, 
a  static  fatigue  or  stress  corrosion  cracking  effect  appears  to  be  present  in 
the  delamination.  This  aspect  of  the  delamination  still  needs  to  be  studied  further. 

When  the  coatings  are  in  residual  tension,  the  delamination  occurs  in 
a  sequence  of  events,  beginning  with  cracking  of  the  coating  in  long  paral¬ 
lel  rows,  followed  by  delamination  of  the  ribbons  of  coating  between  the 
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parallel  cracks.  Since  the  substrate  Si  wafers  had  {100}  plane  surfaces  in 


which  the  two  orthogonal  <1 1 0>  directions  are  16%  stiffer  than  the  <100> 


directions,  the  resulting  larger  misfit  stresses  in  the  <1 1 0>  directions 


produce  these  orthogonal  pre-cracks  in  the  coatings.  The  misfit  strain 


could  be  measured  quite  accurately  from  the  relaxed  size  of  the  delaminated 


loose  ribbon  lying  flat  in  the  rectangular  cavity  of  pre-cracking.  This, 


together  with  the  independent  measurement  of  the  residual  tensile  stress 


through  the  curvature  of  the  sandwich  of  coating  and  substrate,  permitted  the 


determination  of  the  elastic  modulus  of  the  coatings,  which  is  essential  for 


the  determination  of  the  energy  release  rate. 


When  the  coatings  are  in  residual  compression  in  the  hydrogenated 


state,  immediately  upon  coating,  the  delamination  exhibited  rather  unusual 


and  hitherto  unreported  forms.  When  the  coating  exceeded  the  critical 


thickness  required  to  provide  the  energy  release  rate,  delamination  occurred 


by  the  enlargement  of  blisters  having  self  similar  circumferential  fronts. 


in  which  first,  the  radial  stress  is  released  by  translation  of  the  coating 


relative  to  the  substrate  in  the  radial  direction  by  an  amount 


Aur  =  Ar  Aer  , 


where  Ar  is  the  width  of  the  radial  stress  release  zone  of  about  5  um  thick¬ 


ness,  shown  in  Fig.  15,  and  Ac  is  the  radial  strain  difference  between 


coating  and  substrate  in  this  zone,  given  by  Eqn.  (7a).  For  the  typical 


case  considered  in  Section  2.7  above,  where  for  a  residual  compressive 


stress  of  2  GPa  and  a  coating  modulus  of  116  GPa,  giving  an  initial  misfit 
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strain  of  1.21x10  ,  the  relative  displacement  in  the  inner  border  of  the 

radial  stress  release  zone  is  obtained  to  be  about  60  nm.  The  associated 
reduction  in  thickness  calculated  from  Eqn.  (7b)  is  about  7.5  nm,  which  is 
well  within  the  range  of  detection  of  the  Nomarski  contrast  mode  of  micro¬ 
scopy.  Since  the  color  contrast  in  this  radial  strip  of  release  of  the 
radial  stress  is  uniform,  it  must  be  concluded  that  there  is  little  shear 
traction  acting  across  the  interface,  but  that  the  coating  is  still  attached 
to  the  substrate  even  after  a  relative  slippage  of  about  250  interatomic 
distances.  If  this  interpretation  is  indeed  correct,  it  must  be  concluded 
that  for  flat  interfaces,  there  is  little  reduction  of  the  cohesive  strength 
of  an  interface  due  to  large  relative  shear  displacements  across  it. 

Although  this  is  quite  natural  for  flat  grain  boundaries,  it  is  surprising 
for  the  interfaces  between  crystalline  Si  and  amorphous  SiC.  Finally, 
however,  as  the  relative  displacements  across  this  strip  mount,  small 
departures  from  flatness  should  produce  normal  stresses  acting  across  the 
interface  to  produce  full  delamination  and  the  quite  regular  circumferential 
buckling  that  is  so  readily  apparent.  It  is  interesting  to  note  that  the 
buckled  blisters  require  only  one  independent  measurement  for  the  complete 
solution  of  the  problem.  Considering  that  the  thickness  of  the  coating  and 
the  wave  length  of  the  circumferential  buckling  are  readily  determinable  by 
microscopy,  only  the  residual  compressive  stress  in  the  coating  needs  to  be 
measured  separately  by  measuring  the  radius  of  curvature  of  the  sandwich  of 
Si  wafer  and  SiC  coating.  Then,  the  Young's  modulus  of  the  coating  can  be 
determined  from  Eqn.  (8),  making  the  energy  release  rate  determinable 
uniquely  from  Eqn.  (13). 


The  measurement  of  real  interest  for  metal  matrix  composites,  however, 
is  the  interface  toughness  between  a  SiC  coating  and  a  Pitch-55  carbon  fiber, 
which  could  be  determined  by  a  similar  analysis,  provided  the  modulus  of  the 
coating  depends  only  on  the  energy  of  the  ion  beam  and  not  on  any  other  pro¬ 
perty  of  the  substrate  or  condition  of  deposition.  This  point  needs  to  be 
verified  further  by  additional  experiments  with  planar  surfaces  of  Pitch-55 
type  material  in  thin  strips  permitting  residual  stress  measurement  by 

curvature  change.  Meanwhile,  in  the  absence  of  this  information,  the  de- 

2 

termined  interface  toughness  of  5.5  J/m  is,  within  experimental  error, 

identical  to  that  between  SiC  and  Si.  Furthermore,  in  the  latter  case,  there 

was  no  effect  on  the  interface  toughness  of  substantial  residual  stresses  in 

the  plane  of  the  coating,  whether  tensile  or  compressive.  The  overall 

average  value  of  the  interface  toughness  for  the  three  experiments  is  5.5 
2 

J/m  .  It  is  interesting  to  note  further,  that  the  interface  toughness  in 
the  case  of  the  Pitch-55  fiber  is  about  7%  higher  than  that  of  the  SiC-Si 
interface  with  coatings  in  tension.  Since  some  plastic  flow  could  take  place 
in  the  fiber  on  planes  parallel  to  the  axis,  this  difference  may  be  due  to 
this  effect.  Moreover,  the  interface  toughness  for  the  case  of  delamination 
of  coatings  with  compressive  stress,  where  apparently  considerable  relative 
translation  occurs  in  the  radial  direction  across  the  interface  before  lift¬ 
off  of  the  coating  by  buckling,  the  interface  toughness  is  17%  larger  than 
that  for  the  case  with  the  coating  in  tension  where  such  sliding  apparently 
does  not  occur. 

We  conclude  that  the  interface  toughness  measurements  are  quite 
meaningful  and  of  the  expected  order.  Thus,  taking  the  overall  average 
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value  of  5.5  J/m  ,  we  equate  it  to  +  Xgi  ■  X^nt*  where  the  symbols 
stand  for  the  specific  surface  energies  of  SiC  and  Si,  and  the  interface 
energy  between  SiC  and  Si  respectively.  The  measured  magnitudes  of  Gcq  are 
well  in  the  range  of  what  can  be  expected  from  well -bonded  strong  solids. 
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j  APPENDIX  I  -  Residual  Stress  Measurements  in  Thin  Coatings 

i 

1 .1  Residual  Stress 

i 

| 

Consider  a  thin  circular  wafer  with  {100}  plane  surfaces,  having  a 
thickness  h  ,  an  in-plane  isotropic  modulus  of  E$,  and  a  Poisson's  ratio  of 
v$.  An  amorphous  isotropic  coating  of  thickness  t  of  SiC  with  modulus  Ec 
and  Poisson's  ratio  v  is  attached  to  the  substrate.  Due  to  the  condition 

! 

1  of  deposition,  the  coating  incorporates  a  bi-axial  misfit  strain  e  ,  which 

we  take  to  be  tensile.  This  puts  it  under  a  state  of  residual  tensile 
stress  a  (=  aD),  which  is  of  interest.  As  all  elastic  misfit  problems, 

r  U 

the  solution  is  obtained  by  detaching  the  coating  from  the  substrate,  as 
shown  in  Fig.  1-1,  and  considering  the  deformations  necessary  to  attach 
them  together  again.  Thus,  considering  the  coating  to  be  so  thin  as  to  be 
under  a  uniform  stress  o  ,  by  equilibrium,  the  substrate  would  be  subjected 
to  a  compressive  stress  a  (t/h)  and  a  bending  moment  per  unit  length  of 
periphery  of: 

M  =  (ort)(t  +  h)/2  ,  (I-D 


This  bending  moment  produces  a  spherical  curvature  in  the  substrate  wafer 
given  by: 


1  -  M 
"  Ds(l  +  vs) 


D_  = 


E  h* 
s 


12(1  -  v$)‘ 


( I -2a , b ) 


and  a  surface  strain  at  the  interface  of: 


The  elastic  strain  energy  stored  in  the  sandwich  of  stretched  coating 
and  compressed  and  bent  substrate  is  determinable  in  a  straight  forward  way 


from  the  theory  of  thin  circular  plates. 


The  strain  energy  in  the  coating  is: 


(1  -  vc)o‘  t 


(1-8) 


In  the  substrate,  the  elastic  strain  energy  is  partly  in  bending,  of 
a  magnitude  of: 


3n'Us>t-  (i  ♦«*»«* 


(1-9) 


and  partly  in  compression,  of  a  magnitude  of: 


(1-10) 


Thus,  the  toal  elastic  strain  energy  U  in  the  sandwich  is  the  sum  of. all 
three  terms,  which  for  quantities  including  second  order  terms  is: 
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Ecl 


'  (T  “CJ 


1  -  4 


0  -  vs) 
(1  -  vc) 


where  the  total  misfit  strain  is 


1  +  4 


(1  -  vs) 

TT^-rr 


(1-11) 


(1-12) 


In  Eqn.  (1-11),  the  second  term  in  the  brackets  is  the  fraction  of  the 
energy  contributed  to  the  total  through  the  bending  and  compression  of  the 


APPENDIX  II  -  Interface  Toughness  from  Buckled  Blisters 


As  explained  in  the  text,  the  coating  inside  a  blister  lifts  off 
through  the  propagation  of  a  circumferential  buckling  front  with  a 
characteristic  circumferential  wave  length  of  l. 

Initially,  under  bi-axial  compression,  the  stresses  in  the  coating 


ar  =  ae 


(II-l) 


where  E  and  v  are  properties  of  the  coating,  and  em  the  total  misfit  strain. 

Upon  traverse  of  the  outer  fringe  of  the  blister  through  an  element 
of  coating,  the  radial  stress  is  fully  released;  this  reduces  the  tangential 
stress  down  to: 


ae  • 


( 1 1  -2 


As  the  element  of  coating  traverses  through  the  buckling  front,  it 
undergoes  a  characteristic  Euler  buckling  that  responds  to  the  new  level 
of  tangential  stress,  and  establishes  a  circumferential  buckling  wave  length 


Z  =  rt 


3(1  -  v  )a. 


( 1 1 -3 ) 


In  the  post  buckling  shape,  circumferential  line  elements  in  the  coat¬ 
ing  become  longer  by  an  amount  of  2.cm  over  a  wave  length  of  buckled  coating 


LI  =  = 


3^(1  -  v  ) 


;  1 1-4) 


m 

m 


This  establishes  the  amplitude  of  buckling  along  a  circumferential  line  ele¬ 
ment.  Thus,  in  reference  to  Fig.  14b, 


I  77 T  \  tt2z  2 

1  +  <$£>  -  V  *  ■  -r- 


( 1 1-5) 


for  a  sinusoidal  buckling  shape, 


2  =  2o  sin  * 


giving  for  the  amplitude 


( I 1-6) 


(II-7) 


3(1  -  v‘) 


The  final  elastic  strain  energy  in  the  post  buckling  shape  per  unit  width  in 
the  radial  direction  is: 


giving 
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( 1 1-9) 


The  initial  elastic  strain  energy  in  the  bi -axi ally  strained  coating  per 
strip  of  unit  width  and  length  i  is: 
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(11-11) 


the  initial  tangential  stress  was  substituted  to  obtain  the  final  result. 
Finally,  the  energy  release  rate  (per  unit  area  of  coating)  is  obtained  by 
subtraction  of  ( 1 1 -9 )  from  (Il-lO).and  dividing  by  Z,  i.e.: 
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APPENDIX  III  -  Interface  Toughness  of  Coatings  on  Pitch-55  Fibers 

Consider  a  Pitch-55  type  fiber  of  radius  R  with  an  axial  modulus  Ez» 

a  radial  modulus  Er,  and  Poisson's  ratio  v  with  an  isotropic  coating  of 

thickness  t,  with  a  modulus  E  and  Poisson's  ratio  v,  having  a  total  tensile 

bi-axial  misfit  strain  em  relative  to  the  fiber.  As  indicated  in  Fig.  III-l, 

we  take  the  unknown  misfit  stresses  in  the  coating  to  be  a.  and  a,,  and 

u  z 

since  t/R  «  1  will  be  the  case,  neglect  radial  stresses.  The  correspond¬ 
ing  stresses  in  the  fiber  that  result  from  equilibrium  are  given  in  the 
figure. 

By  straight  forward  analysis,  the  strains  in  the  coating  and  the 
fiber  are: 


Eec  =  a0/E  •  vVE  ezc  =  °z/E  -  voe/E  ’ 

( 1 1 1-l a ,b) 

£gf  =  -  (1  -  v)to0/ErR  +  2vtaz/EzR  , 

(III -2a ) 

=  2vtaQ/ErR  -  2toz/EzR  . 

(III -2b ) 

The  matching  of  the  fiber  to  the  coating  requires 

£9c  £9f  "  £m  •  ’  £zc  '  £zf  "  £m  * 

(II I -3a ,b ) 

This  gives  by  elementary  methods 

Vt['*  2<r>$]  • 

(III -4a ) 

°z  =  “S“  []  +  (^}]  • 

(II I -4b ) 

where  H  =  (1  -  v)  +  JJ1  -  2v)  |-+  2(1  -  v)^-J  (^-) 


+  2(1  -2v)(i-)(^.)(t)‘ 


( 1 1 1-5 ) 


The  elastic  strain  energy  in  the  fiber  and  coating  per  unit  length  are: 


uf  =  (aef  eef  +  °zf  V/2)7TR  * 


(III -6a ) 


Uc  =  (aQ2  +  oz2  -  2voQaz)  TrRt/E  . 


(II I -6b ) 


By  elementary  methods,  using  the  results  above,  the  total  elastic  strain 
energy  per  unit  length  of  fiber  can  be  readily  obtained  as: 


~Rte  E 

U  =  - f, 
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(III-7) 


where  F  =  2(1-  v)  +  (3  -  5v)(f— )  +  6(1  -  v)( 
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( 1 1 1 -8 ) 


This  gives  finally  the  energy  release  rate  per  unit  area  of  interface,  if 
delamination  were  to  occur  at  the  interface  to  completely  unload  both  fiber 
and  coating: 


FIGURE  CAPTIONS 


1  -  Change  of  curvature  in  a  circular  Si  wafer  with  a  thin  coating  of. 

SiC  in  biaxial  tension  (a),  or  in  biaxial  compression  (b). 

2  -  Measured  residual  stress  in  a  CVD  SiC  coating  as  a  function  of  ion 

beam  energy  in  both  as-deposited  hydrogenated  coatings  (compres¬ 
sion)  and  coatings  annealed  at  600°C  for  30  min.  (tension). 

3  -  Thickness  strain  (negative)  in  hydrogenated  coatings  upon  annealing 

at  600°C  for  30  min. 

4  -  Blisters  in  the  as-deposited  coatings  of  SiC  when  the  coatings  are 

of  a  critical  thickness:  (A)  blisters  just  large  enough  to  buckle 
upwards,  (B)  large  and  growing  blisters  with  well  established  buck¬ 
ling  fronts  remaining  self  similar  in  growt* ,  (C)  smallest  regular  bl i ster. 

5  -  Detached  blisters  act  as  nucleation  sites  of  through-the-thickness 

cracks  in  the  coatings  under  tensile  biaxial  stress,  but  of  in¬ 
sufficient  thickness  for  delamination. 

6  -  Oelamination  of  ribbons  from  substrate,  following  the  through-the- 

thickness  pre-cracking  of  coatings  under  biaxial  tension  when  the 
coating  is  thick  enough  for  delamination  to  begin. 

7  -  Regular  delamination  patterns  in  the  form  of  long  ribbons  in  a 

coating  of  more  than  sufficient  thickness  for  delamination  to 
occur  relatively  rapidly. 

8  -  Nearly  complete  and  "spontaneous"  delamination  in  a  coating  of 

0.3  urn  thickness. 


9  -  Misfit  strain  in  coatings  with  bi-axial  tensile  stress  is 

measurable  by  comparing  the  relaxed  ribbon  dimensions  with  those 
of  the  frame  into  which  they  initially  fitted:  (a)  long  de¬ 
lamination  ribbon,  (b)  displacement  of  end  of  ribbon  upon  relief 
of  misfit  strain. 

10  -  Dependence  of  biaxial  misfit  strain  on  ion  beam  energy  in  annealed 

coatings  under  biaxial  tension. 

11  -  Dependence  of  Young's  modulus  on  ion  beam  energy  in  annealed 

coatings  under  biaxial  tension. 

12  -  Dependence  of  critical  coating  thickness  for  delamination  on  ion 

beam  energy  in  annealed  coatings  under  biaxial  tension. 

13  -  Dependence  of  critical  energy  release  rate  on  ion  beam  energy  in 

annealed  coatings  under  biaxial  tension. 

14  -  Sketch  of  idealized  circumferential  buckling  of  a  delaminating 

coating  in  a  blister  in  an  as-deposited  hydrogenated  coating  under 
biaxial  compression:  (a)  perspective  view,  (b)  buckled  coating 
viewed  in  the  radial  direction. 

J_5  -  A  large  buckled  blister  in  a  coating  in  the  process  of  undergoing 
delamination,  viewed  with  the  Normarski  interference  contrast  mode 
of  microscopy.  The  outer  ring  surrounding  the  buckled  center  is 
the  zone  in  which  radial  slippage  occurs  to  relieve  the  radial 
stress. 

J_6  -  An  SEM  micrograph  of  a  fragmented  and  delaminated  annealed  coating 
of  critical  thickness  of  SiC  on  a  Pitch-55  fiber.  The  misfit 
strain  is  determinable  from  the  gaps  between  the  flakes. 
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Measured  residual  stress  In  a  CVD  SiC  coating  as  a  function  of  ion 
beam  energy  in  both  as-deposited  hydrogenated  coatings  (compression) 
and  coatings  annealed  at  600°C  for  30  min.  (tension). 
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Blisters  in  the  as-deposited  coatings  of  SiC  when  the  coatings  are 
of  a  critical  thickness:  (A)  blisters  just  large  enough  to  buckle 
upwards,  (B)  large  and  growing  blisters  with  well  established  buck¬ 
ling  fronts  remaining  self  similar  in  growth,  (C)  smallest  regular 
bl i ster. 
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Fig.  9  -  Misfit  strain  in  coatings  with  biaxial  tensile  stress  is  measurable 

by  comparing  the  relaxed  ribbon  dimensions  with  those  of  the  frame 
into  which  they  initially  fitted:  (a)  long  delamination  ribbon, 

(b)  displacement  of  end  of  ribbon  upon  relief  of  misfit  strain. 
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1_0  -  Dependence  of  biaxial  misfit  strain  on  ion  beam  energy  in  annealed 
coatings  under  biaxial  tension. 
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Dependence  of  Young's  modulus  on  ion  beam  energy  i 
coatings  under  biaxial  tension. 
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Sketch  of  idealized  circumferential  buckling  of  a  delaminating  coat 
ing  in  a  blister  in  an  as-deposited  hydrogenated  coating  under 
biaxial  compression:  (a)  perspective  view,  (b)  buckled  coating 
viewed  in  the  radial  direction. 
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A  arge  buckled  blister  in  a  coating  in  the  process  of  undergoing 
delamination,  viewed  with  the  Normarski  interference  contrast  mode 
or  microscopy.  The  outer  ring  surrounding  the  buckled  center  is 

the  zone  in  which  radial  slippage  occurs  to  relieve  the  radial 
stress. 
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ABSTRACT 


Amorphous  hydrogenated  silicon  carbide  produced  by  the  glow 
discharge  deposition  of  silane  and  methane  can  exhibit 
compressive  residual  stresses  as  large  as  2.7  GPa.  Vacuum 
annealing  below  the  crystallization  temperature  causes  tensile 
stresses  of  the  same  magnitude  to  develop  as  hydrogen  is 
liberated  from  the  deposit.  Independent  measurements  of  the 
residual  stress  and  strain  in  the  annealed  coatings,  and  the 
stress  and  Young's  modulus  in  the  as-deposited  coatings,  allow 
determination  of  the  strain  energy  density  and  the  interfacial 
work  of  fracture. 
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I.  INTRODUCTION 


It  is  possible  to  produce  thin  films  of  a  variety  of  materials  at  very  low 
substrate  temperatures  by  plasma  enhanced  chemical  vapor  deposition 
(PECVD)  [1],  In  particular,  the  glow  discharge  decomposition  of  silane  and 
methane  produces  crystallographically  amorphous  silicon-carbon  alloys  whose 
stoichiometry  can  be  controlled  by  the  Si/C  ratio  in  the  feed  gas  [2-5]. 
As-deposited  coatings  exhibit  compressive  residual  stresses,  which  can  be 
quite  large  if  the  coating  has  been  subjected  to  energetic  ion  bombardment 
during  growth  [6-1 7]. 

Deposits  generally  contain  large  amounts  of  hydrogen,  on  the  order  of  20 
atom  percent  [2].  Depending  on  the  composition,  much  of  the  hydrogen  can  be 
liberated  by  vacuum  anneals  below  the  crystallization  temperature.  The  effects 
of  dehydrogenation  on  the  electronic  and  chemical  properties  of  these 
materials,  particularly  a-Si:H,  have  been  investigated  by  other  researchers 
[18-32].  Hydrogen  serves  to  saturate  "dangling  bonds"  in  the  disordered 
material,  localizing  defects  and  producing  an  effective  mobility  gap.  The 
liberation  of  hydrogen  by  vacuum  heat  treatments  below  the  crystallization 
temperature  does  increase  the  density  of  unpaired  electrons,  as  measured  by 
electron  paramagnetic  resonance  (EPR),  but  only  slightly  [33-38].  Proton 
paramagnetic  resonance  (PPR)  studies  suggest  that  local  reconstruction  of  the 
amorphous  tetrahedral  network  occurs,  even  though  crystallization  does  not 
[39]. 

As  might  be  expected,  the  liberation  of  15  to  30  atom  percent  of  the 
coating  also  has  a  large  effect  on  the  residual  stress  state  of  these  materials. 
These  stresses,  and  their  influence  on  the  mechanical  behavior  of  the 
coating/substrate  composite,  are  the  principal  focus  of  this  paper. 


II.  EXPERIMENTAL 


All  depositions  were  performed  in  a  custom  plasma  enhanced  chemical 
vapor  deposition  facility  [40]  at  a  base  pressure  of  2x1 0*6  Torr  (figure  1 ).  The 
substrate  temperature  during  deposition  is  always  less  than  100’C.  Parallel  six 
inch  diameter  shielded  electrodes  are  driven  by  separate  13.56  MHz  power 
supplies  equipped  with  automatic  matching  networks.  This  configuration  allows 
independent  control  over  the  total  power  input  into  the  plasma  and  the  DC  offset 
on  the  substrate  electrode. 

The  effective  ion  bombardment  energy  (IBE)  during  deposition  is 
determined  as  follows.  The  DC  potential  of  the  substrate  electrode  with  respect 
to  ground  is  measured  during  deposition.  The  ion  energy  distribution  with 
respect  to  ground  is  later  separately  measured  with  the  substrate  electrode 
floating  and  all  of  the  RF  power  applied  to  the  upper  electrode.  This  is  done  by 
energy  dispersive  mass  spectrometry,  after  Kohler  et  al  [41 ,42],  The  DC  plasma 
potential  in  volts  is  numerically  equal  to  the  peak  in  the  ion  energy  distribution 
in  electron  volts.  The  effective  ion  bombardment  energy  (in  eV)  during 
deposition  is  approximated  as  the  difference  between  the  substrate  and  plasma 
potentials  in  volts  (see  figure  2).  There  are  three  main  assumptions  involved  in 
this  technique.  First,  only  singly  charged  ions  are  present  in  the  discharge. 
Second,  ion/neutral  collisions  in  the  sheath  have  a  negligible  effect  on  the  ion 
energy  distribution.  Third,  the  plasma  potential  depends  on  the  reactor 
geometry  and  the  total  RF  power,  but  not  on  the  patritioning  of  the  power 
between  the  electrodes. 

Semiconductor  purity  (99.9995%)  gases  are  introduced  into  the  chamber 
at  a  total  pressure  of  50  mTorr.  An  argon  discharge  is  first  used  to  sputter  the 
native  oxide  from  the  (100)  silicon  wafer  substrates.  Silane  and  methane  are 


then  added  to  the  discharge  while  the  pressure  is  maintained  at  50  mTorr.  After 
the  deposition  is  complete  {five  to  ten  minutes)  the  reactive  gas  flow  is  ceased 
and  the  discharge  extinguished.  The  silicon/carbon  ratio  was  determined  by 
X-ray  photoelectron  spectroscopy,  and  is  approximately  1 :1  (±5%)  for  all  of  the 
a-SiC:H  coatings  discussed.  The  deposition  conditions  used  for  three  types  of 
coatings  (high,  moderate  and  low  ion  bombardment  energy)  are  presented  in 
Table  1. 

The  film  thickness  is  determined  by  use  of  a  mechanical  profilometer  and 
a  second  wafer  that  has  been  masked  to  produce  a  sharp  step.  The  residual 
stress  in  the  film  is  determined  by  measuring  the  radius  of  curvature  of  the 
wafer/coating  couple  and  applying  the  relation  [43] 

rr  E ^  r  1 

a  - - —  Eqn.  1 

6(1*v1) 

Here  a  is  the  stress,  E  the  elastic  modulus,  t  the  thickness,  v  Poisson's  ratio  and 
R  the  radius  of  curvature.  The  subscript  1  refers  to  the  coating  and  2  to  the 
substrate.  The  indicated  simplification  is  valid  for  thick  substrates  (t2»t.,). 
Deposits  made  by  PECVD  from  silane  and  methane  typically  contain  large 
amounts  of  hydrogen  [2,18].  The  hydrogen  content  of  these  films  is  determined 
by  monitoring  the  pressure  rise  as  the  coatings  are  heated  in  a  sealed 
evacuated  chamber  of  known  volume  [44]. 

The  residual  strain  is  determined  by  two  techniques  which  will  be 
described  in  the  next  section.  Other  materials  parameters  such  as  elastic 
modulus  and  the  strain  energy  density  were  calculated  from  the  standard 
relations. 


The  subscripts  x  and  y  refer  to  the  two  orthogonal  in-plane  directions  (z  will  refer 
to  the  surface  normal).  By  symmetry  o1x=G1yso1  and  £1x=e1yse.,.  In  Equation  3, 
o)1  is  the  strain  energy  density  in  the  coating.  Stresses  normal  to  the  plane  of 
the  deposit  are  neglected  in  this  plane  stress  approximation. 

The  deposition  rates  (normalized  with  respect  to  the  total  RF  power  input) 
for  the  three  types  of  coatings  are  presented  in  Table  2,  along  with  several  other 
deposition  and  materials  properties.  Vacuum  anneals  in  the  temperature  range 
300-935‘C  liberate  large  quantities  of  hydrogen  from  the  deposit  (figure  3).  The 
loss  of  such  a  large  amount  of  material  from  the  deposit  causes  a  substantial 
decrease  in  the  coating  thickness,  as  can  be  seen  in  figure  4  for  the  standard 
anneal  (600'C,  30  min.  in  vacuum).  Although  the  shrinkage  associated  with 
dehydrogenation  is  not  isotropic,  there  are  non-zero  components  in  the  plane  of 
the  coating.  This  in-plane  shrinkage  causes  the  compressive  residual  stresses 
that  are  found  in  the  as-deposited  coatings  to  be  transformed  into  tensile 
residual  stresses.  (See  figure  5.) 

Selected  area  diffraction  by  TEM  (using  a  JOEL  200  CX)  indicate  that  the 
coatings  are  crystallographically  amorphous  in  both  the  as  deposited  state  and 
after  annealling.  A  typical  diffraction  pattern  is  presented  in  figure  6.  The 
primary  characteristics,  a  diffuse  halo  and  no  apparent  bright  spots,  are  found 
for  all  three  types  of  coatings,  both  as-deposited  and  after  the  standard  anneal. 
This  implies  that  the  deposits  remain  amorphous  even  through  the  restructuring 
associated  with  the  600  *C  dehydrogenation  anneal. 

Optical  microscopy  provides  much  more  information  about  the  effects  of 
dehydrogenation  on  the  mechanical  behavior  of  a-SiC:H  deposits.  Tensile 
residual  stresses  in  annealed  low  IBE  coatings  thicker  than  about  0.35  pm 
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cause  the  deposit  to  break  up  into  nearly  equiaxed  sections  that  can  then 
delaminate,  as  is  visible  in  figure  7. 

Moderate  and  high  IBE  deposits  exhibit  a  much  different  behavior.  The 
circular  defects  in  figure  8  are  blisters  that  form  during  vacuum  annealing  as 
hydrogen  accumulates  at  the  substrate/coating  interface,  particularly  at  areas 
where  the  interface  has  been  weakened  by  particulate  contamination.  The  high 
pressures  that  result  cause  the  film  to  plastically  deform  into  circular  blisters. 
(These  blisters  can  be  virtually  eliminated  by  careful  substrate  cleaning  and 
slow  ramp  rates  for  the  vacuum  anneals.) 

If  the  coating  thickness  exceeds  about  0.1  pm  these  blisters  act  as 
nucleation  sites  forthrough-the-thickness  cracks.  As  can  be  s*  en  in  figure  8, 
propogation  is  favored  in  the  <11 0>  directions,  the  crystallographically  stiff 
directions  of  the  silicon  substrate.  As  these  cracks  can  extend  over  large 
distances,  the  coating  is  effectively  scribed  into  many  long  rectangular  sections. 

For  annealed  thicknesses  greater  than  about  0.30  pm  moderate  and  high 
IBE  coatings  spontaneously  delaminate  at  the  substrate  interface.  The  driving 
force  for  this  fracture  is  the  release  of  stored  residual  strain  energy.  The  critical 
thickness  for  delamination  depends  on  the  residual  stress  state  in  the  coating, 
and  thus  on  the  ion  bombardment  energy  and  the  dehydrogenation  anneal. 

(See  Table  2  and  figure  5.)  Because  delamination  of  a  compressively  stressed 
coating  is  mechanically  constrained  and  requires  a  Euler  instability  to  be 
reached  [45,43]  the  critical  thickness  for  as-deposited  coatings  is  substantially 
larger  than  the  critical  thickness  for  delamination  of  the  corresponding  coatings 
under  tensile  stress. 

By  careful  examination  of  dehydrogenated  coatings  just  thicker  than  the 
critical  thickness  for  dehydrogenation,  it  is  possible  to  determine  the  residual 
strain  in  the  coating.  The  rectangular  section  in  the  center  of  figure  9  is  a  region 


of  dehydrogenated  moderate  IBE  a-SiC  that  has  delaminated  over  a  length  L, 
but  still  lies  flat  against  the  Si  substrate.  The  distance  AL  represents  the  change 
in  length  that  results  from  the  relaxation  of  the  residual  stress  over  the  length  L. 
Consequently  the  residual  strain  in  the  coating  (before  delamination)  is  given 
by  the  simple  relation 

AL 

ei*-£—  Eqn.  4 

A  similar  sort  of  measurement  is  possible  with  annealed  high  and  low 
IBE  a-SiC,  although  the  generally  equiaxed  fracture  pattern  of  the  low  IBE 
material  significantly  increases  the  uncertainty  in  the  measurement.  (See  Table 
2  and  figure  10.)  Independent  measurement  of  the  residual  stress  and 
residual  strain  in  annealed  coatings  allows  the  calculation  of  the  total  strain 
energy  density  in  the  deposit  [40],  using  Eqn.  3.  For  thin  coatings,  or  more 
specifically  for  t1E1«t2E2,  the  strain  energy  in  the  substrate  does  not 
significantly  contribute  to  the  total  strain  energy  in  the  composite  [40]. 
Experimental  determination  of  the  minimum,  or  critical  thickness  for 
delamination,  denoted  tc,  allows  calculation  of  the  intrinsic  fracture  toughness  of 
the  interface.  Variations  of  these  techniques  can  be  applied  to  other  substrate 
materials,  including  small  diameter  fibers  of  use  in  composite  materials.  The 
measurement  the  work  of  fracture  of  compressively  stressed  coatings  requires  a 
different  technique,  involving  a  buckling  analysis  on  areas  of  compressive 
delamination.  (See  figure  11.)  These  matters  will  be  discussed  more 
thoroughly  in  the  following  section. 

III.  RESULTS  AND  DISCUSSION 

The  residual  stresses  in  the  SiC  coatings,  as  presented  in  figure  5,  are 
independent  of  the  thickness  of  the  deposit,  but  strongly  dependent  on  the  ion 


bombardment  energy  and  the  dehydrogenation  anneal.  Tensile  residual 
stresses  in  annealed  coatings  on  polished  (100)  silicon  wafers  cause 
delamination  failure  if  the  coating  is  thick  enough  to  supply  the  strain  energy 
necessary  for  the  work  of  fracture  of  the  interface.  This  is  illustrated  in  figure  9 
for  an  annealed  moderate  ion  bombardment  energy  film  0.35  pm  thick. 

Similarly,  a  high  ion  bombardment  energy  specimen  0.28  pm  thick  in  figure  12a 
shows  a  ribbon  of  SiC  approximately  160  pm  long  that  has  delaminated  but 
now  lies  flat  against  the  substrate.  Figure  12b  shows  that  the  relaxed  length  is 
approximately  1.1  less  than  the  original  length,  yielding  a  relaxation  strain  of 
-0.69%.  This  implies  that  the  strain  in  the  intact  areas  of  the  coating  is  0.69%. 
Observations  of  many  similar  delamination  failures,  in  annnealed  low,  moderate 
and  high  ion  bombardment  energy  coatings  yield  the  strain  measurements 
presented  in  Table  2.  Through  the  measurement  of  these  residual  tensile 
strains,  and  the  previously  measured  residual  tensile  stress,  the  Young's  moduli 
of  the  dehydrogenated  amorphous  SiC  coatings  can  be  determined  from  Eqn. 

2,  assuming  a  value  of  0.3  for  v^  the  Poisson's  ratio  of  the  coating. 

The  calculated  moduli  are  given  in  Table  2,  and  have  been  found  to  be 
generally  independent  of  the  thickness  of  the  coating.  Since  the  strain  energy 
in  the  substrate  is  negligible  for  coating  thicknesses  much  less  than  the 
substrate  thickness  [40],  the  stored  strain  energy  in  the  substrate/coating  system 
is  a  linear  function  of  the  coating  thickness,  and  the  critical  specific  fracture 
separation  work  Gcq  (the  intrinsic  toughness  of  the  interface)  is  given  by  [43] 


GcO  = 
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Eqn.  5 


and  is  presented  in  figure  13  for  annealed  low,  moderate  and  high  ion 
bombardment  energy  a-SiC  on  (100)  silicon  substrates.  The  critical  coating 


thickness  tc,  for  a  given  set  of  deposition  and  annealing  conditions,  is 
determined  by  observing  the  minimum  thickness  at  which  delamination  occurs 
in  a  specimen  with  copious  through-the-thickness  cracks  already  present. 

In  as-deposited  coatings  the  residual  stresses  are  compressive.  The 
delamination  of  these  coatings  occurs  by  the  formation  of  a  blister  which  begins 
to  lift  off  the  substrate  in  a  regularly  buckled  form,  as  in  figure  1 1 .  These  blisters 
propogate  radially  outward  in  quasi  static  equilibrium  with  a  self-similar 
circumferential  buckling  wavelength  X.  Considering  that  the  film  completely 
relieves  its  radial  stress  as  the  blister  grows  radially  outward  and  buckles  under 
the  circumferential  stress,  the  wavelenght  X  can  be  related  the  Young’s 
modulus  and  the  initial  biaxial  residual  stress  a  by  Eqn.  6  [43]. 
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Eqn.  6 


Again  assuming  a  value  of  0.3  for  the  Poisson's  ratio  of  the  coating,  the  Youngs 
modulus  of  the  as-deposited  coatings  can  be  determined  by  measuring  X,  t1 
and  cv  When  this  was  done  for  an  as  deposited  high  ion  bombardment  energy 
of  1.1  pm  thickness  with  a  measured  X  of  20  pm  and  compressive  residual 
stress  of  approximately  2  GPa,  E  was  found  to  be  1 16  GPa. 

Further,  the  intrinsic  fracture  toughness  of  the  interface  can  be 
determined  by  subtracting  the  strain  energy  stored  per  unit  area  of  the  interface 
in  the  buckled  coating  from  the  initial  strain  energy  in  the  biaxially  stressed 
coating.  This  leads  to  an  expression  for  Gc0,  given  by  Eqn.  7  [44]. 

„  E  ifi 
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Evaluating  this  intrinsic  toughness  for  the  as  deposited  high  IBE  a-SiC:H 
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coating  described  above  yields  a  work  of  fracture  of  5.9  J/m2.  The  difference 
between  this  value  and  the  5.1  J/m2  for  the  annealed  coating  could  be  due  to 
the  difficulty  of  determining  the  critical  coating  thickness,  or  a  slight  additional 
dissipative  work  associated  with  sliding  of  the  coating  over  the  substrate  during 
the  release  of  the  radial  stress,  or  could  be  a  real  effect  from  the  atomic 
rearrangements  associated  with  dehydrogenation  [33-39]. 

The  same  phenomenon  of  spontaneous  delamination  also  occurs  with 
a-SiC:H  coatings  on  Pitch-55  carbon  fibers.  For  low  ion  bombardment  a-SiC:H, 
annealed  for  30  minutes  at  600  ‘C  in  vacuum,  coatings  less  than  0.33  pm  were 
found  to  remain  intact  for  periods  of  months,  while  thicker  coatings  were  found 
to  undergo  copious  delamination  by  cracking  and  flaking,  as  in  figure  14.  The 
residual  strain  was  determined  from  the  ratio  of  the  average  gap  size  between 
the  flakes  to  the  average  dimension  of  the  flakes.  This  technique  yields  a  value 
for  e,  of  2.7%,  which  is  not  too  different  from  the  value  obtained  for  similar 
coatings  on  silicon  (Table  2).  Assuming  that  the  elastic  modulus  of  the  coating 
is  not  a  function  of  the  substrate  material  but  only  the  deposition  and  annealing 
conditions,  the  intrinsic  interfacial  fracture  toughness  for  this  fiber/coating 
system  can  also  be  rigorously  determined  [43].  Assuming  that  E1  is  indeed  1 9 
GPa,  the  Poisson’s  ratio  of  the  substrate  v1  is  0.3,  the  critical  coating  thickness 
is  0.33  pm,  and  the  fiber  is  10  pm  in  diameter  and  has  the  reported  mechanical 
properties  [43,46]  one  c '■tains  Gc0  =  5.5  J/m2. 

V.  APPLICATIONS 

In  many  ways,  the  techniques  and  procedures  outlined  in  the  previous 
sections  are  more  important  than  the  specific  measurements  made  in  the 
a-SiC:H  system.  Of  the  many  parameters  influencing  the  microscopic  fracture 
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behavior  of  composite  materials,  the  most  fundamental  and  the  most 
inaccessible  is  the  intrinsic  interfacial  work  of  fracture.  It  is  largely  this  quantity 
that  determines  the  magnitude  of  the  stress  field  about  the  crack  tip,  and  thus 
the  plastic  zone  size.  The  size  of  the  plastic  zone  ahead  of  the  crack  tip, 
together  with  the  intrinsic  interfacial  toughness,  determines  the  total,  or  extrinsic 
work  of  fracture.  It  is  this  extrinsic  quantity  that  is  mesasured  by  conventional 
techniques  [47]. 

Specifically,  due  to  the  very  local  nature  of  the  strain  field  which  drives 
the  crack  tip  in  the  residually  stressed  coatings  ,  the  plastic  zone  size  in  the 
vicinity  of  the  crack  tip  will  be  quite  small,  and  hence  the  Gc0  obtained  from  the 
delamination  process  described  in  the  previous  sections  is  essentially  the 
intrinsic  toughness  of  the  interface.  Consequently,  for  modelling  purposes,  we 
can  use  this  interface  toughness  as  a  fundamental  materials  parameter  in  any 
system  where  failure  occurs  at  such  an  interface.  One  such  class  of  materials  is 
metal  matrix  composites.  Fiber  coatings  are  often  utilized  to  prevent  chemical 
reaction  at  the  interface  [48,49],  promote  wetting  during  matrix  infiltration 
[49,50],  and  improve  the  fracture  properties  of  the  composite  [51].  Amorphous 
hydrogenated  silicon  carbide  is  a  promising  coating  material  in  all  of  these 
regards  [40].  It  is  much  more  than  an  additional  bonus  that  the  most 
fundamental  parameter  affecting  the  microscopic  fracture  behavior,  the  intrinsic 
toughness  of  the  failing  interface,  can  be  independently  determined  in  the 
manner  discussed  above. 

VI.  CONCLUSIONS 


The  residual  stress  state  in  amorphous  hydrogenated  silicon  carbide 
produced  by  plasma  ehanced  chemical  vapor  deposition  is  strongly  influenced 


by  the  ion  bombardment  energy  during  deposition  and  subsequent  thermal 
treatments.  These  stresses,  both  tensile  and  compressive,  can  be  determined 
from  the  curvature  of  the  substrate/coating  couple.  The  residual  tensile  strain 
can  be  determined  if  a  partially  delaminated  region  can  be  found  that  lies  flat 
against  the  substrate.  Independent  measurement  of  the  stress  and  strain  allows 
calculation  of  the  coating  elastic  modulus,  if  a  value  is  assumed  for  Poisson’s 
ratio.  Knowlege  of  the  residual  stress  and  strain,  coupled  with  the  critical 
coating  thickness  for  interfacial  delamination,  allows  calculation  of  the 
interfacial  work  of  fracture.  If  it  is  assumed  that  the  elastic  modulus  does  not 
depend  on  the  substrate  used,  then  the  interfacial  work  of  fracture  can  be 
determined  for  coatings  under  tensile  stress  on  other  substrates.  In  addition, 
the  interfacial  work  of  fracture  of  compressively  stressed  amorphous  coatings 
on  thick,  flat  substrates  can  be  determined  by  an  inverse  buckling  analysis,  as  is 
described  elsewhere  by  Argon  and  Gupta  [43]. 
i 
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The  ion  bombardment  energy  is  approximated  using  the 
difference  between  the  DC  potential  on  the  substrate  during 
deposition  and  the  plasma  potential  with  all  of  the  RF  power 
applied  to  the  upper  electrode. 
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Ion  Bombardment  Energy,  eV 


Percent  decrease  in  deposit  thickness  due  to  the  standard  anneal 
(600'C,  30  min.  in  vacuum)  as  a  function  of  the  ion  bombardment 
energy. 
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Figure  5.  As-deposited  and  annealed  residual  stress  as  a  function  of  ion  bom 
bardment  energy. 
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Figure  7. 


Low  IBE  annealed  a-SiC:H,  0.42  pm  thick.  Residual  tensile 
stresses  in  the  deposit  cause  fracture  and  delamination  if  the 
coating  thickness  is  greater  than  about  0.35  pm. 
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High  IBE  annealed  a-SiC:H,  0.13  pm  thick.  The  circular  defects 
are  blisters  formed  by  the  accumulation  of  liberated  hydrogen  at 
the  substrate/coating  interface.  These  defects  act  as  nucleation 
sites  for  through-the-thickness  cracks,  which  propogate  in  the 
<1 1 0>  directions  of  the  silicon  substrate. 
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Figure  1 1 .  Measurement  of  the  circumferential  buckling  wavelength  X  allows 
calculation  of  the  Young's  modulus  of  compressively  delaminated 
coatings. 


Table  1.  Deposition  conditions 


low 

moderate 

high 

]BE 

IBE 

IBE 

gas  flow 

silane 

4.2  seem 

4.2  seem 

4.2  seem 

methane 

6.7  seem 

6.7  seem 

6.7  seem 

argon 

1 0.9  seem 

10.9  seem 

10.9  seem 

pressure 

50  mTorr 

50  mTorr 

50  mTorr 

6650  Pa 

6650  Pa 

6650  Pa 

RF  power 

target 

100  W 

100  W 

100  W 

substrate 

gnd 

25  W 

50  W 

IBE 

8  ±3  eV 

90  ±10  eV 

135  ±15  eV 
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Table  2.  Materials  Properties  of  a-SiC:H 


low 

IBE 

moderate 

IBE 

high 

IBE 

stress,  GPa 
as-depos. 
annealed 

-0.55i.20 

0.58±.19 

-1.9i.39 

2.6i.42 

-2.1i.32 

2.7i.33 

Wit’ 

annealed 

0.35+05 

0.30i.04 

0.28+03 

strain,  % 
annealed 

2.1±.4 

0.65i.03 

0.68+03 

E,  GPa 
annealed 

19±7.2 

300i51 

285i37 

Gc,  J/m2 

annealed  4.3±1.8  5.1±1.1  5.1±.9 


In  Situ  HVEM  Study  of  Fracture  in  the  SiC  Coated  Graphite  Fiber/ 
Aluminum  Composite 
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Massachusetts  Institute  of  Technology,  Cambridge,  MA 
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Presented  at  the  12th  Annual  Conference  on  Composites  and  Advanced  Ceramics 
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A  SiC  coated  graphite  fiber/  aluminum  composite  was  processed  by 
plasma  enhanced  chemical  vapor  deposition  (PECVD)  of  silicon  carbide 
followed  by  the  aluminum  pressure  infiltration.  Miniature  tensile 
specimens  were  tested  in-situ  in  the  high  voltage  electron  microscope  at 
the  NCEM.  Preliminary  studies  showed  that  fracture  in  the  SiC  coated 
graphite  fiber/  aluminum  composite  advances  by  decohesion  of  the 
graphite  fiber/  amorphous  SiC  interface.  These  studies  on  deformation 
and  fracture  will  serve,  in  addition  to  data  on  interface  composition  and 
structure,  as  a  basis  for  modeling  interface  properties. 

In-situ  high  voltage  electron  microscopy  (HVEM)  study  of  fracture  in  the  SiC  coated 
graphite  fiber/aluminum  composite  is  a  part  of  the  ongoing  research  on  tailoring  and 
modeling  of  interfaces  in  metal  matrix  composites.  These  observations  will  serve,  in 
addition  to  data  on  interface  composition  and  structure,  as  a  basis  for  modeling  interface 
properties. 

As  a  model  system,  graphite  fibers  were  coated  with  a  layer  of  the  amorphous  SiC  by 
using  plasma  enhanced  chemical  vapor  deposition  (PECVD)  and  embedded  in  the  pure 
aluminum  matrix  by  pressure  infiltration.  Miniature  tensile  specimens  of  the  SiC  coated 
GR/A1  composite  were  tested  in-situ  in  the  high  voltage  electron  microscope  at  the  NCEM. 
Lawrence  Berkley  Laboratory.  Observations  on  fracture  initiation  and  propagation  were 


video  recorded.  In  this  paper,  we  will  present  and  discuss  these  observations  as  they  relate 
to  the  interfaces  in  the  SiC  coated  GR/A1  composite.  Further  more,  we  will  discuss  other 
experiments  in  progress  which  are  also  aimed  at  advancing  our  understanding  of  deformation 
and  fracture  behavior  in  metal  matrix  composites. 

EXPERIMENTAL  PROCEDURE 

Processing  of  the  SiC  coated  GR/A1  composite  included  coating  the  graphite  Fibers  and 
pressure  infiltration  of  the  metal  matrix.  Graphite  fibers,  grade  Pitch  55,  were  coated  with  a 
thin  layer  of  silicon  carbide  by  plasma  enhanced  chemical  vapor  deposition.  The  process  of 
the  PECVD  system  used  has  been  described  elsewhere  [1].  Coated  graphite  fibers  were 
annealed  for  0.5  hour  at  873  K  to  remove  hydrogen.  Graphite  preforms  were  preheated  to 
623K  and  pressure  infiltrated  by  pure  aluminum  (99.9%)  at  3.6  MPa  over  a  period  of  1.5 
minutes.  The  temperature  of  the  liquid  aluminum  prior  to  infiltration  was  963K.  Details  of 
the  pressure  infiltration  technique  used  have  been  described  elsewhere  [2]. 

Microstructural  characterization  was  carried  out  by  using  JEOL  200CX  transmission 
electron  microscope.  TEM  discs  were  prepared  by  dimple  grinding  technique,  followed  by 
ion  thinning  at  4KV  and  at  a  liquid  nitrogen  temperature. 

Miniature  tensile  specimens  were  tested  in-situ  in  the  KRATOS  1.5  MeV  high  voltage 
electron  microscope  at  the  National  Center  for  Electron  Microscopy  (NCEM)  at  the  Lawrence 
Berkley  Laboratory.  Straining  experiments  were  carried  out  at  room  temperature  and  at  1.5 
MeV  accelerating  voltage.  Miniature  tensile  specimens  had  the  following  dimensions:  9mm 
length  x  1  mm  width  (gauge  section)  x  0. 1  mm  thickness.  Several  tensile  specimens  were 
prepared,  with  the  gauge  section  reduced  to  several  microns  by  subsequent  ion  thinning. 


RESULTS 


Figure  1  is  a  low  magnification  TEM  micrograph  showing  the  graphite  fiber,  SiC 
coating  and  the  aluminum  matrix  in  the  SiC  coated  GR/A1  composite.  The  SiC  coating  is 
~0.13  pm  thick  and  its  structure  is  fully  amorphous  under  the  given  processing  conditions. 
There  are  two  interfaces  of  interest:  a)  Interface  1,  between  the  polycrystalline  graphite  fiber 
and  the  amorphous  SiC  coating,  and  b)  Interface  2,  between  the  amorphous  SiC  coating  and 
the  aluminum  matrix.  High  resolution  electron  microscopy  studies  to  characterize  the 
structure  of  these  interfaces  are  in  progress  [3].  Analytical  electron  microscopy  [3]  showed 
no  evidence  of  appreciable  diffusion  occurring  during  plasma  enhanced  chemical  vapor 
deposition  of  the  SiC  layer  on  graphite  fibers.  Pressure  infiltration,  on  the  other  hand, 
resulted  in  an  interdiffusion  layer,  approximately  40  nm  wide,  at  the  amorphous  SiC/ 
aluminum  interface. 

In-situ  HVEM  observations  on  fracture  in  the  SiC  coated  GR/A1  composite  were  video 
recorded  and  the  important  results  are  shown  in  Figures  2,  3  and  4.  A  relatively  low 
magnification  (2,500x)  was  chosen  for  this  preliminary  study  in  order  to  obtain  an  overall 
view,  including  several  graphite  fibers,  of  the  fracture  process.  Figure  2  (top)  shows  the 
initiation  of  the  fracture,  with  graphite  fibers  oriented  perpendicular  to  the  tensile  axis. 
Specimen  thickness  was  ~  1  pm.  The  fracture  path  in  a  fully  separated  specimen  is  shown 
Figure  2  (bottom).  It  is  evident  that  crack  advanced  along  the  graphite  fiber/aluminum 
interface.  Electron  diffraction  of  the  aluminum  side  of  the  fracture  surface  revealed  a  broad 
halo  around  the  central  spot,  indicative  of  the  amorphous  SiC.  This  suggests,  that 
separating  took  place  along  the  graphite  fiber/  amorphous  SiC  interface  rather  than  along  the 
amorphous  SiC/  aluminum  interface.  Figures  3  and  4  are  dark-field  micrographs  showing 
crack  initiation  and  early  stages  of  crack  propagation  in  the  SiC  coated  GR/A1  composite.  In 
particular.  Figure  3  shows  several  touching  fibers  which  are  inclined  to  the  tensile  axis.  ( In 
this  case,  foil  thickness  exceeded  5  pm  and  it  resulted  in  a  somewhat  lower  resolution.) 
Graphite  fibers  shown  in  Figure  4  are  perpendicular  or  inclined  to  the  tensile  axis. 

page  3 


Observations  from  Figures  3  and  4  confirmed  that  fracture  in  the  SiC  coated  GR/A1 
composite  propagated  along  the  graphite  fiber/aluminum  interface  rather  than  through 
graphite  fibers.  Graphite  fibers  in  the  present  study  were  either  perpendicular  or  inclined  to 
the  tensile  axis,  and  their  distribution  in  the  aluminum  matrix  varied  from  single  and  well 
separated  fibers  to  clusters  of  touching  fibers. 

AES  survey  scans  were  taken  on  a  graphite  fiber  in  one  of  the  fracture  specimens. 
Figure  5  (top)  is  a  SEM  fractograph  of  the  specimen  shown  in  Figure  3  and  it  indicates  the 
location  (A)  where  the  AES  scans  were  taken.  A  strong  carbon  peak  and  a  small  oxygen 
peak  in  Figure  5  (bottom)  confirm  the  TEM  observations,  namely,  that  the  decohesion  took 
place  along  the  graphite  fiber/  amorphous  SiC  interface. 

DISCUSSION 

In  general,  properties  of  the  composite  materials  depend  critically  on  the  properties  of 
interfaces.  In  optimizing  the  mechanical  behavior  of  the  metal  matrix  composites,  for 
example,  one  has  to  consider  a  transfer  of  load  from  the  metal  matrix  to  the  reinforcing  fibers 
to  maximize  strength  and,  on  the  other  hand,  a  deflection  of  crack  at  the  fiber/  metal  matrix 
interface  in  order  to  maintain  the  composite  integrity  [4],  This  requires  a  careful  tailoring  of 
the  interface  properties.  Such  tailoring  should  be  based  on  a  detailed  knowledge  of  the 
interface  structure  and  composition  and  on  a  thorough  understanding  of  the  deformation  and 
fracture  processes. 

Preliminary  in-situ  HVEM  studies  reported  in  this  paper  showed  that,  under  the  given 
processing  conditions,  the  fracture  in  the  SiC  coated  GR/A1  composite  advances  by 
decohesion  of  the  graphite  fiber/  amorphous  SiC  interface.  These  experiments  also  showed 
that  crack  propagation  in  the  SiC  coated  GR/A1  composite  is  sufficiently  slow  to  allow  an 
experiment  in  which  the  specimen  is  strained  incrementally  and  the  microstructure  (i.e. 
dislocation  structure)  then  examined  by  tilting  the  specimen  to  establish  appropriate 


diffraction  conditions.  In  this  way,  it  should  be  possible  to  study  deformation  processes 


associated  with  fracture  initiation  and  propagation.  There  is  also  evidence  of  thermo- 
visco-plastic  residual  stresses  in  the  as-cast  graphite  fiber/  aluminum  composite  [5]  leading  to 
dislocation  generation  in  the  aluminum  matrix.  New  specimens  of  the  SiC  coated  GR/A1 
composite  have  been  processed,  with  the  inter-fiber  spacing  increased  up  to  ten  times  the 
fiber  diameter  in  order  to  avoid  overlapping  of  the  deformation  fields  associated  with 
individual  graphite  fibers.  An  in-situ  HVEM  straining  experiment  is  being  planned  to  study 
dislocation  generation  in  these  specimens. 

An  independent  straining  experiment  has  been  initiated  in  which  the  JEOL  200CX 
electron  microscope  is  operated  in  a  scanning  mode  [6].  Plastic  strains  at  the  aluminum/  fiber 
interface  and  the  extent  of  the  plastic  zone  are  being  studied  during  the  stepwise  straining  of 
the  miniature  tensile  specimens.  The  results  of  these  studies  will  be  integrated  with  the 
in-situ  HVEM  observations  on  dislocation  generation  and  will  serve,  in  addition  to  data  on 
interface  structure  and  composition,  as  a  basis  for  modeling  interface  properties. 
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FIGURE  CAPTIONS 


Figure  1  -  TEM  micrograph  showing  the  graphite  fiber,  amorphous  SiC  coating  and  aluminum 
matrix  in  the  SiC  coated  GR/A1  composite. 

Figure  2  -  TEM  micrograph  showing  a  fracture  path  in  the  SiC  coated  GR/A1  composite,  with 
graphite  fibers  oriented  perpendicular  to  the  tensile  axis. 

Figure  3  -  TEM  micrograph  showing  initiation  and  propagation  of  fracture  in  the  SiC  coated 
GR/A1  composite,  with  graphite  fibers  inclined  to  the  tensile  axis. 

Figure  4  -  TEM  micrograph  showing  initiation  and  propagation  of  fracture  in  the  SiC  coated 
GR/A1  composite,  with  graphite  fibers  perpendicular  or  inclined  to  the  tensile  axis. 

Figure  5  -  SEM  fractograph  (top)  of  the  specimen  shown  in  Figure  3;  AES  survey  scan  on  a 
graphite  fiber  (bottom). 


Figure  1  -  TEM  micrograph  showing  the  graphite  fiber,  amorphous  SiC 
coating  and  aluminum  matrix  in  the  SiC  coated  GR/A1  composite. 


Figure  5  -  SEM  fractograph  (top)  of  the  specimen  shown  in  Figure  3;  AES 
survey  scan  on  a  graphite  fiber  (bottom). 
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ABSTRACT 

Interfaces  in  metal  and  ceramic  composites  differ  from  interfaces  in  polymer  matrix  composites 
inasmuch  as:  (i)  fiber  degradation  due  to  chemical  reaction  with  the  matrix  at  processing 
temperatures  is  frequent  and  (ii)  bonding  at  the  interface  is  generally  chemical  in  nature  (i.e. 
features  primary  chemical  bond  formation  across  the  interface).  Elementary  analysis  of 
requirements  placed  on  the  interface  for  mechanical  property  optimization  indicate  that,  for 
toughening  by  fiber  debonding  and  pull-out,  very  weakly  bonded  interfaces  are  needed. 
Sufficiently  weak  interfaces  can  be  obtained  by  using  interfacial  layers  of  materials  such  as 
graphite  or  boron  nitride  which  feature  strongly  anisotropic  chemical  bonding.  Several  tough 
inorganic  composite  utilize  such  interfaces.  With  large  fibers  in  ductile  matrices,  however, 
strong  interfaces  are  desirable  if  the  matrix  can  provide  sufficient  resistance  to  crack  propagation. 


1.  INTRODUCTION 

The  interface  in  polymer  matrix  composites  is  at  this  day  engineered  to  a  level  of  sophistication 
that  is  rather  impressive  in  comparison  with  what  is  generally  achieved  with  inorganic  matrix 
composites.  The  chemistry  of  thermosetting  polymer  resin  bonding  to  hydrophilic  glass  fiber 
surfaces  via  silane  coupling  agents,  as  well  as  the  various  oxidative  treatments  that  are  applied  to 
carbon  fibers,  have  been  shown  to  influence  processing  and  properties  of  polymer  matrix 
composites  to  a  significant  degree  via  complex  chemical  tailoring  of  the  bond  between  the  matrix 
and  the  fiber  ( Plueddemann  1974;  Hull  1981;  Knox  1982;  Chawla  1987).  Reasons  for  this  state 
of  affairs  are  numerous  and  include  the  head-start  research  on  polymer  matrix  composites  has 
had,  as  well  as  composite  processing  temperatures  that  are  much  lower  and  do  not  present 
fiber-matrix  chemical  compatibility  problems.  There  are,  however,  a  few  other  differences 
between  these  two  types  of  composites  which  may  point  to  a  slightly  different  approach  in 
chemical  tailoring  of  the  interface  for  inorganic  composites. 

Since  the  volume  on  interfaces  in  metal  matrix  composites  edited  in  1974  by  Metcalfe,  no  review 
of  interface  chemistry  nearly  as  extensive  has  been  published  for  either  metal  or  ceramic 
composites,  in  spite  of  the  fact  that  such  a  work  would  presently  be  very  different  in  scope  and 
content  Many  of  the  concepts,  of  the  chemical  processes,  etc.  described  in  that  volume  still  are 
true  and  relevant  today,  such  as  the  recurrent  concern  with  excessive  fiber-matrix  reactivity  in 
inorganic  composites,  which  places  severe  restrictions  on  possible  materials  systems  and 
processing  conditions.  New  reinforcements,  new  processing  methods  and  novel  characterization 
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techniques,  coupled  with  a  better  understanding  of  the  requirements  placed  on  the  interface  in 
composites  have  however  emerged  since  then,  justifying  a  summary  of  the  topic  that  would  be 
both  more  extensive,  more  multidisciplinary  and  longer:  a  task  much  beyond  what  is  attempted 
here.  The  present  article  will  therefore  seek  to  briefly  summarize  in  very  broad  terms  where  the 
question  stands  at  present.  Specifically,  the  logic  underlying  some  of  the  most  successful 
inorganic  composites  produced  to  date  will  be  outlined,  to  provide  some  indication  of  how  the 
properties  of  inorganic  composites  can  be  improved  by  proper  chemical  engineering  of  their 
interface.  For  simplicity,  the  discussion  is  limited  to  the  case  of  parallel  fiber  reinforced 
composites. 

2.  MECHANICAL  REQUIREMENTS  AT  THE  INTERFACE 

The  first  requirement  we  place  on  the  interface  is  evidently  that  the  strength  of  the  fibers  be 
preserved.  This  requirement  precludes  chemical  reactions  between  the  fibers  and  the  matrix  that 
lead  to  the  formation  of  too  thick  a  reaction  layer  of  low  strain  to  failure,  or  to  the  creation  of 
notches  on  the  fiber  surface.  This  requirement,  although  rather  obvious  from  the  point  of  view 
of  the  mechanics  of  rhe  interface,  may  be  far  from  obvious  from  the  point  of  view  of  processing, 
as  illustrated  for  example  in  SiC  whisker  reinforced  RBSN  (reaction  bonded  silicon  nitride, 
Haggerty  1988),  Fig.  1.  Fiber  degradation  by  chemical  reaction  with  the  matrix  is  still  the  most 
frequent  cause  for  poor  inorganic  composite  properties. 

\isuming  now  that  fiber  strength  is  preserved,  we  can  place  several  conflicting  requirements  on 
the  interface. 

2.1.  The  interface  must  not  be  too  strong  if  a  strong  composite  in  which  toughening 
mrrhjinism<t  specific  to  composite  materials  and  opposing  fracture  perpendicular  to  the  fibers  are 
to  be  exploited.  This  principle  has  been  theoretically  and  experimentally  proven  by  numerous 
authors,  as  summarized  in  various  articles  and  monographs  (Hull  1981;  Kelly  1970, 1971;  Kelly 
and  Macmillan  1986;  Wells  and  Beaumont  1985  a&b;  Evans  and  McMeeking  1986;  Chawla 
1987).  Resulting  fracture  energies  are  very  high:  polymer  matrix  composites  can  feature 
apparent  fracture  energies  as  high  as  those  of  unreinforced  metals  (Ashby  and  Jones  1980). 


Fig.  1  -  SiC  VLS-whisker  reinforced  laser  derived  Si-RBSN  (right),  compared  to  the 
same  material,  nitrided  with  oxygen  and  iron  impurities  present  (left).  Shortening  of 
processing  time  by  using  high  purity  materials  allowed  for  the  transition  from  a 
completely  degraded  fiber  (left)  to  a  well  preserved  fiber  with  a  relatively  sharp 
interface  in  the  bonded  composite.  Photograph  courtesy  of  Dr.  J.Haggerty,  M.l.T. 
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The  dependence  of  strength  and  toughness  on  the  interface  varies  according  to  the  system  and  its 
modeling.  One  can  simplify  the  role  of  the  interface  by  consideration  of  two  parameters:  the 
resistance  of  the  interface  to  initial  fracture  and  its  resistance  to  sliding  motion  of  the  matrix 

against  the  fiber  after  debonding.  The  latter  parameter,  x,  is  mostly  a  function  of  physical 

properties  of  the  interface,  in  particular  its  smoothness  after  debonding.  Although  x.  as  well  as 
other  parameters  (such  as  fiber  flaw  size  and  distribution)  that  intervene  in  composite  toughening 
mechanisms  can  be  varied  by  chemical  tailoring  of  the  interface,  the  connection  between  these 
parameters  and  interface  chemistry  is  not  obvious  and  has  to  date  not  been  extensively  exploited. 

Composite  toughening  mechanisms  are  dependent  on  initiation  of  debonding  at  the  fiber-matrix 
interface.  Initiation  of  such  debonding  has  been  analyzed  by  Kendall  (Kendall  1975  &  1976; 
Kelly  and  Macmillan  1986)  in  terms  of  an  energy  balance,  leading  to  the  result  that  for  crack 
deflection  to  occur  at  a  planar  interface  perpendicular  to  a  short  crack  in  an  elastically 
homogeneous  material,  the  fracture  energy  gj  of  the  interface  must  be  less  than  a  value  given  by: 
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where  g  is  the  fracture  energy  of  the  material,  and  v  its  Poisson  ratio.  This  relation  has  been 
modified  by  Kendall  (1975)  to  account  for  the  effect  of  crack  length  as  well  as  differences  in 
modulus  accross  the  interface,  all  effects  resulting  in  variations  of  this  ratio  by  a  factor 
significantly  less  than  an  order  of  magnitude.  Agreement  with  experimental  work  by  Kendall 
(1975,1976)  on  model  samples  of  rubber  was  very  good.  Equation  (1)  may  be  an 
oversimplification  of  the  problem  (the  effect  of  elastic  inhomogeneity  across  the  interface  on 
crack  tip  stresses  is  appreciable,  as  discussed  by  Swenson  and  Rau  1970;  Erdogan  1972, 
Shorshorov,  Ustinov,  Zirlin  and  Olefirenko  1979;  Erturk,  Gupta,  Argon  and  Comie  1987),  but 
it  does  indicate  that  very  low  values  of  the  interfacial  fracture  energy  gj  are  required  for  crack 

deflection  to  occur. 

There  is  little  question  that  for  tough  brittle  matrix  composites,  these  energy  absorption 
mechanisms  that  are  specific  to  composite  materials  and  rely  on  weak  interfaces  are  important 
With  ductile  matrix  composites,  however,  the  desirability  of  weak  interfaces  is  less  evident  since 
the  matrix  itself  can  contribute  significantly  to  the  work  of  fracture  by  plastic  deformation.  In 
W-Cu  and  B-Al  composites,  fracture  energy  has  been  shown  to  increase  with  increasing  fiber 
diameter,  matrix  volume  fraction  and  matrix  ductility.  Data  clearly  indicate  that  the  main 
contribution  to  fracture  energy  in  these  composites  emanates  from  matrix  deformation  (Cooper 
and  Kelly  1967;  Olster  and  Jones  1974;  Prewo  1976,  1980;  McDanells  and  Signorelli  1976; 
Kelly  and  Macmillan  1986).  However,  most  fibers  that  are  present  candidates  far  low  cost  metal 
matrix  composite  reinforcement  are  rather  small  in  diameter,  usually  below  20  (im.  From  data 
by  Cooper  and  Kelly  (1969),  the  fracture  energy  of  copper  reinforced  with  50  volume  per  cent 
tungsten  fibers  20  (im  in  diameter  would  be  below  10  kJ/m2,  which  is  already  in  the  low  range 
for  metals  (Ashby  and  Jones,  1980).  A  weak  interface  for  initiation  of  crack  deflection  may 
therefore  also  be  desirable  in  a  large  number  of  fiber  reinforced  metals  of  current  interest, 
because  fiber  diameters  are  now  usually  small 


2.2.  The  interface  must  not  be  too  weak.  This  requirement  is  primarily  dictated  by  the  desire  to 
preserve  off-axis  strength.  Otherwise,  the  composite  will  fail  at  the  interface,  much  as  the 
carbon  fiber  reinforced  aluminum  sample  in  Fig.  2.  An  illustration  is  provided  by  comparing  the 
transverse  strength  of  two  aluminum  matrix  composites:  one,  in  which  the  reinforcement  was  35 

Vol%  Fiber  FP  ™  alumina  fibers  and  the  matrix  Al-3Li,  exhibited  a  transverse  strength  of  142 
MPa  with  fracture  mainly  through  the  matrix,  indicating  a  very  strong  interfacial  bond  (resulting 
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Fig.  2  -  Interrupted  transverse  tension  test  in  Pitch  55  carbon  fiber 
reinforced  2024  aluminum.  Fracture  initiated  at  the  interface,  which  is 
weak  in  this  composite.  Average  fiber  diameter  is  10  pm.  Photograph 
courtesy  of  Prof.  T.Erturk,  University  of  Lowell  and  Dr.  J.  Comie,  MIT. 


from  reaction  of  Li  with  the  AI2O3  fibers.  Page  and  Leverant  1985);  the  other,  where  aluminum 

alloys  were  reinforced  with  43  volume  percent  Pitch  55  carbon  fibers,  exhibited  much  lower 
transverse  strengths  between  42  and  14  MPa,  with  fracture  mostly  through  or  near  the  interface 
as  in  Figure  2  (Erturk,  Comie  and  Dixon  1986).  Variations  of  such  magnitude  can  also  result 
from  variations  in  fiber  distribution,  in  particular  by  suppression  of  fiber  to  fiber  contact  points 
(Towata  and  Yamada  1986  a  &  b),  or  from  differences  in  matrix  strength.  Whether  fracture 
takes  place  along  a  row  of  touching  fibers  as  in  Fig.  2  or  involves  some  crack  propagation 
through  the  matrix,  analysis  of  the  problem  when  the  interface  is  weak  must  again  include  gj 

(neglecting  here  any  dependence  of  g;  on  crack  propagation  mode).  Low  gj  results  in  low 
composite  transverse  strength. 

It  is  realized  that  the  present  discussion  is  centered  about  a  simplified  description  of  the  incidence 
of  interface  properties  on  composite  strength  and  toughness.  On  this  most  elementary  level, 
however,  it  is  clear  that  for  many  inorganic  composites,  there  exists  an  optimum  in  the  bond 
strength  that  is  desired  at  the  interface,  and  that  the  nature  of  this  optimum  will  vary  significantly 
with  the  matrix  (assuming  fibers  are  brittle).  With  matrices  unable  to  contribute  significantly  to 
composite  toughening,  that  optimum  will  be  at  a  very  low  value  of  gj  .  When  the  matrix  can 

blunt  cracks  and  increase  the  work  of  fracture,  a  strong  interface  is  desired.  Chemical  tailoring 
of  the  interface  will  therefore  hinge  upon  attainment  of  a  wide  range  of  values  of  gj  for  the 

various  composites  discussed  here.  It  therefore  is  of  interest  to  address  the  general  character  of 
bonding  at  the  interface  in  inorganic  composites. 


3.  CHEMICAL  NATURE  OF  INTERFACES 

3.1.  Sham  interfaces.  Interfaces  that  are  sharp  on  the  atomic  scale  are  generally 
classified  into  several  categories,  according  to  the  nature  of  the  bond  across  the  interface.  The 
classification  more  or  less  follows  that  of  chemical  bonds  in  general,  and  distinguishes  between 
physical  and  chemical  bonds.  The  nature  of  the  bond  is  important  in  determining  the  work  of 
adhesion,  i.e.  the  energy  expenditure  that  is  necessary  to  break  the  bond  at  the  interface.  This 
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work  of  adhesion  is  equal  to  gj  if  the  interface  is  brittle,  i.e.  if  no  other  energy  expenditure  is 
necessary  to  break  the  interface. 

Physical  bonding  has  been  shown  to  be  the  principal  mechanism  for  cohesion  at  the  interface 
formed  between  numerous  substrates  and  low  surface  tension  liquids  such  as  water  and  organic 
solvents.  The  work  of  adhesion  and  wetting  angles  have  been  quantified,  based  on  various 
analyses  of  van  der  Waals  attraction  between  two  surfaces.  Theoretically,  the  treatment  of  the 
bond  is  well  established,  and  its  energy  can  be  calculated  by  use  of  the  London  formula,  or  more 
complete  condnuum  approaches  that  have  been  reviewed  by  several  authors  (Krupp  1967; 
Naidich  1981;  Adamson  1982;  Delannay,  Frozen  and  Deryttere  1986).  The  resulting  bond 
energy  is  lower  than  0.6  J/m2,  and  is  temperature  independent  (Naidich  1981).  This  type  of 
bond  is  reversible  in  that  debonding  and  bond  formadon  can  be  obtained  any  number  of  dmes  at 
the  same  interface.  Hydrogen  bond  formation  can  also  be  included  in  this  category,  since 
resulting  works  of  adhesion  are  not  much  higher  than  with  dispersion  forces,  and  since  the  bond 
is  also  reversible  (Pritchard  1969).  According  to  Plueddeman's  analysis  (1974)  of  silane  sizings 
on  glass  fibers,  the  bond  between  the  silane  coupling  agent  and  several  types  of  fiber  is  of  the 
hydrogen  bond  type  when  water  is  present  at  the  interface,  which  correlates  well  with  observed 
mechanical  properties  of  these  composites  and  the  fact  that  the  fiber-matrix  bond  has  indeed  been 
observed  to  be  reversible  (Hull  1981). 

Chemical  bonding,  on  the  other  hand,  involves  the  formation  of  primary  chemical  bonds  across 
the  interface.  The  work  of  adhesion  that  results  is  an  order  of  magnitude  or  two  higher,  and  is 
temperature  dependent  Extensive  experimental  data  has  been  gathered  to  prove  that  wetting  and 
adhesion  between  ceramics  and  metals  is  strongly  dependent  on  primary  chemical  bonds  that  are 
broken  or  formed  in  the  process,  even  in  cases  where  no  interfaced  reaction  products  are  formed 
(Pask  and  Fulrath  1962;  Naidich  and  Kolesnichenko  1964;  Naidich  1981;  McDonald  and 
Eberhart  1965;  Ramqvist  1965,  1966,  1969;  Warren  1968;  Samsonov,  Panasyuk  and  Kozina 
1968;  Rhee  1970;  Goretzki,  Exner  and  Scheuermann  1971,  Pepper  1976;  Petzow,  Suga,  Elssner 
and  Turwitt  1984;  Oki,  Choh  and  Hibino  1985;  Choh,  Kammel  and  Oki  1987).  The  nature  of 
the  bond  itself  and  hence  the  work  of  adhesion  vary  considerably  with  the  materials  forming  the 
interface,  and  theoretical  treatments  are  thus  more  system-specific  (  McDonald  and  Eberhart 
1965;  Gubanov  and  Dunaevskii  1977;  Miedetna  and  den  Breeder  1979;  Warren  1980;  Naidich 
1981;  Delannay  et  al.  1987). 

A  contribution  to  adhesion  can  arise  from  electrostatic  forces  resulting  from  electron  exchange 
between  the  two  solids  (Krupp  1967;  Deryagin,  Krotova  and  Smilga  1978).  The  magnitude  of 
this  contribution  to  the  work  of  adhesion  (which  could  rigorously  be  viewed  as  a  form  of 
chemical  bonding)  varies  considerably  from  system  to  system,  and  is  estimated  by  Krupp  (1967) 
to  be  generally  negligible  because  of  the  high  charge  densities  needed.  Experimental  work  by 
Mendez,  Finello,  Walser  and  Marcus  (1982)  has,  however,  demonstrated  the  importance  of 
electrostatic  attraction  pressures  across  an  Al/Al2CVcarbon  interface. 

Whereas  for  polymer  matrix  composites,  physically  bonded  interfaces  of  low  adhesion  energy 
are  attainable,  chemical  bonding  is  generally  found  with  systems  and  temperatures  involved  in 
metal  and  ceramic  matrix  composites  fabrication.  Examples  of  interfaces  where  bonding 
between  metals  or  ceramics  can  be  attributed  solely  to  van  der  Waals  interaction  exist,  but  are 
rare.  These  include  bonds  formed  between  carbon  and  metals  such  as  copper,  silver,  gold,  lead 
or  tin  that  are  inert  with  respect  to  carbon  (Naidich  1981),  bonds  between  sapphire  and  silver 
(Pepper  1976),  or  bonds  between  ceramic  substrates  and  thin  metallic  films  (Benjamin  and 
Weaver  1959,  1960,  1961,  1963).  An  example  of  a  sharp  boundary  across  which  bonding  is 
chemical  in  nature  is  given  in  Fig.  3.  The  calculated  work  of  adhesion  of  the  interface  between 

an  amorphous  silicon  carbide  coating  and  a  carbon  fiber  is  about  5.5  J/m^  (Argon,  Gupta, 
Landis  and  Comie  1988),  clearly  higher  than  can  be  obtained  by  physical  bonding  alone. 
Another  example  of  a  sharp  chemically  bonded  interface  can  be  found  with  C/Mg  composites, 
where  no  pull-out  was  observed  in  squeeze-cast  carbon  fiber  reinforced  magnesium  composites, 
indicating  strong  bonding  at  an  interface  that  was  sharp  when  examined  in  the  transmission 
electron  microscope  (Diwanji  and  Hall  1986). 


3.2.  Thicker  interfaces.  These  result  from  prolonged  interaction  of  the  two  phases,  with 
formation  of  diffusion  layers  or  chemical  compounds  at  the  interface.  As  mendoned  above, 
because  matrix  and  reinforcement  are  generally  reactive  and  their  fabrication  involves  exposure  to 
elevated  temperatures,  they  very  often  react  to  some  degree.  Such  interaction  will  generally 
result  in  a  strong  interface,  and  may  weaken  the  fiber  either  through  formation  of  notches  (as  is 
the  case  with  aluminum  carbide  platelet  formation  on  carbon  or  silicon  carbide  fibers),  or  by 
formation  of  too  thick  an  interfacial  coating  of  low  strain  to  failure  that  adheres  well  to  the  fiber 
(Metcalfe  1974;  Shorshorov  et  al.  1979;  Ochiai  and  Murakami  1979  &  1981;  Ochiai,  Urakawa, 
Ameyama  and  Murakami  1980).  A  comprehensive  case  by  case  review  of  the  problem  of 
fiber/matrix  reactions  is  beyond  the  scope  of  this  article,  and  references  on  the  subject  can  be 
found  elsewhere  (Metcalfe  1974;  Chawla  1987;  Mortensen,  Comie  and  Flemings  1988). 


In  summary,  interfaces  in  inorganic  matrix  composites  are  generally  strong  because  they  tend  to 
involve  chemical  bond  formation.  Another  characteristic  is  that  the  bond  strength  is  therefore 
time  and  temperature  dependent,  sometimes  even  in  systems  that  do  not  form  extended  interfacial 
reaction  layers.  If  the  kinetics  of  chemical  bond  formation  are  sluggish,  the  strength  of  the 
interface  may  then  be  varied  as  a  function  of  time,  which  has  in  some  cases  been  exploited  to 
control  the  properties  of  the  composite.  Examples  of  time  dependent  bond  strengths  with  no 
concomitant  interfacial  reaction  layer  formation  include  work  of  adhesion  of  thin  metallic  films 
on  ceramic  substrates  (MacDonald  and  Eberhan  1965;  Benjamin  and  Weaver  1960, 1961),  and 
electroformed  and  annealed  tungsten-copper  composites  (Cooper  and  Kelly  1967;  Ochiai  et  al. 
1980).  Examples  of  interfaces  featuring  time  dependent  bond  strengths  in  which  a  reaction  layer 
is  formed  are,  however,  much  more  numerous.  A  last  characteristic  of  the  interfaces  in 
inorganic  composites  is  that  in  most  (but  not  all.  Pepper  1976)  cases,  bonding  is  irreversible. 
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4.  CONSEQUENCES  FOR  COMPOSITE  PROPERTY  OPTIMIZATION 

To  obtain  debonding  at  the  interface,  adopting  the  simplified  analysis  of  equation  (1),  it  becomes 
clear  that  if  g  is  not  very  high,  a  very  weak  interface  is  indeed  necessary  to  obtain  a  tough 
composite.  Roughly,  gj  should  be  at  least  ten  times  smaller  than  g,  which  is  low  to  begin  with 

if  we  equate  this  term  with  the  fracture  energy  of  a  generally  brittle  fiber.  A  lower  bound  on  g, 

is  given  by  the  work  of  adhesion  at  the  interface  Wa  =  Yfa  +  yma  -  yfm,  where  y  denotes  surface 

energy  and  subscripts  f,  a  and  m  denote  fiber,  ambient  atmosphere  and  matrix  respectively. 
With  formation  of  a  chemical  bond  at  the  interface,  its  work  of  adhesion  will  be  at  least  on  the 
order  of  1  to  10  J/m2,  which  is  within  an  order  of  magnitude  of  g  for  most  brittle  ceramic 
materials  (Kingery,  Bowen  and  Uhlmann  1976;  Ashby  and  Jones  1980).  Any  ductility  in  one  of 
the  two  neighboring  phases  at  the  interface  will  furthermore  increase  g-,  significantly  (Petzow, 

Suga,  Elssner  and  Turwitt  1984).  Because  most  interfaces  in  inorganic  composites  comprise  a 
chemical  bond,  it  is  unlikely  that  a  satisfactorily  low  gj  can  be  obtained  without  resorting  to 

deliberate  tailoring  of  the  interface  properties.  This  can  be  accomplished  by  introducing,  at  the 
interface,  a  thin  layer  of  a  third  phase  with  low  intrinsic  toughness,  or  such  that  bonding  with 
matrix  or  fiber  will  be  very  weak.  Using  the  relationship 


for  true  brittle  fracture  toughness  where  E  is  Young's  modulus  and  b  is  the  interatomic  spacing 
(Cottrell  1964;  Kelly  and  Macmillan  1986)  it  is  seen  that  an  order  of  magnitude's  difference 
between  gj  and  g  would  require  a  bond  strength  within  such  an  interfacial  layer  that  is  unusually 

low  for  the  materials  under  consideration:  the  scale  over  which  Young's  modulus  for  inorganic 
materials  varies  is  hardly  more  than  one  order  of  magnitude  (Ashby  and  Jones,  1980),  and  b 
varies  over  an  even  smaller  range.  It  seems  therefore  that  the  most  attractive  materials  for 
interface  optimization  are  to  be  found  among  those  for  which  the  bonding  structure  is  highly 
anisotropic:  graphitic  or  rurbostratic  carbon,  boron  nitride  or  perhaps  sapphire.  A  thin  layer  of 
graphite  at  the  interface,  with  basal  planes  oriented  parallel  to  the  surface  of  the  fiber,  is  ideal  in 
that  it  provides  very  low  bond  strength  transverse  to  the  interface  ( E  -  10  GPa;  Riggs,  Shuford 
and  Lewis  1982),  with  very  high  bond  strength  parallel  to  the  interface  (E  -  1000  GPa;  Riggs  et 
al  1982).  This  layer  will  be  intrinsically  weak,  and  will  also  be  likely  to  form  a  weak  bond  with 
neighboring  phases.  Interfacial  layers  of  carbon,  either  graphitic  with  basal  planes  parallel  to  the 
interface  or  in  one  case,  amorphous,  have  been  used  in  several  of  the  most  successful  inorganic 
composites  produced  to  date: 

1  -  It  has  been  found  that  the  strength  of  SiC  filaments  fabricated  by  chemical  vapor  deposition 
on  a  substrate  fiber  can  be  doubled  by  depositing  a  thin  layer  of  approximately  pure  carbon  on 
the  surface  of  the  fiber.  This  finding  forms  the  basis  for  the  remarkable  properties  of  AVCO's 
SCS  series  of  silicon  carbide  monofilaments  (UTS  >  4  GPa).  The  increase  in  strength  that 
results  from  this  thin  (<  1  pm)  layer  of  carbon  has  been  attributed  to  the  healing  effect  it  exerts 
on  uncoated  SiC  filament  surface  defects  (Comie,  Suplinskas  and  DeBolt  1981;  Nutt  and 
Wawner  1985).  The  structure  of  the  fibers  and  their  coating  has  been  investigated  in  detail  by 
Nutt  and  Wawner  (1985),  who  found  that  the  carbon  layer  consisted  mostly  of  pyrolytic  type 
graphite  with  its  basal  planes  oriented  parallel  to  the  fiber  surfaces.  These  fibers  thus  contain, 
before  incorporation  into  any  matrix,  a  very  weak  crack-deflecting  surface  layer,  and  should 
yield  elevated  values  of  fracture  toughness  so  long  as  this  layer  is  not  degraded  by  interfacial 
chemical  reactions  with  the  matrix.  With  various  protective  barriers  over  the  carbon  layer  (most 
often  in  the  form  of  carbon-rich  Si-C  coatings),  these  fibers  have  been  combined  with  aluminum 
alloys  (Comie  et  al.  1981,  Nutt  and  Wawner  1985),  titanium  alloys  (  Naslain,  Pailler  and 


Fig.  4  -  Debonded  SCS-2  silicon  carbide  filaments  in  a  cast  aluminum  alloy  357  ma¬ 
trix  composite.  The  matrix  side  of  the  fracture  surface  (left)  is  still  bonded  to  a 
thin  crazed  layer  of  the  fiber  coating,  indicating  that  fracture  was  through  the  fiber 
coating.  A  denuded  fiber  from  the  same  sample  (right)  displays  uneven  cracking 
through  the  SCS  coating.  20  |im 


Quenisset  1979;  Smith,  Frees  and  Cammed  1982;  Quenisset,  Soumelidis  and  Naslain  1985; 
Martineau.  LePetitcorps,  Pailler  and  Naslain  1985),  titanium  aluminide  (Brindley  1987),  glass 
matrices  (Prewo  1980;  Prewo,  Brennan  and  Layden  1986)  as  well  as  reaction  bonded  silicon 
nitride  (Corbin,  Rossetti  and  Hardine  1986).  In  cases  where  the  carbon  layer  survived 
processing,  fiber  debonding  was  observed  on  fracture  surfaces,  which  took  place  at  the 
interfacial  carbon-rich  interfacial  layer  as  seen  in  Fig.  4.  In  ceramic  matrix  composites,  the 
presence  of  this  carbon  layer  resulted  in  composites  with  high  strength  and  toughness.  In  metal 
matrix  composites,  such  interfacial  debonding  is,  however,  less  essential  for  high  toughness 
since  matrix  ductility  can  contribute  significantly  to  composite  toughening  with  these  rather  large 
diameter  filaments  (d-140  pm) . 

2  -  The  structure  of  carbon  fibers  varies  depending  on  the  diverse  heat-treatments  that  have  been 
used  in  their  production.  Detailed  examination  by  transmission  electron  microscopy  of  PAN 
(polyacrylonitrile-derived)  carbon  fibers  heat  treated  at  various  temperatures  have  shown  that 
type  I  fibers  (high  modulus,  elevated  heat  treatment  temperature)  contain  a  skin  layer  between 
150  and  250  nm  thick  of  highly  oriented  turbostraric  graphite  with  relatively  large  crystallite  sizes 
and  basal  planes  parallel  to  the  surface.  This  skin  layer  is  absent  in  type  n  fibers  (lower 
modulus,  lower  heat  treatment  temperature;  Bennett  and  Johnson  1979;  Johnson  1980). 
Differences  in  surface  structure,  in  particular  in  the  type  of  exposed  bonds,  influence  the  initial 
chemical  reactivity  of  the  fibers.  Their  chemical  affinity  to  oxygen,  silicon  carbide  or  aluminum 
decreases  as  the  modulus  of  the  fibers  increases  (Amateau  and  Dull  1977;  Baker  and  Bonfield 
1978;  Kohara  and  Muto  1986;  Maruyama  and  Rabenberg  1986;  Chawla  1987;  Katzmann  1987). 
This  can  be  explained  by  a  higher  degree  of  perfection  in  the  orientation  of  basal  planes  as  the 
modulus  of  the  fiber  increases,  especially  at  the  fiber  periphery  where  basal  planes  become  more 
parallel  to  the  surface.  As  the  number  of  exposal  graphite  plane  edges  is  reduced,  fiber 
reactivity  decreases.  After  infiltration  by  aluminum  using  the  TiB  process,  it  has  been  found 
that  fiber  pull-out  increases,  transverse  strength  decreases  and  longitudinal  composite  strength 
increases  as  fiber  modulus  increases  in  PAN  carbon-aluminum  composites  (Amateau  1976; 
Amateau  and  Dull  1977;  Goddard  1978;  Shindo  1986;  Honjo  and  Shindo  1986;  Shindo  and 
Honjo  1986;  Murakami,  Nakao,  Imatalri,  Shindo,  Honjo  and  Ochiai  1986).  Depositing  a  layer 
of  pyrolytic  carbon  on  PAN  II  fibers,  thus  creating  a  surface  skin  similar  to  that  in  type  I  fibers, 
has  been  shown  to  increase  fiber  strength  and  to  render  PAN  II  fibers  essentially  similar  to  PAN 
I  fibers  in  aluminum:  rule  of  mixtures  longitudinal  strengths  are  observed,  with  increased 
pull-out  and  decreased  transverse  strength.  Interpretation  of  the  results  is  complex  and  involves 
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consideration  of  several  phenomena  other  than  the  weakness  of  bonding  with  and  within  the 
outer  skin  of  the  carbon  fibers:  (i)  the  fibers  react  with  aluminum  and  the  extent  of  fiber 
degradation  will  vary  with  the  orientation  of  the  basal  planes  at  the  surface  of  the  fibers;  (ii)  as 
the  modulus  of  the  fiber  is  increased,  the  requirements  placed  on  the  interface  vary  (for  a 
simplistic  analysis,  combine  equations  (1)  and  (2)).  Nonetheless,  the  presence  of  a  layer  of 
carbon  with  basal  planes  parallel  to  the  fiber  surface,  whether  initially  present  in  the  fibers  or 
deposited  onto  their  surface,  has  invariably  resulted  in  longitudinal  strengths  in  agreement  with 
rule  of  mixtures  predictions,  as  well  as  extensive  debonding  and  pull-out  of  carbon  fibers  in 
aluminum. 

3  -  In  ceramic  matrix  composites,  toughening  mechanisms  must  rely  on  crack  deflection.  Weak 
interfaces  are  therefore  essential  for  attainment  of  high  longitudinal  composite  strength  and 
toughness  in  these  composites.  Extremely  good  properties  have  indeed  been  achieved  on  such 
materials  by  several  authors,  in  particular  by  researchers  at  UTRC,  using  SiC  fibers  or  whiskers 
to  reinforce  several  glass  or  "ceraming"  glass  matrices  (Prewo  and  Brennan  1980,  Brennan  and 
Prewo  1982;  Prewo  et  al.  1986;  Brennan  1986,  1987;  Prewo  1986,1987).  Detailed  studies  of 
the  interface  by  Brennan  (1986,1987)  have  shown  that  achievement  of  high  strength  and 
toughness,  with  extensive  fiber  debonding  and  pull-out,  was  contingent  upon  the  presence  of  a 
thin  layer  of  carbon  at  the  interface  which  either  resulted  from  fiber-matrix  interaction  when 
using  non-stoichiometric  polymer  precursor  derived  fibers  and  appropriate  matrix  compositions, 
or  by  deliberate  coating  of  the  fibers  with  carbon.  Exposure  to  air  at  temperatures  at  or  above 
1273  K  results  in  brittle  composites,  due  to  degradation  of  this  carbon-rich  layer  and  replacement 
by  a  strongly  bonded  interface  (Prewo  1986,  Luh  and  Evans  1987,  Grande,  Mandell  and  Hong 
1988).  Chemical  reactions  leading  to  formation  of  the  carbon  layer  are  complex,  and  result  in 

multilayered  interfaces  as  seen  on  Fig.  5.  The  very  low  values  of  g,  <;  0.4  J/m2  measured  by 

Marshall  and  Evans  (1985)  on  these  composites  from  debond  lengths  observed  after  matrix 
cracking  are  on  the  order  of  the  value  derived  from  equation  (2)  with  b  =  3.4  A  and  E  »  10  GPa 
typical  of  the  weak  bond  in  graphite  (the  carbon  rich  layer  in  these  composites  contains  other 
elements  and  is  reported  to  be  amorphous,  however).  Use  of  alumina  or  silicon  nitride 
reinforcements  with  similar  matrices  by  the  same  authors  led  to  brittle  failure  in  the  absence  of  a 
carbon  rich  layer  (Prewo  et  al.  1986)  4. 

Such  composite  property  optimization  via  a  weak  interface  is  not  a  valid  approach  for  all 
inorganic  composites,  however.  As  pointed  out  earlier,  a  price  must  be  paid  when  using  weak 
interfaces  for  crack  deflection  along  the  fiber,  principally  in  the  form  of  significantly  reduced 
off-axis  properties.  In  several  metal  matrix  composite  systems  with  large  fiber  diameters, 
increased  interface  bond  strength  has  led  to  increased  composite  strength  and  fracture  energy, 
until  fiber  degradation  began  due  to  fiber/matrix  chemical  reactions  (McDanels  and  Signorelli 
1976;  Zaboletskii,  Salibekov,  Kansevich,  Lyuttsau  and  Fadyukov  1978;  Naslain  et  <d.l979; 
Quenisset  et  al.  1985).  In  these  cases,  the  limit  in  permissible  interfacial  strength  is  much  higher 
than  with  composites  that  rely  on  crack  deflection  for  longitudinal  toughness.  Coatings  of 
interest  for  such  composites  should  mainly  aim  to  preserve  the  strength  of  the  fibers  and  facilitate 
processing  of  the  composite.  Numerous  examples  of  such  coatings  exist,  such  as  the  outer  Si-C 
coating  on  AVCO's  SCS  fibers  (Comie  et  al.  1981;  Nun  and  Wawner  1985).  Other  approaches 
to  the  problem  involve  slowing  down  the  kinetics  of  fiber  degradation  via  judicious  choice  of 
processing  methods.  Some  fabrication  methods  use  solid  metal,  preferably  coated  with  its 
oxide,  in  conjunction  with  processing  methods  that  preserve  this  oxide  and  use  low 
temperatures.  The  diffusion  bonding  process  for  Al-B  is  an  example  (Metcalfe  1974;  Hall, 
Kyono  and  Diwanji  1987).  Other  approaches  include  casting  liquid  metal  around  cold  fibers,  a 

•St  With  carbon  fibers  in  glass,  the  differences  found  in  aluminum  matrices  between  high 
strength  and  high  modulus  fibers  have  not  been  observed.  In  fact,  the  high  strength  fibers  gave 
somewhat  better  results  in  work  by  Phillips  (1974).  Phillips  interprets  these  data  on  the  basis  of 
mechanical  keying  effects  with  no  chemical  bond  at  the  interface,  due  to  tensile  residual  stresses 
at  the  interface.  This  interpretation  fits  the  data  nicely,  and  indicates  that  differences  between  the 
fibers  in  these  composites  are  probably  linked  more  to  their  coefficients  of  thermal  expansion 
than  to  their  interface  chemistry. 
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Fig.  5  •  Interface  between  a  lithium  aluminosilicate  matrix  and  a  Nicalon™  fiber  in  a 
composite  produced  at  United  Technologies  Research  Center.  The  carbon  layer  (white) 
contains  some  Si,  and  smaller  amounts  of  Nb,  Al  and  Mg.  Some  Al  and  Mg  has  diffused 
about  1000A  into  the  fiber.  Diffraction  patterns  indicate  that  the  fiber  is  microcrys¬ 
talline,  while  the  interfacial  zone  appears  to  be  essentially  amorphous.  Photograph 
courtesy  of  Drs.  Brennan  and  Prewo,  UTRC. 
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method  that  has  been  pioneered  by  Fukunaga  and  Goda  (1985)  with  99.99%  aluminum  and 
Nicalon ™  silicon  carbide  fibers. 


It  must  be  emphasized  that  tailoring  of  interface  chemistry  is  also  strongly  dictated  by  the 
processing  of  rhe  composites.  For  cast  composites,  for  example,  wetting  of  the  fiber  by  the 
matrix  is  a  critical  issue,  to  lower  pressures  involved  in  the  process  and  to  fully  infiltrate  the  fiber 
preform,  in  particular  at  fiber  contact  points  (Mortensen  and  Comie  1986,  Mortensen  et  al. 
1988).  Composite  processing  may  in  certain  instances  place  requirements  on  interface  chemistry 
that  conflict  with  optimization  of  composite  properties.  For  example,  chemical  reactions  between 
ceramic  fibers  and  molten  metals  aid  wetting,  which  most  often  will  result  in  poor  composite 
properties  due  to  fiber  degradation  or  too  strong  an  interface.  It  is  also  emphasized  that  the 
present  analysis  of  the  interface  is  simple,  and  that  all  fundamentally  important  aspects  of 
processing-structure-property  relationships  in  inorganic  composites  that  are  not  directly  related  to 
interface  chemistry  have  been  ignored  in  this  review.  Residual  stresses  in  the  composite,  the 
complexity  of  a  proper  mechanical  treatment  of  the  interface,  as  well  as  the  influence  of 
geometrical  distribution  of  the  fibers  should  all  be  taken  into  account  in  a  less  concise  treatment 
of  the  problem. 


5.  CONCLUSION 

For  strong  and  tough  fiber  reinforced  inorganic  materials,  the  interface  must  presently  seek 
satisfaction  of  several  requirements: 
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1  -  The  properties  of  the  fibers  must  be  preserved,  i.e.  extensive  chemical  reactions  between 
fiber  and  matrix  must  be  prevented; 

2  -  Where  fiber  debonding  is  necessary  for  longitudinal  strength  and  toughness,  a  weak  interface 
is  desirable: 

3  -  A  strong  interface  is  desirable  for  good  transverse  properties; 

4  -  Ease  of  fabrication,  including  good  wetting  of  the  fibers  if  the  matrix  is  combined  in  the 
liquid  state,  depends  critically  on  interface  chemistry  for  most  economical  processing  methods. 

The  criteria  to  be  satisfied  will  vary,  depending  on  the  fiber,  the  matrix  and  the  application  of  the 
composite.  There  is,  therefore,  no  given  set  of  rules  dictating  chemical  engineering  of  the 
interface  for  optimized  properties.  However,  the  bond  at  the  interface  is  generally  chemical  in 
nature,  i.e.  primary  chemical  bonds  are  formed  across  the  interface.  This  rather  general  feature 
of  the  bond  in  inorganic  composites  dictates  certain  current  approaches  for  interface  chemistry 
control  in  these  composite  materials: 

(i)  where  a  weak  interface  is  necessary  for  composite  toughness,  the  strong  anisotropy  in 
bonding  of  certain  materials,  especially  graphite,  offers  a  solution  to  the  problem  of  crack 
deflection  at  the  interface.  Thin  layers  of  such  materials  are  presently  used  at  the  interface  of 
several  inorganic  composites. 

(ii)  where  the  matrix  contribution  to  composite  toughness  is  important,  a  strong  bond  is 
desirable.  This  category  includes  that  of  metal  matrix  composites  with  large  fibers.  In  cases 
where  fiber  degradation  may  occur  due  to  chemical  reaction  with  the  matrix,  protective  coatings 
at  the  interface  and/or  careful  processing  methods  are  used. 

There  is  at  present  a  surge  of  interest  in  the  characterization  of  interfacial  properties  in  inorganic 
composites  (Marshall  1984,  Grande  et  al.  1988,  Argon  et  al.  1988),  which  will  hopefully 
elucidate  on  a  more  quantitative  level  the  requirements  we  place  on  the  interface.  These 
characterization  methods,  coupled  with  a  more  sophisticated  understanding  of  the  interplay 
between  the  various  processing-structure-property  relationships  in  inorganic  composites,  will 
hopefully  point  to  novel  ways  of  controlling  and  optimizing  the  interface  chemistry  of  these 
materials. 
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Abstract 


The  asymptotic  elastic  behavior  of  interfacial  cracks  occurring  between  two  dis¬ 
similar  isotropic  media  is  reviewed.  Distinct  solutions,  based  on  differing  assumptions 
regarding  crack-tip  boundary  conditions,  can  be  generated.  The  assumption  of  traction- 
free  crack-tip  faces  generally  leads  to  oscillatory  singular  asymptotic  fields  which  math¬ 
ematically  cause  crack-face  interpenetration,  an  inconsistency  which  can  be  alleviated 
by  alternatively  assuming  asymptotic  (frictionless)  contact.  Both  cases  produce  singu¬ 
lar  crack-tip  stresses  which  cannot  be  sustained  in  materials  capable  of  limited  plastic 
flow,  and  small  scale  yielding  (SSY)  should  be  considered. 

Conditions  for  SSY  within  surrounding  dominant  elastic  regions  of  both  traction- 
free  and  frictionless  contact  are  considered,  and  the  subset  of  admissible  loads  producing 
physically  realistic  conditions  are  identified  for  each  crack-tip  idealization.  Approxi¬ 
mate  closed  form  expressions  for  the  plastic  zone  size  and  shape  are  obtained  as  the 
locus  of  points  where  the  elastically-calculated  Mises  stress  equals  the  tensile  yield 
strength,  ayt.  In  defining  elastic  and  plastic  traction-free  crack-tip  fields,  both  a  mag¬ 
nitude  and  phase  angle  are  required.  The  SSY  interfacial  load  phase  angle  (ILPA), 
defined  as  ft  =  +  eln  (K&/<7*#jrcosh*(jre))  where  is  the  phase  angle  of  the 

complex  traction-free  stress  intensity  factor  K  and  c  is  the  bi-material  constant,  nat¬ 
urally  arises  when  calculating  the  approximated  plastic  zone  and  conveniently  defines 
the  phase  angle  of  the  inelastic  traction-free  fields.  The  traction-free  crack-tip  plastic 
zone  size  and  shape  as  well  as  ft  periodically  evolve  as  |K|  increases,  while  the  closed 
crack-tip  plastic  zone  shape  differs  little  from  the  homogeneous  mode  II  shape  and  only 
depends  functionally  on  the  closed  bi-material  stress  intensity  factor  K{,  and  weakly 
on  the  bi-material  constant. 

Precise  SSY  numerical  calculations  for  an  elastic/perfectly-plastic  material  atop  a 
rigid  or  elastic  substrate  indicate  that  the  plane-strain  asymptotic  traction-free  craick- 
tip  stress  fields  in  the  plastically-deforming  material  are  composed  of  various  elastic 
and  plastic  sectors.  Deep  within  the  plastic  zone,  no  oscillatory  stress  variations  oc¬ 
cur,  however,  a  cusp  in  the  slip-line  field  couples  portions  of  the  stress  state  to  the 
radial  distance  for  certain  loads.  Generally  the  maximum  interfacial  tractions  occur 
for  negative  ft  when  inelastic  sectors  completely  surround  the  crack-tip.  For  positive  ft 
an  e'astic  crack-face  sector  grows  as  the  ft  increases,  and  the  interfacial  shear  strains 
in  *he  plastically  deforming  medium  are  small,  independent  of  the  actual  interfacial 
sector  type.  Crack-face  contact  within  the  plastic  zone  may  occur  at  values  of  ft  when 
elastic  contact  outside  the  plastic  zone  does  not  occur.  The  closed  bi-material  crack-tip 
asymptotic  stress  fields  in  plane-strain  for  an  elastic/perfectly-plastic  material  bonded 


to  a  rigid  substrate  are  composed  of  two  fan  and  two  constant  state  sectors  in  the  de¬ 
forming  region.  Compressive  crack-face  tractions  persist  even  when  contained  inelastic 
deformation  is  included. 

Asymptotic  interfacial  and  crack-face  tractions  appear  constant  in  the  crack  tip 
region,  but  both  normal  and  shear  tractions  jump  at  the  crack-tip.  The  asymptotic 
elastic  potential  for  the  lower-elastic  stress  state  is  logarithmically  singular  for  non¬ 
zero  asymptotic  interfacial  shear  tractions,  thus  inelastic  crack-tip  deformation  in  the 
“elastic”  region  is  anticipated  for  deformable  media.  Validity  conditions  regarding  use 
of  an  elastic  lower  half-space  and  linearized  kinematics  and  the  formation  of  a  blunted 
crack-tip  are  presented. 
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Chapter  1 

Introduction  and  Statement  of 
Problem 

1.1  Introduction 

Efforts  in  the  creation,  design,  and  manufacturing  of  advanced  materials,  such  as  metal 
matrix  composites  (MMC),  laminated  composites,  ceramics,  and  metallic  polycrys- 
tallines,  which  may  or  may  not  contain  second  phase  particles,  have  been  hampered, 
from  the  viewpoint  of  mechanical  performance,  due  to  a  lack  of  knowledge  about  the 
processes  occurring  along  the  interfaces  separating  the  individual  constituents  or  mi- 
crostructural  boundaries.  It  is  widely  recognized  that  laminated  materials  can  have 
unique  failure  modes  attributable  solely  to  their  layered  structure.  For  example,  multi¬ 
layered  electronic  boards  are  known  to  fail  from  thermal  cycling  along  their  lamination 
joints.  In  MMC,  the  fiber-matrix  interface  is  the  controlling  factor  in  overall  composite 
strength  and  toughness  (Cooper  and  Kelly,  1969;  Ochiai  and  Murakami,  1981).  The 
approaches  used  to  assess  the  interfacial  stresses  have  been  either:  to  assume  a  per¬ 
fect  mathematical  interface,  which  allows  the  evaluation  of  the  necessary  interfacial 
tractions  to  preserve  overall  integrity  of  the  interface;  or  to  postulate  the  existence  of 
a  crack-like  defect  and  analyze  it  using  conventional  linear  elastic  fracture  mechanics 
(LEFM)  approaches  ( e.g .,  in  MMC  see  Buchholz  and  Herr  man,  1983;  Ioakimidis  and 
Theocaris,  1979).  No  extreme  analytical  problems  sue  typically  encountered  in  investi¬ 
gating  ideal  interfaces,  but  that  approach  sheds  little  light  on  the  actual  chain  of  events 
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in  the  failure  process.  On  the  other  hand,  LEFM  does  describe  the  strength  of  the  sin¬ 
gularity,  but  it  also  predicts  infinite  interfacial  stresses  upon  extrapolation  to  the  crack 
tip.  Additionally,  the  linear  material  behavior  and  infinitesimal  strain  assumptions 
may  be  violated  near  the  crack  tip.  From  the  mechanical  property  design  viewpoint 
( e.g .,  types  and  thicknesses  of  fiber  coatings  in  MMC,  desirable  second  phase  particles 
in  metallic  alloys,  binder  properties  for  ceramics),  knowledge  of  the  actual  interfacial 
stresses  are  important,  especially  in  front  of  a  crack,  in  order  to  prevent  catastrophic 
material  failure  or  to  control  the  failure  mode. 

Since  the  exact  failure  sequence  of  bonded  dissimilar  media  remains  as  yet  not  fully 
understood,  two  major  issues  pertaining  to  interfacial  separation  remain.  Of  course  the 
primary  question  is:  “what  are  the  interfacial  bi-material  crack-tip  tractions  leading  to 
separation?”  Because  crack  deflection  is  also  a  possibility,  identifying  the  local  crack-tip 
stress  and  strain  fields  are  important,  especially  when  non-linear  material  constitutive 
relations  are  used. 


1.1.1  Interfacial  Fracture  Mechanics  Length  Scales 


The  size  scales  associated  with  problems  in  which  some  form  of  interfacial  separation 
is  experienced  span  a  very  large  range.  The  geophysical  size  scale  in  plate  tectonics 
represents  a  reasonable  upper  bound.  Here  the  crust  of  the  earth,  which  is  made  up 
of  plate-like  structures  floating  atop  a  viscous  jelly-like  mantle,  continuously  moves, 
causing  massive  quantities  of  potential  energy  to  be  stored  up  as  elastic  strain  energy 
and  released  at  local  premordial  fracture  or  fault  sites  (Hobbs,  Means,  and  Williams, 
1976).  In  these  circumstances  the  transition  or  interfacial  zone  between  the  two  plates 
may  be  many  meters  wide  and  consist  of  a  variety  of  different  geomorphic  media. 
At  more  common  engineering  size  scales  are  the  fracture  phenomena  associated  with 
welding  metal  structures  together.  In  the  welding  process  two  separate  pieces  are 
joined  together  by  fusing  their  common  boundary,  possibly  introducing  a  filler  agent. 
Due  to  the  melting  and  solidification  process  during  fusing,  the  material  properties  of 
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the  weld  usually  differ  substantially  from  that  of  the  surrounding  bulk  material,  and 
flaws  may  be  introduced  and  embedded  into  the  weld.  (Attention  is  specificly  focused 
upon  those  flaws  which  are  in  or  adjoint  to  and  lay  parallel  to  the  weld.)  The  size  of  the 
interfaciai  zone  is  the  weld  thickness,  which  may  or  may  not  be  small  compared  to  the 
surrounding  structure  or  flaw.  For  many  diffusion  type  interfaces,  such  as  seen  in  Gr/Al 
MMC,  where  reactive  fiber  or  coating  material  is  consumed  by  the  matrix,  the  fracture 
path  is  thought  to  follow  the  weakest  portion  of  the  deteriorated  interface.  In  these 
cases  the  interfaciai  size  is  governed  by  the  diffusion  and  product  reaction  kinetics  of  the 
coating  and  matrix  species,  and  the  interface  size  may  be  relatively  small.  For  example, 
Everett  tt  al.  (1986)  determined  that  a  thin  aluminum  coating,  applied  by  physical 
vapor  deposition  to  a  polycrystalline  pyrolitic  graphite  sample,  creates  am  “intermixing 
zone”  approximately  70  to  80  nm  thick.  A  slightly  smaller  interfaciai  zone  length  is 
obtained  for  brittle  intergramular  fracture,  as  often  occurs  in  polycrystalline  metals  and 
ceramics.  In  metallic  polycrystallines  there  often  exist  grain  boundary  defects,  such  as 
decoherent  boundaries,  carbides  or  sulfides,  which  weaken  the  boundary.  In  ceramics, 
the  consolidation  process  never  yields  perfectly  dense  ceramics,  thus  many  voids  exist 
along  the  grain  boundaries  which  act  as  nucleation  sites.  The  size  of  the  interfaciai 
zone  in  intergranular  fracture  is  approximately  the  size  of  the  grain  boundary,  and  for 
metallic  polycrystallines  the  grain  boundary  is  typically  on  the  order  of  ten  Burger’s 
vectors  (approximately  2.5  nm).  At  about  the  same  size  scale  are  the  initial  phenomena 
associated  with  certain  types  of  ductile  fracture  in  metals.  Here  a  second  phase  particle, 
such  as  a  carbide  or  oxide,  embedded  in  the  matrix  acts  as  a  nucleation  site  for  void 
formation.  When  sufficient  tractions  exist  along  the  particle  surface  or  the  necessary 
deformation  accumulates  in  the  matrix,  the  boundary  between  the  particle  and  the 
matrix  separates,  and  after  sufficient  additional  loading,  gives  way  to  a  completely 
separated  particle  and  a  micro  void.  Again,  the  interfaciai  zone  thickness  may  be  on 
the  order  of  several  Burger’s  vectors. 

The  ability  to  resolve  the  fracture  phenomena  is  limited  to  the  minimum  size  scale 


chosen  to  describe  the  individual  constituents.  In  continuum  mechanics,  a  representa¬ 
tive  volume  is  chosen  whose  macro-response  sums  up  all  the  individual  micro  features 
within  it  (Fung,  1977).  For  inelastic  deformation  in  metals,  the  nature  of  discrete  slip 
events  requires  a  representative  volume  which  has  a  characteristic  dimension  of  several 
hundred  to  several  thousand  Burger’s  vectors.  (For  metals,  an  average  Burger’s  vector 
is  approximately  2.5  x  10“10m.)  This  means  that  deformable  metallic  or  intermetallic 
based  interfacial  zones  which  are  only  several  Burger’s  vectors  thick  cannot  be  accu¬ 
rately  represented  by  the  usual  continuum  models  and  require  add.aonal  considerations 
to  be  properly  modeled.  For  thicker  interfaces,  such  as  in  the  Gr/Al  system  discussed 
earlier,  an  average  material  response  may  be  obtainable  and  used  to  define  a  “thin”, 
but  finite,  transitional  layer  between  the  constituents.  However,  defining  the  material 
constitutive  behavior  across  this  diffusion  zone  must  be  accomplished  by  use  of  a  dis¬ 
crete  “averaged”  layer,  rather  than  by  a  continuous  boundary  layer.  As  the  thickness 
of  the  interfacial  zone  increases,  the  use  of  continuous  “continuum  interfaces”  becomes 
justifiable. 

1.1.2  Considerations  of  Interface  and  Crack-Tip  Idealizations 

For  many  physical  situations,  several  continuum  modeling  simplifications  can  be  made. 
If  the  interfacial  constitutive  behavior  is  not  substantially  different  from  that  of  either 
one  of  the  adjoint  media,  it  cam  be  approximated  by  using  the  properties  of  that  ad¬ 
joint  medium  and  by  merely  extending  that  material’s  domain.  The  interface  can  be 
idealized  as  a  perfect  zero-thickness  mathematical  interface  which  is  required  to  carry 
the  interfacial  tractions  and  maintain  the  local  strain  compatibility  requirements.  For 
weaker  interfaces,  interfacial  sliding  or  opening  may  be  allowed  after  sufficient  traction 
or  strain  levels  are  achieved.  An  alternative  approach  to  interfaces  is  to  prescribe  a 
traction-displacement  relationship  along  the  interface,  which  allows  for  different  shear 
and  normal  traction-displacement  behavior  and  allows  the  interface  to  separate  (Nutt 
and  Needleman,  1987).  Use  of  these  continuum  models  requires  that  the  Saw  mod- 


eled  and  the  limit  of  stress  and  strain  resolution  be  very  large  compared  to  the  actual 
interfacial  thickness  and  the  appropriate  continuum  length  scale. 

For  relatively  “thin”  and  “strong”  interfaces,  a  perfect  zero-thickness  mathematical 
interface  can  be  used  to  obtain  “upper”  limits  to  the  stress  and  deformation  in  the  crack- 
tip  vicinity.  An  upper  limit  is  produced  in  the  sense  that  in  order  for  the  interface  and 
surrounding  regions  to  maintain  their  integrity,  they  must  be  capable  of  withstanding 
these  stresses  and  deformations.  Although  such  interface  models  are  not  capable  of 
accurately  describing  the  entire  crack-tip  deformation  process,  they  do  provide  some 
insight  into  the  conditions  just  prior  to  crack  growth. 

In  the  study  of  homogeneous  fracture  mechanics,  attention  is  typically  focused  upon 
the  asymptotic  behavior  of  the  fields  as  the  crack  tip  is  approached.  Under  certain 
conditions  the  crack-tip  fields  are  described  for  a  wide  range  of  loadings,  materials, 
and  geometries  by  a  single  set  of  field  equations  whose  magnitudes  are  scaled  by  the 
material  properties  and  a  stress  intensity  factor.  Small  scale  yielding  (SSY)  is  the  most 
commonly  referred  class  of  crack-tip  loading  conditions  for  materials  capable  of  inelastic 
deformation.  In  SSY  use  of  asymptotic  solutions  is  acceptable  as  long  as  the  extent  of 
non-linear  deformation  is  contained  within  a  region  which  is  “small”  compared  to  the 
next  characteristic  geometrical  dimension  in  the  problem.  Crack  and  ligament  length, 
specimen  thickness  or  width,  and  distance  to  the  point  of  load  application  are  just  a  few 
examples  of  characteristic  geometrical  dimensions  in  a  problem.  In  SSY  the  fields  far 
away  from  the  inelastic  crack-tip  deformation,  but  at  distance  small  compared  to  the 
geometrical  dimension,  are  well  reproduced  by  the  elastic  asymptotic  solutions  (Rice, 
1974).  Within  the  SSY  crack-tip  idealization,  a  variety  of  work  describing  the  fields 
within  the  inela?**e  zone  has  been  performed. 

In  continuum  fracture  mechanics,  the  crack  tip  is  commonly  modeled  as  mathemati¬ 
cally  sharp.  In  actuality,  crack-tip  opening  and  blunting  occurs  in  many  microscopically 
ductile  materials  ( e.g cast  iron,  aluminum,  and  copper),  resulting  from  continuous  de¬ 
formation  or  discrete  slip  steps.  For  strain  hardening  materials  in  SSY,  McMeeking 


(1977)  showed  that  the  crack-tip  opening  displacement  (CTOD)  is  linearly  dependent 
upon  the  strength  of  the  surrounding  singularity,  as  measured  by  the  ./-Integral  (Rice, 
1968a).  McMeeking  also  showed  that  by  normalizing  the  radial  distance  from  the 
crack-tip  by  the  CTOD,  the  steady  state  values  of  the  normalized  stress  and  strain 
distributions  are  independent  of  J.  In  general,  at  radial  distances  large  compared  to 
the  blunted  CTOD,  the  crack-tip  stress  and  strain  behavior  appears  as  if  the  crack  tip 
is  mathematically  sharp,  even  though  local  crack-tip  blunting  may  be  occurring. 

1.1.3  Homogeneous  Fracture  Mechanics 

In  conventional  homogeneous  fracture  mechanics,  the  next  step  after  LGFM  in  de¬ 
termining  continuum  crack-tip  stresses  has  been  to  account  for  contained  material 
non-linearity  effects.  For  the  homogeneous  mode  III  case,  Hult  and  McClintock  (1956) 
solved  exactly  the  small  scale  yielding  continuum  crack-tip  stress  field  for  am  elastic / 
perfectly-plastic  material  idealization.  They  analytically  calculated  the  actual  size  and 
location  of  the  plastic  zone  along  with  the  Btress  and  strain  distribution  in  the  crack-tip 
plastic  zone  and  in  the  surrounding  elastic  region.  Recognizing  that  similar  behavior 
should  occur  in  the  planar  modes  I  and  II,  various  approximate  methods  were  developed 
in  am  attempt  to  account  for  crack-tip  plasticity.  In  order  to  correct  the  plane-stress 
mode  I  stress  intensity  factor  for  local  crack-tip  inelastic  deformation,  which  mathemat¬ 
ically  lengthens  the  apparent  crack  size,  Dugdale  (1960)  postulated  that  the  crack-tip 
yielded  region  could  be  idealized  as  a  concentrated  zero-thickness  yield  strip  extend¬ 
ing  from  the  crack  tip.  He  postulated  that  the  only  non-zero  stress  component  was 
the  stress  normal  to  the  crack  face  and  that  its  value  was  equal  to  the  tensile  flow 
strength  of  the  material.  To  determine  the  actual  crack-tip  stress  intensity  intensity 
factor  K/,  Dugdale  first  calculated  the  size  of  the  yield  strip,  c,  and  defined  an  effective 
crack  length,  /«,  to  be  equal  to  the  original  crack  length,  /,  plus  the  length  of  the  yield 
strip(s);  [I,  =  l  +  cj.  To  model  the  yield  strip,  he  imposed  the  appropriate  closing 
tractions  on  the  effective  crack  tip(s)  over  a  distance  which  corresponded  to  the  yield 
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strip  length  (c).  By  superimposing  the  actual  far-fieid  loads,  he  was  then  able  to  de¬ 
termine  the  elastic  stress  intensity  factor  for  his  crack  model.  Using  different  crack-tip 
plasticity  idealisations,  others  [Barenblatt  (1962);  Bilby,  Cottrell,  and  Swinden  (1963)] 
have  used  similar  “matched  asymptotic  boundary  layer”  approaches  to  alter  the  ef¬ 
fective  crack  to  achieve  better  elasticity  solutions.  For  an  in-depth  explanation  and 
historical  review  of  crack-tip  “strip”  models  for  contained  inelastic  deformation  and 
their  physical  interpretation,  the  reader  is  referred  to  Kanninen  and  Popelax  (1985). 

To  describe  the  continuum  crack-tip  fields  deep  within  the  actual  crack-tip  plastic 
zones,  other  methods  were  utilized.  Based  upon  various  assumptions,  Rice  (1968b) 
postulated  that  the  Prandtl  (slip-line)  distribution  represented  the  stress  state  at  a 
plane-strain  mode  I  crack  tip,  and  numerical  calculations  performed  by  Rice  and  Tracey 
(1973)  showed  that  the  crack-tip  stress  distribution  for  an  elastic/perfectly-plastic  mode 
I  crack  was  indeed  well  characterized  by  the  Prandtl  distribution.  The  Prandtl  slip¬ 
line  model  assumes  the  material  is  perfectly  plastic  and  that  a  stress  potential  can  be 
constructed  which  satisfies  the  necessary  boundary  conditions  (traction-free  crack  tips) 
and  equilibrium  requirements.  Although  this  model  allowed  for  determination  of  the 
finite  stress  field,  the  strain  field  is  undefined.  However,  in  certain  regions  of  the  stress 
field,  a  portion  of  the  strain  field  behavior  could  be  inferred.  For  example,  in  a  fan 
region  the  behavior  of  the  7r#  strain  component  is  found  to  be  singular  (7,.#  oc  1/r, 
where  r  is  the  radial  distance  from  the  crack  tip).  Thus,  the  inclusion  of  material 
non-linearities  was  not  sufficient  to  remove  ail  crack-tip  stress  and  strain  singularities. 

Hutchinson  (1968)  and  Rice  and  Rosengren  (1968)  considered  the  continuum  struc¬ 
ture  of  the  planar  crack-tip  fields  for  power-law  strain-hardening  materials  using  de¬ 
formation  theory  (strain  <x  (stress)”!.  (These  fields  shall  henceforth  be  referred  to  as 
HRR  fields.)  From  the  compatibility,  constitutive,  and  equilibrium  relationships,  the 
necessary  requirements  for  the  existence  of  a  strain  potential  and  a  stress  potential 
were  established.  By  using  the  boundary  conditions  and  assuming  a  separable  form,  an 
eigenvalue  problem  emerged  whose  solution  determined  the  radial  dependences  of  the 
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stress,  displacement,  and  strain  fields.  Using  the  characteristic  root,  a  fourth  order  dif¬ 
ferential  equation  was  numerically  solved  to  determine  the  actual  angular  dependences 
of  these  fields.  The  overall  magnitude  of  the  stress  and  strain  fields  were  determined 
by  their  radial  and  angular  dependences  and  scaled  by  the  strength  of  the  crack-tip 
singularity,  as  measured  by  the  path  independent  J- Integral  (Rice,  1968a).  For  finite 
values  of  the  strain-hardening  exponent,  both  the  stress  and  strain  fields  were  found 
to  be  singular  as  the  crack  tip  was  approached,  and  as  observed  previously,  the  inclu¬ 
sion  of  non-linear  material  constitutive  behavior  does  not  remove  all  singularities  at 
the  mathematically  sharp  crack  tip.  Although  perfect  plasticity  can  be  considered  by 
taking  the  limit  as  n  — ♦  oo,  no  unique  strain  field  was  identifiable. 

Development  of  HRR  type  singularity  fields  involves  several  key  assumptions.  A 
total  deformation  theory  of  plasticity  is  used  along  with  linear  kinematics  (small  strain 
theory)  and  a  monotonically  increasing  stress-strain  relationship.  For  deformation  the¬ 
ory  to  accurately  describe  the  constitutive  behavior,  no  local  stress  unloading  is  admis¬ 
sible  and  the  loading  at  all  material  points  must  be  nearly  radial.  Thus  the  application 
of  deformation  theory  is  generally  restricted  to  proportional  loading.  Since  small  strain 
theory  is  used,  these  solutions  do  not  incorporate  any  field  characteristics  which  are 
attributable  to  crack-tip  blunting,  and  they  are  only  applicable  at  limited,  finite  dis¬ 
tances  from  the  crack  tip.  Also,  it  should  be  noted  that  the  HRR  fields  are  obtained 
by  retaining  only  the  dominant  term  in  the  stress  and  strain  potentials. 

1.2  Statement  of  Purpose 

The  basic  interfacial  SSY  crack  tip  characteristics  for  a  specific  set  of  loading  and  geo¬ 
metric  conditions  and  material  idealisations  will  be  provided.  The  stationary  crack-tip 
fields  for  specific  material  idealisations  will  be  represented  via  closed  form  expressions, 
based  upon  natural  dimensional  and  dimensionless  variable  groupings.  First,  a  general 
non-linear  idealized  bi-material  boundary  value  (BY)  problem  will  be  identified,  includ- 
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will  be  reviewed  and  implications  concerning  the  non-linear  BV  problem  behavior  and 
associated  natural  groupings  will  be  extracted  from  the  asymptotic  elasticity  solutions. 
From  this  assembled  parametric  framework,  far-field  loadings  which  produce  the  ge¬ 
ometrical  idealizations  considered  in  the  BV  problem  (traction-free  crack-tip  faces  or 
closed  crack-tip  faces)  will  be  stated.  Next,  a  discussion  of  the  solution  technique  for 
solving  the  non-linear  problem  will  be  presented.  Representative  forms  for  the  general 
crack-tip  fields  will  be  presented  and  assembled  to  construct  the  complete  crack-tip 
fields  for  various  material  choices.  Inferred  trends  of  the  constructed  fields,  as  func¬ 
tions  of  material  variables,  will  be  identified.  Limitations  regarding  the  applicability 
of  these  results,  will  be  expressed  in  terms  of  the  mathematical  assumptions  made  in 
solving  the  BV  problem  and  in  terms  of  physical  material  characteristic  associated  with 
interfacial  crack  problems.  Finally,  speculative  implications,  relevant  to  all  interfacial 
fracture  mechanics  problems,  concerning  separation  mechanisms  will  be  made. 

1.2.1  Statement  of  Boundary  Value  Problem 

The  mechanics  problem  considered  herein  is  a  plane-strain  interfacial  crack  between  two 
isotropic  solids,  as  depicted  in  Figure  1.1.  The  interface  or  diffusion  boundary  layer  be¬ 
tween  the  two  solids  is  idealized  as  having  zero  thickness.  The  constitutive  response  for 
the  material  in  the  upper  half  (Region  1)  is  idealized  as  being  elastic/perfectly-plastic, 
and  the  material  in  the  lower  half  is  considered  to  have  a  linear  elastic  constitutive 
relationship.  Fax-field  applied  loads  are  restricted  to  SSY  and  to  those  which  result 
in  either  traction-free  crack  faces  or  crack  faces  which  have  (frictionless)  contact  over 
a  large  region,  compared  to  their  plastic  zone  size.  (This  restriction  is  enforced  only 
from  the  edge  of  the  plastic  zone  outwards  away  from  the  crack  tip.)  The  far  field 
loads  are  assumed  to  produce  a  set  of  displacements  near  the  crack  tip  which  can  be 
represented  by  a  continuous  family  of  self-similar  modes  whose  magnitudes  are  scaled 
by  the  crack-tip  singularity.  Hence,  the  family  of  boundary  condition  modes  which 
are  considered  are  limited  to  those  which  satisfy  the  general  isotropic  bi-material  crack 


problem  with  either  traction-free  crack  faces  or  closed  crack-tip  faces. 

The  objectives  of  analyzing  these  BV  problems  are:  (a)  to  determine  the  size, 
shape,  and  growth  characteristics  of  the  plastic  zone  in  Region  1;  (b)  to  identify  the 
SSY  asymptotic  elastic  and  plastic  fields  deep  within  the  plastic  zone;  (c)  to  identify 
the  evolution  of  strains  near  the  interface  as  well  as  the  evolution  of  interfacial  tractions 
with  applied  load. 
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fYj«re  J  i  Schematic  traction -free  bi-materiai  interfacial  crack-tip  region,  including 
polar  (r,$)  and  Cartesian  (x,y)  coordinates  and  domain  numbering  convention. 


K® 

m 


BBPQBBO'BnroiCnPBBnWBinillWBinBOTOTt  WWWWtfHUHWW  L’Vl^ir*  btototoiwwi  7gvjn7gi*n»n*n 


Chapter  2 

Elastic  Interfacial  Cracks 

2.1  History  and  Solution  Discussion 

Applied  mechanics  can  provide  a  framework  for  modeling  interfacial  cracks.  Within  this 
framework,  there  currently  exist  two  specific  geometric  idealizations  which  are  used  to 
investigate  the  local  interfacial  crack-tip  fields  around  a  mathematically  perfect  zero¬ 
thickness  interface.  Both  idealizations  require  continuity  of  interfacial  tractions  and 
displacements,  with  the  basic  difference  between  the  two  being  the  physical  interpre¬ 
tation  given  to  the  near-tip  crack  faces.  The  first  model  assumes  that  the  crack  faces 
are  “traction-free”  while  the  other  assumes  that  the  crack  faces  are  in  “contact,”  but 
free  to  slide  relative  to  one  another  (frictionless).  The  following  sections  review  the 
important  aspects  of  each  crack-tip  model. 

2.1.1  Traction-Free  Crack  Faces 

The  asymptotic  solution  for  a  traction-free  crack  tip  located  between  two  elastically 
dissimilar  isotropic  media  was  first  addressed  and  partially  solved  by  Williams  (1959). 
He  used  for  the  Airy  stress  function  a  general  power  series  expansion  about  the  crack 
tip  of  the  form 

*='1EViwy,  (2-i) 

i 

where  r  is  the  radial  distance  from  the  crack  tip,  $  is  the  angle  measured  from  the 
interface,  Ay  and  Ay  are  admissible  constants,  and  Fy(0,  Ay)  is  an  admissible  function. 
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Enforcing  displacement  and  traction  continuity  across  the  interface  and  traction-free 
crack-tip  faces  lead  to  an  eigenvalue  problem  composed  of  eight  simultaneous  equa¬ 
tions  from  which  Ay  and  acceptable  forms  of  Fy(0,  A,)  were  determined.  Williams  first 
assumed  that  Ay  was  a  real  number  and  was  unable  to  obtain  a  solution  to  the  char¬ 
acteristic  equation.  He  concluded  that  Ay  must  be  a  complex  number  and  found  that 
two  possible  series  solutions  exist: 


_  j  j  ±i£coth~1(0) 

3  1  (i  +  2)  ±*itanh_1| 


j  =  0,  ±1,  ±2,  ±3,..., 


where  for  plane  strain 

9  =  (2.3) 

2fil  (r  -  T^)  +  2#*1  (1  -  jitr) 

Here  Hu  is  the  shear  modulus,  i/u  is  Poisson’s  ratio,  and  the  subscript  A;  is  1  in  the  upper 
domain  and  2  in  the  lower  domain.  In  Eq.(2.2),  both  sets  of  roots  exist  only  when  D  =  1, 
and  both  have  infinite  imaginary  components  (coth_1(±l)  =  tanh-1(±l)  =  ±00).  For 
commonly  used  engineering  materials  (i.e.,  those  with  positive  Poisson’s  ratio  less  than 
1/2),  \P\  <  1/2;  thus,  only  the  series  associated  with  tanh-1(P)  is  defined.  Since  coth-1 
is  not  defined  for  arguments  with  a  magnitude  less  than  unity,  the  set  of  roots  with 
integer  read  portions  (!R(Ay)  =  j)  must  be  excluded  from  the  total  solution. 

In  deriving  the  characteristic  equation  for  the  case  of  purely  real  roots,  it  is  specu¬ 
lated  that  at  some  point  Williams  incorrectly  divided  through  by  sin(xAy).  This  lead 
him  to  conclude  erroneously  that  no  purely  real  roots  [5R(Ay)  =  Ay]  exist,  when,  quite 
to  the  contrary,  the  solution  to  sin(xAy)  =  0  actually  produces  an  acceptable  set  of 
whole  integer  roots.  (Note,  division  by  sin(xAy)  is  only  valid  if  sin(7rAy)  #0!)  Thus, 
the  complete  solution  to  the  bi-material  interfacial  crack  problem  with  traction-free 
crack  tips  consists  of  half-integer  complex  powers  of  r,  termed  “Williams  type,”  and 
real  whole  integer  powers  of  r.  For  cracks  with  D  =  0,  the  complete  set  of  roots  for  the 
homogeneous  crack  problem  is  recovered. 

Rice  (1988)  has  subsequently  assembled  the  asymptotic  expansion  of  a  complete 
interfacial  crack  solution  consisting  of  the  Williams  series  [with  eigenvalues  Ay  =  (j  + 
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1/2) -h*  (1  /?r)  tanh-1(P)]  and  amaterial  dependent  constant  multiplying  the  real  whole- 
integer  power  series  (Ay  =  j).  In  terms  of  standard  Muskhelishvili  (Muskhelishvili, 
1953)  functions  the  general  solution  is  given  by 

J2  am*  +  7?~~c  H  (2.4) 

N  +  C*  M 

n \{z)  =  (2.5) 

at  ci  +  « 

^i(z)  =  e"s"H«  X] +  r~Tr'  £ (2*6) 
at  M 


n;(z)  =  (2.7) 

AT  01+01  M 

In  these  expressions,  the  bi-material  constant,  e  (imaginary  part  of  the  complex  root 
Ay),  is  defined  as 

1  [  4-  -L 

e  =  —  In  £ - (2.8) 

2ir  aa.  4.  -L  v  ' 

.Pi  Ml. 


C*  = 


Vk  +  l 


(*  =  1,2). 


Here  z  =  x  +  ty  =  rc‘#  is  the  location  measured  from  the  crack  tip,  17*  =  3  —  4i/*  for 
plane  strain  and  17*  =  (3  —  i/*)/(l  +  ^*)  for  plane  stress,  and  the  subscript  fc  is  used 
again  to  refer  to  the  material  in  the  upper  half  when  equal  to  1  and  to  the  material 
in  the  lower  half  when  equal  to  2.  The  individual  stress  components  are  related  to  the 
Muskhelishvili  stress  potentials  by  the  following  relationships: 
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(2.10) 


on  -  o%%  +  *2 <?„  =  2  [(J  -  z)  4>"  -  4>  +  n'j . 


(2.11) 


Discarding  infinite  energy  terms  and  retaining  only  the  most  dominant  term  as  r  — ♦  0, 
the  local  crack-tip  stresses  behave  as  follows: 

a(r,  9)  ~  -~==  { A(0 )  coa[B(0)  +  £  In  ~\  +  C{9)  sin[£>(0)  +  €  In  ^  j }  ,  (2.12) 


where  r/2a  is  the  radial  distance  from  the  crack  tip  normalized  with  respect  to  crack 
length,  9  is  the  angle  measured  from  the  interface,  and  A(0),  B(0),  C(0),  and  D(6)  are 
functions  dependent  upon  loading,  material  constants,  and  angle  0. 

Complete  solutions  to  various  problems  concerning  cracks  between  dissimilar  me¬ 
dia  were  obtained  by  England  (1965),  Erdogan  (1965),  and  Rice  and  Sih  (1965)  using 
Kolosov-Muskhelishvili  and  other  transformations  to  express  the  stress  potentials.  Ad¬ 
ditionally,  Rice  and  Sih  calculated  stress  intensity  factors  for  a  semi-infinite  crack  with 
point  loads  and  for  a  finite  crack  between  two  semi-infinite  media  loaded  by  wedge 
forces  or  remote  far-field  loads. 

The  in-plane  two-dimensional  bi-material  stress  intensity  factor,  K,  as  defined  by 
Hutchinson,  Mear,  and  Rice  (1987),  is  given  by 

K  =  lim  =  01  +  =  °>1 ,  (2.13) 

r— 0  rM 

where  <ryy(r,0  =  0)  and  ^  (r,  6  =  0)  are  the  interfacial  normal  and  shear  stresses, 
respectively.  Note,  the  elastic  material  properties  enter  into  the  stress  intensity  factor 
via  the  bi-material  constant,  unlike  the  homogeneous  case.  Since  K  is  a  complex 


number,  it  can  be  written  as 
K  =  K/  +  »K/j, 


(2.14) 


where  K/  and  K//  are  the  real  and  imaginary  components  of  the  stress  intensity  factor, 
respectively.  Using  the  definition 


K  =  {ki  +  iku)y/ncoeh(ire). 


(2.15) 


Rice  and  Sih’s  (1965)  original  stress  intensity  factors,  kj  and  ku  are  interpreted  in  a 
consistent  manner.  Table  8.1  contains  the  stress  intensity  factors  for  several  geometries 
(Shih  and  Asaro,  1987). 
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Stress  Intensity  Factor 

Reference 

K  =  T  (l  +  *2t)  x 
y/na(2a)~,t 

England, 

1965 

K  =  (P  +  *Q)  cosh  (ire)  x 
(2o)-«  /y/h 

Rice  sind  Sih, 
1965 

For  crack  tip  at  x  =  a, 

K  =  (1  +  t'2e)  (a*  +  to~)  x 
y/ifa  (2o)_,e 

Rice  and  Sih, 
1965 
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Using  Griffith’s  virtual  work  argument,  Willis  (1971)  formally  calculated  the  incre¬ 
ment  of  elastic  energy  dissipation  associated  with  an  increment  of  crack-face  advance¬ 
ment  for  the  general  anisotropic  crack.  (He  evaluated  the  elastic  energy  release  rate.) 
Willis  did  this  by  formulating  a  “stress  concentration  vector,”  whose  components  are 
K /,  K //,  and  K ///,  and  equated  it  with  the  the  specific  surface  energy  to  establish 
a  “stability  relationship.”  For  the  planar  isotropic  case,  Rice  (1988)  gave  the  energy 
release  rate  in  terms  of  the  complex  stress  intensity  factor  as 

y*  _  "b  (n  ie\ 


-  _  r  ^ 

16  cosh*  (xe)  ’ 


(2.16) 


where  $  is  the  energy  release  rate  per  unit  thickness. 

Although  the  asymptotic  stress  fields  and  stress  intensity  factors  are  easily  cal¬ 
culated,  their  interpretation  is  not  straightforward  as  in  the  homogeneous  case.  For 
example,  the  elasticity  solution  for  the  bi-material  traction-free  crack-tip  problem  pos¬ 
sesses  some  unusual  characteristics.  Asymptotically,  the  stress,  strain,  and  displace¬ 
ment  fields  oscillate  with  radial  distance,  and  this  oscillation  in  the  displacement  field 
causes  the  crack  faces  to  contact  and  mathematically  interpenetrate.  England  (1965), 
using  the  asymptotic  solution  for  an  internally  pressurized  Griffith  crack  with  length 
2a,  calculated  the  crack-face  contact  length,  6,  by  determining  the  distance  from  the 
crack  tip  to  where  crack-face  interpenetration  would  occur.  For  thus  geometry  he  found 


—  =  1.26  x  1(T4. 
2a 


(2.17) 


Since  England’s  calculation  was  evaluated  for  e  =  0.1748,  the  maximum  value  of  the 
bi-material  constant  in  plane  strain  for  materials  with  positive  Poisson’s  ratio,  he  con¬ 
cluded  that  for  more  realistic  property  choices  the  contact  distance  would  be  even 
smaller.  For  the  same  Griffith  crack  geometry  but  loaded  by  remote  tensile  and  shear 
tractions,  Rice  (1988)  calculated  values  of  6/ 2a  which  were  appreciably  larger  than 
Eq.(2.17)  for  certain  loading  conditions. 

Additional  complications  exist  in  the  definition  of  the  stress  intensity  factor  K.  Rice 
(1988)  pointed  out  that  the  interpretation  of  K/  and  K//  is  ambiguous  since  K/  and  K// 


m 
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individually  do  not  correspond  physically  to  a  pure  opening  mode  or  a  pure  shear  mode. 
Furthermore,  the  choice  of  physical  units  used  in  determining  the  numerical  value  of 
the  stress  intensity  factor  affects  the  ratio  of  K/  and  K//  for  any  given  boundary  value 
problem.  Using  the  definition  of  K  given  by  Hutchinson,  Mear,  and  Rice  (1987)  in 
Eq.(2.13)  results  in  the  following  generic  stress  intensity  factor: 

K  =  g00Ce-**ln,\/jrl,  (2.18) 


where  £°°  is  a  resultant  traction  expressed  as  a  complex  number  with  the  dimensions 
of  stress,  C  is  a  non-dimensional  complex  geometric  constant,  and  l  is  the  characteristic 
geometric  length  of  the  problem,  such  as  crack  or  ligament  length,  distance  from  the 
crack  tip  to  point  of  load  application,  etc.  Examining  Eq.(2.18)  reveals  that  when 
different  length  units  ( e.g .,  m,  inches,  cm)  are  assigned  to  /,  ZK  changes.  [Here  Z(  ) 
refers  to  the  phase  angle  of  the  complex  argument  (  ),  and  the  ZK  is  chosen  such 

that  -ir  <  ZK  <  x.J  Thus,  an  infinite  number  of  stress  intensity  factors,  all  with 
different  ratios  of  K/  to  Kjj  (and  different  units),  could  exist  which  all  yield  identical 
stress  states.  This  implies  that  the  decomposition  of  K  is  meaningless  since  only  in 
the  degenerate  case,  when  c  =  0,  does  modal  decomposition  of  K /  and  K //  take  on  any 
unique  or  significant  meaning. 

The  units  associated  with  the  bi-material  stress  intensity  factor  are  unique  in  that 
they  differ  from  the  homogeneous  stress  intensity  factor  by  For  example,  typical 
units  of  K  may  be  MPa(m)°‘"00M,\  To  remove  this  uncommon  dimension,  (m)-0  0MJ’, 
Shih  and  Asaro  (1987)  defined  a  stress  intensity  vector  Q  such  that,  as  r  — ♦  0  on  0  =  0, 
oyv  +  ioKV  — *■  Q(r/l)**/>/2xr.  This  expression  differs  from  Eq.(2.13)  by  the  factor 
This  approach  uniquely  identifies  ZK,  and  when  used  in  Shih  and  Asaro’s  elasticity 
expressions  produces,  at  a  fixed  point,  the  identical  stress  state  as  compared  with  the 
previous  definition.  However,  several  problems  arise  in  using  Shih  and  Asaro’s  stress 
intensity  vector  Q.  The  choice  of  l  becomes  ambiguous  when  several  geometric  lengths 
exist.  For  example,  in  a  compact  tension  specimen  (CTS),  at  least  three  lengths  exist 
which  could  be  used,  namely  the  thickness,  the  width,  and  the  crack  or  ligament  length, 
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and  uncertainties  clearly  exist  regarding  the  appropriate  choice  of  the  normalizing 
length  dimension.  Second,  Shih  and  Asaro's  definition  may  yield  confusion  because  two 
different  loadings  which  produce  identical  stress  intensity  vectors  only  produce  identical 
crack-tip  stress  fields  when  e  is  the  same  for  both  cases.  Although  the  definition  of 
Hutchinson  et  al.  requires  additional  unusual  dimensions  to  be  carried  along;  the 
possible  non-uniqueness  problem  is  totally  circumvented.  Therefore,  for  convention, 
the  definition  given  by  Hutchinson  et  at.,  Eq.(2.13),  is  used  in  the  remainder  of  this 
study. 

2.1.2  Closed  Crack-Tip  Faces 

In  an  attempt  to  eliminate  the  unsatisfactory  aspects  of  the  oscillatory  singularity  in 
the  traction-free  crack-tip  model,  various  other  crack-tip  models  have  been  proposed. 
Comninou  (1977a)  included  a  frictionless  contact  zone  at  the  crack  tip  of  a  Griffith  crack 
which  transmitted  only  compressive  normal  tractions  and  required  both  traction  and 
displacements  to  be  continuous  over  the  intact  interface.  Comninou  then  formulated 
a  singular  integral  equation  to  describe  the  dislocation  density  which  was  necessary 
to  produce  closed  crack  tips.  She  also  used  the  Williams  technique  of  express'  -  r  a 
general  power  series  Airy  stress  function,  Eq.(2.1),  about  a  closed  crack  tip  w  s- 

face  friction  (Comninou,  1977b)  and  without  crack-face  friction  (Comnino  a). 

By  enforcing  continuity  of  tractions  and  displacements  across  the  interface  and  by 
requiring  continuous  (compressive)  normal  tractions  and  normal  displacements  on  the 
closed  crack  face,  an  eigenvalue  problem  of  eight  simultaneous  equations  arose  from 
which  acceptable  values  of  A ,  and  forms  of  Fj(9,  A;)  were  determined. 

The  results  of  her  numerical  solution  of  the  singular  integral  equation  and  her 
frictionless  crack-tip  expansion  agreed,  demonstrating  that  as  r  -+  0,  the  dominant 
stress  field  around  the  closed  crack  tip  is  given  by 

_  zre  f  g  og ) 

Orr  =  |5(lq:/?)sin-  -  (3  ±  0) sin  —  j  ,  (2.19) 
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where,  using  Comninou’s  convention  for  numbering  material  domains, 


_  Mi  (*h  -  1)  ~  Mi  (*7i  ~  1) 
Mi  (i?i  +  1)  +  Mi  (»?i  +  1) ' 


(2.22) 


Here  K etI  is  the  strength  of  the  singularity,  and  the  upper  and  lower  signs  are  used  in 
the  lower  and  upper  material  domains,  respectively.  To  ensure  compressive  tractions 
in  the  contact  zone,  loadings  are  restricted  such  that  Ken  >  0  for  0  >  0  and  KJ/  <  0 
for  0  <  0. 

A  note  of  caution:  Comninou  reversed  the  ordering  of  the  material  domains  as 
compared  to  the  convention  used  by  Williams  (1957),  and  others.  Figure  2.1  shows  the 
crack-tip  geometry  Comninou  assumed.  In  her  work  the  material  in  the  upper  domain 
is  referred  to  by  the  subscript  2,  and  the  material  in  the  lower  domain  is  referred  to  by 
the  subscript  1.  Switching  the  ordering  of  the  material  domains  changes  the  sign  of  the 
bi-material  constants  0  and  e.  For  convention,  in  the  present  work  0  will  be  defined 
with  the  subscript  1  in  the  lower  domain,  and  e  will  be  defined  with  the  subscript  1  in 
the  upper  domain.  Using  this  convention,  0  is  related  to  e  via 


=  -4—1 

2t  [1  +  0] 


(2.23) 


Along  the  interface,  the  shear  component  is  the  only  dominant  asymptotic  stress 
term  that  is  non-zero,  and  it  behaves  as  or#(r,0  —  0)  =  K eu/y/2r.  This  implies  that  the 
additional  load  carried  by  the  interface,  which  results  from  the  presence  of  the  crack, 
is  asymptotically  only  supported  by  interfacial  shear  tractions.  Note  that  the  interface 
still  supports  normal  tractions  which  arise  from  the  far-field  loading  and  from  the 
complete  local  solution,  even  in  the  crack-tip  vicinity,  and  these  normal  tractions  may  be 
on  the  order  of  25  times  the  tensile  far-field  opening  traction  (Comninou,  1977a).  The 
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Figure  2.1  Schematic  closed  bi-material  interfacial  crack-tip  region,  including  polar 
(r,  0)  and  Cartesian  (x,  y)  coordinates  and  domain  numbering  convention. 
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(compressive)  normal  traction  in  the  contact  zone  is  singular  —  ayy  =  -KJ;/?/\/2r  as 
the  crack  tip  is  approached  —  and  is  bounded  as  the  crack  opening  (gap)  is  approached. 
To  be  precise,  Comninou  mathematically  requires  the  normal  traction  to  be  equal  to 
zero  in  the  contact  zone  at  the  point  where  crack  opening  initiates.  [A  standard  moving 
Hertzian  contact  boundary  condition  (Johnson,  1985).) 

The  complete  set  of  admissible  roots  for  Comninou’s  Williams  type  crack-tip  ex¬ 
pansion  contains  two  series  with  real  values.  The  two  admissible  series  of  roots  which 
produce  finite  crack-tip  strain  energy  and  no  concentrated  crack-tip  forces  are 


(2.24) 


where  j  is  a  non-negative  integer.  (Note,  this  spectrum  of  admissible  roots  is  the 
same  as  that  found  for  the  homogeneous  crack  problem.)  The  other  roots  of  interest 
are  A  =  0,  which  corresponds  to  a  uniform  (domain  wise  constant)  stress  field,  and 
A  =  1/2,  which  represents  a  positive  square-root  stress  field  (o  «  y/r).  The  constraints 
on  the  uniform  stress  field  are  that  ayy,  and  f««  are  continuous  along  the  interface. 
To  satisfy  these  conditions  a  “stress  jump  across  (the)  interface”  (Rice  and  Sih,  1965) 
is  generally  required,  and  because  the  crack  faces  are  free  of  shear  traction,  o%v  —  0. 
It  is  interesting  to  note  that  all  half-integer  roots  (A  =  j  +  1/2)  in  the  closed  crack-tip 
expansion,  produce  no  normal  interf&cial  tractions  [<?rr(r,$  =  0)  =  <7>#(r,  6  =  0)  =0]. 

Comninou  calculated  a  stress  intensity  factor,  K J/,  for  her  model.  It  is  obtained  by 
taking  the  limit  as  r  — *  0  in  the  crack-tip  region,  and  is  given  as 


K5 


ii 


(2.25) 


Note,  Eq.(2.25)  produces  stress  intensity  factors  having  the  same  dimensions  as  in 
the  homogeneous  case,  but  differs  from  the  usual  homogeneous  stress  intensity  factor 
definitions  by  a  factor  of  yfn.  (Comninou  (1977a)  actually  calculates  two  stress  intensity 
factors  for  her  model,  however  the  stress  intensity  factors  are  always  proportional  to 
each  other  for  ^  ^  0  and  are  used  nearly  interchangeably  to  scale  a  single  set  of 
crack-tip  field  equations.)  Excluding  the  compressive  contact  tractions,  the  crack-tip 


fields  can  be  regarded  as  being  qu  as  i- homogen  ecus  “mode  II.”  In  other  words,  for  the 
homogeneous  case,  0  =  0,  the  stress  state  expressed  in  Eqs.(2.19)  to  (2.21)  reduces  to 
that  found  for  homogeneous  mode  II  loading  (Comninou,  1977a). 

Gautesen  and  Dundurs  (1987)  were  able  to  solve  exactly  an  additional  integral 
in  Comninou’s  formulation  for  the  case  of  remote  tensile  loading  of  a  Griffith  crack 
geometry.  By  writing  equivalent  series  expansions  and  using  some  appropriate  small 
argument  approximations,  they  found  that,  for  0  >  0  (e  <  0),  the  total  normal  stress 
directly  ahead  of  the  closed  crack  tip  is  equal  to 


on{r  =  O+,0  =  0) 


[i  +  o  (*;)] , 


(2.26) 


where 


1  +  0 

A*  In  =-2tc 


(2.27) 

(2.28) 


Here  cr“  is  the  far-field  opening  stress.  They  show  that  for  opening  loads,  as  0  — ►  0 
(or  alternatively  as  e  —►  0),  the  extent  of  the  crack-tip  contact  vanishes.  Additionally, 
the  stress  intensity  factor  Ken  for  0  >  0  (e  <  0)  of  such  a  Griffith  crack  loaded  by  the 
far-field  stress  is  given  by 


where  2a  is  the  crack  length.  For  the  range  0  <  0  <  0.5  (0  >  e  >  —0.175),  KetI/ {o^y/a  ) 
varies  by  less  than  0%. 


When  the  contact  zone  is  small  compared  to  crack  length,  results  from  Comninou’s 
model  are  consistent  with  those  found  by  others.  For  remote  tensile  loading,  she  de¬ 
termined  that  the  contact  zone  is  smaller  than  the  maximum  first  contact  calculated 


by  England.  She  further  found  that  the  global  stress  field  away  from  the  immediate 
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crack-tip  region  still  contains  the  oscillatory  singularity  and  is  not  significantly  differ¬ 
ent  from  the  stress  field  previously  obtained.  Also,  the  inclusion  of  contact  zones  in 
Comninou’s  model  eliminates  the  oscillatory  nature  of  the  singularity  in  the  very  near 
crack-tip  field. 

For  arbitrary  far-field  shear,  and  normal,  loading  of  a  Griffith  crack  geom¬ 
etry,  the  crack-face  contact  length  is  not  always  small  compared  to  crack  length  and 
the  oscillatory  stress  field  may  never  be  recovered,  even  at  relatively  large  distances 
from  the  crack-tip.  Comninou  and  Schmueser  (1979)  found  that  for  a  Griffith  crack 
geometry  with  0  >  0,  at  fixed  values  of  the  contact  length  at  the  right  hand  crack 
tip  increases  when  positive  remote  shear  is  applied,  and  for  fixed  values  of  <7~,  increases 
as  the  level  of  remote  normal  stress  decreases  to  compressive  levels.  Simultaneously,  as 
the  contact  length  at  the  right  hand  crack  tip  increases,  the  contact  length  at  the  left 
hand  crack  tip  decreases.  Table  2.2  lists  the  right  hand  contact  length  6  for  various 
combinations  of  far-field  loads  applied  to  a  Griffith  crack  geometry.  (The  notation  used 
is  the  same  as  that  used  previously  to  define  K  for  the  infinite  plate  in  Table  2.1.)  For 
a  pure  far-field  shear  load  (o"  =  0)  and  for  a  compressive  normal  load,  substantial 
contact  lengths  exist.  Any  predictions  based  upon  a  “traction-free  crack-tip”  model 
for  the  right  hand  crack  tip  under  positive  shear,  with  even  modest  levels  of  applied 
normal  stress  (say  for  0  =  0.5,  <  3<rJJ),  are  ill-founded  and  clearly  unjustifiable, 

since  the  contact  length  is  so  large  {e.g.,  for  0  —  0.5,  6/ 2a  >  0.1). 


6/2a 

0.50 

0.068 

0.25 

0.23 

0 

0.33 

-0.25 

0.60 

-0.50 

0.78 

-0.75 

0.88 

-1.00 

0.92 

Table  2.2  Contact  lengths  at  the  right  hand  crack  tip  of  a  Griffith  crack  geometry 
loaded  by  far-field  stress;  0  =  0.5  and  cr“  >  0  (Comninou  and  Schmueser,  1979). 
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In  addition  to  Comninou,  others  have  included  various  crack-tip  models  in  an  at¬ 
tempt  to  remove  the  oscillatory  singularity  and  accurately  account  for  contact.  For 
certain  geometries  and  loadings,  Atkinson  (1982)  showed,  by  several  examples,  that 
the  elastic  energy  release  rate  is  virtually  unaffected  by  the  precise  details  of  the  very 
near  crack-tip  model  used.  In  general,  such  crack-tip  modeling  may  remove  the  oscil¬ 
latory  behavior  locally,  but  does  not  remove  all  the  singularities  at  the  crack  tip.  As 
with  all  infinitesimal  elasticity  solutions,  they  are  only  valid  in  the  region  where  the 
assumptions  of  linear  material  response  as  well  as  small  strains  and  rotations,  are  not 
violated. 

2.2  Inferred  Plastic  Behavior 

From  the  expressions  for  the  local  elastic  asymptotic  crack-tip  stresses,  it  is  clear  that 
unbounded  stresses  arise  as  the  cracx  tip  is  approached.  The  applicability  of  linear 
elastic  models  must  therefore  be  examined  in  terms  of  the  mathematical  assumptions 
and  the  material  idealizations  used  in  deriving  them.  Based  upon  the  tensile  behavior 
of  most  polycrystalline  metals,  it  is  clear  that  linear  elasticity  is  not  an  appropriate 
idealization  very  near  the  crack  tip,  where  unbounded  stresses  are  predicted,  because 
nonlinear  deformation  is  anticipated.  The  inclusion  of  continuum  non-linear  material 
behavior,  such  as  power  law  strain-hardening  or  elastic / perfectly- plastic,  allows  for 
better  representation  of  the  actual  material  response  for  many  materials  and  situa¬ 
tions.  When  continuum  length  assumptions  apply,  local  crack-tip  plasticity  is  typically 
found  embedded  within  the  singular  elasticity  fields  and  separated  by  a  transitional 
“boundary  layer.”  The  parametric  framework  which  describes  the  non-linear  to  linear 
material  transition  should  be  obtainable  by  considering  the  elastic  field  along  the  tran¬ 
sition  boundary.  The  aim  of  this  section  is  to  describe  the  boundary  characteristics 
of  the  continuum  non-linear  zone  in  terms  of  far-field  loads  and  material  properties 
by  assuming  that  the  non-linear  zone  boundary  can  be  approximated  by  the  loci  of 
points  whose  elastically-calculated  Mises  equivalent  stress,  9,  is  equal  to  the  tensile 
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yield  strength  of  the  material,  oyt.  Using  this  assumption  and  the  two  asymptotic 
elasticity  solutions,  Eqs.(2.4)  to  (2.7)  and  Eqs.(2.19)  to  (2.21),  a  consistent  parametric 
framework  for  describing  the  plastic-zone  characteristics  is  assembled. 

Several  quantities  are  needed  in  this  framework.  First,  a  representative  plastic  zone 
characteristic  dimension  rp,  given  in  terms  of  the  far-field  applied  load  and  material 
properties,  is  required  in  order  to  determine  if  SSY  conditions  are  satisfied.  It  will  be 
shown  that  a  natural  choice  for  the  characteristic  dimension  is  rp  =  KK/<7*#7rcosh2(7re) 
for  the  traction-free  crack-tip  model  and  r‘  =  3KJJ*/2<r2,  for  the  closed  crack-tip  face 
model.  In  general,  av,  is  the  tensile  yield  strength  of  the  material  in  either  domain,  but 
henceforth  shall  refer  to  the  tensile  yield  strength  of  the  plastically  deformable  material 
in  the  upper  domain  of  Figures  1.1  and  2.1.  Next,  it  is  necessary  to  determine  the  size 
and  shape  of  the  plastic  zone,  in  terms  of  the  applied  load.  It  will  be  shown  that 
traction-free  crack-tip  plastic  zone  growth  occurs  in  a  periodic  manner  with  respect  to 
increasing  stress  intensity  factor  K,  and  the  tractions  along  the  plastic  zone  boundary 
also  change  in  a  periodic  manner,  because  the  tractions  simultaneously  evolve  with 
the  plastic  zone.  In  the  closed  crack-tip  model,  it  will  be  shown  that  the  plastic  zone 
growth  is  self-similar,  and  that  the  size  of  the  plastic  zone  can  be  scaled  by  the  closed 
crack-tip  characteristic  plastic  zone  dimension  r*.  Because  a  single  unique  plastic  zone 
shape  does  not  exist  during  loading  for  the  traction-free  model,  as  it  does  for  the  closed 
crack-tip  model,  an  additional  quantity  describing  the  phase  of  the  plastic  zone  will  be 
introduced.  The  interfacial  load  phase  angle  (ILPA),  f0»  defined  as 
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accounts  for  all  possible  loading  combinations  while  it  compensates  for  plastic  zone 
growth  within  the  oscillatory  field.  It  uniquely  characterizes  the  plastic  zone  shape, 
plastic  zone  tractions,  and  determines  whether  crack-face  contact  is  occurring  at  the 
plastic  zone  edge. 

Finally,  and  most  importantly,  conditions  defining  the  applicability  of  each  model  as 
well  as  any  possible  combination  of  models,  will  be  identified.  It  will  be  assumed  that 


the  traction-free  crack-tip  model  is  the  governing  model,  in  regards  to  identifying  when 
each  model  is  appropriate.  It  is  chosen  because  it  analytically  exists  in  closed  form  and 
all  necessary  quantities  used  in  the  closed  crack-tip  face  model  can  be  approximated 
from  it  when  the  contact  length  is  small  compared  to  crack  length.  For  certain  loading 
conditions,  it  will  be  shown  that  the  closed  crack-tip  face  model  is  applicable  because 
significant  crack-face  contact  exists.  Based  upon  the  value  of  the  ILPA,  explicit  domains 
for  which  the  characteristic  plastic  zone  dimension  in  each  model  is  acceptable,  as 
compared  to  the  length  of  the  crack-face  opening  or  closure,  will  be  identified. 

It  will  be  shown  that  these  two  continuum  interfacial  crack-tip  models  will  describe 
most,  but  not  all,  possible  crack  loadings.  For  certain  circumstances,  even  when  the 
size  of  the  plastic  zone  is  small  compared  to  crack  length,  neither  of  these  interfacial 
crack-tip  models  will  appropriately  describe  the  actual  crack-tip  behavior.  Justification 
for  use  of  this  framework  will  be  made  by  comparing  its  elastically  based  predictions 
against  various  precise  solutions  for  actual  strain  hardening  materials.  This  agreement 
will  warrant  the  use  of  this  framework  for  all  monotonically  increasing  strain  hardening 
constitutive  relationships  [strain  a  (stress)"]  which  include  an  initial  linearly  elastic 
(n  =  1)  range. 

2.2.1  Traction-Free  Crack  Faces 

The  following  section  is  a  paper  submitted  to  the  Journal  of  Applied  Mechanics  by  the 
author  and  Prof.  D.  M.  Parks  which  derives  an  approximate  expression  for  the  plastic 
zone  from  the  asymptotic  Williams  type  oscillatory  elasticity  solution.  It  discusses 
predicted  plastic  zone  size,  shape,  and  growth  characteristics,  introduces  various  key 
bi-material  interfacial  variables,  and  gives  formal  validity  conditions,  in  terms  of  K, 
material  properties,  geometry,  and  bi-material  interfacial  variables,  for  the  applicability 
of  the  traction-free  crack  tip  BV  problem  outlined  in  Chapter  1. 

For  consistency,  all  equations,  figures,  and  sections  referenced  from  this  paper  will 
be  identified  using  the  prefix  (P2.). 
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Abstract 

A  closed  form  approximate  solution  for  a  small  scale  yielding  (SSY)  plastic  zone 
around  a  planar  interfacial  crack-tip,  occurring  between  two  dissimilar  ideally-bonded 
elastic  half-spaces,  is  obtained  by  equating  the  elastically-calculated  Mises  equivalent 
stress  with  the  material  yield  strength,  <7,,.  The  dimensionless  parameter  <;(0),  which 
is  defined  as  f(0)  =  /K  +  c  lnrp(0),  where  IK  is  the  phase  angle  of  the  complex  stress 
intensity  factor  K,  c  is  the  bimaterial  constant,  and  rp(0)  is  the  polar  representation  of 
the  plastic  zone  radius,  naturally  arises.  The  SSY  interfacial  load  phase  angle  (ILPA), 
defined  as  ft  =  IK  +  fin  ^KK/oJfjrcosh,(jr£)),  leads  to  periodic  zone  growth.  The 
ILPA  characterizes  the  overall  applied  load  phase  by  combining  the  oscillatory  radial 
phase  shift,  attributable  to  the  increase  in  zone  size  due  to  increased  loading,  with 
ZK.  At  a  particular  angle  0Q  from  the  uncracked  interface,  the  plastic  zone  radius  thus 
calculated  is  independent  of  ZK,  proportional  to  KK,  and  has  no  oscillatory  radial 
phase  dependence.  The  derived  plastic  zone  expression  reproduces  the  shape  charac¬ 
teristics,  and  it  modestly  reproduces  the  zone  size  when  compared  with  solutions  for 
an  elastic/perfectly-plastic  solid  adjoint  to  an  elastic  solid.  As  the  strain  hardening 
exponent  in  the  plastically  deforming  medium  decreases,  agreement  between  the  ap¬ 
proximation  and  various  accurate  numerical  solutions  improves.  In  the  limiting  case 
when  c  =  0,  the  well-known  homogeneous  elastic  solutions  for  pure  mode  I  and  mode 
II  are  recovered,  as  well  as  all  possible  mixed  mode  combinations.  Approximate  valid¬ 
ity  conditions  for  the  existence  of  Williams  type  asymptotic  fields  (traction-free  crack 
faces)  are  presented. 


1  Introduction 


Much  effort  has  recently  been  focused  on  interfaces  which  exist  between  dissimilar  me¬ 
dia,  with  specific  attention  being  directed  toward  media  separation  or  fracture  events. 
Publications  on  the  subject,  such  as  Shih  and  Asaro  (1987),  Hutchinson  et  aJ.  (1987), 
and  Rice  (1988)  clarify  several  aspects  of  the  original  oscillatory  stress  solution  ob¬ 
tained  by  Williams  (1959)  for  an  interfacial  crack  and  attempt  to  apply  or  further 
extend  traditional  (homogeneous)  fracture  mechanics  approaches  to  interface  cracking 
phenomena.  Elastic  interfacial  crack-tip  fields  between  isotropic  media  are  well  charac¬ 
terized,  although  only  a  limited  number  of  geometries  have  had  their  stress  fields  and 
stress  intensity  factors  solved  exactly.  Ting  (1986)  has  presented  a  rigorous  framework 
for  determining  the  degree  of  singularity  and  the  asymptotic  characteristics  for  the 
general  interfacial  crack  between  two  elastic  anisotropic  materials.  When  non-linear 
material  responses  are  included,  no  explicit  unifying  characterization  presently  exists 
to  unite  the  various  fracture  parameters.  However,  dimensional  analysis  by  Rice  (1988) 
and  by  Shih  and  Asaro  (1987)  lead  to  symbolic  functional  relationships  consistent  with 
the  present  results. 

Insight  concerning  contained  crack-tip  inelastic  deformation  zones  (in  the  small 
scale  yielding,  SSY,  sense)  can  be  obtained  by  considering  the  characteristics  con¬ 
tained  within  the  elasticity  solution.  One  approximate  method  which  has  been  used 
to  determine  the  plastic  zone  shape  and  size  around  a  crack  tip  in  a  homogeneous 
medium  is  equating  the  elastically-calculated  Mises  or  Tresca  equivalent  stress  with 
the  yield  stress  of  the  material  (McClintock  and  Irwin,  1965;  Rooke,  1963).  The  locus 
of  all  points  satisfying  this  condition  is  considered  to  be  the  plastic  zone  boundary 
which  separates  the  exterior  elastic  region  from  the  interior  plastically  yielding  region. 
The  changes  in  plastic  zone  size  and  shape  with  respect  to  the  applied  load  or  stress 
intensity  factor(s)  can  then  be  estimated  from  this  expression. 

The  goal  of  this  work  is  to  present  a  closed  form  approximate  plastic-zone  solu¬ 
tion  for  an  interfacial  crack  between  isotropic  linear  elastic  media,  and  propose  various 
dimensional  and  dimensionless  quantities,  which  naturally  arise  in  the  derivation,  as 
interfacial  fracture  parameters  that  uniquely  characterize  the  interface  crack-tip  region. 
Comparisons  will  be  made  between  the  approximate  solution  and  various  precise  nu¬ 
merical  solutions  to  demonstrate  its  accuracy.  Conditions  which  determine  the  validity 
of  this  expression  will  be  stated. 
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2  SSY  Plastic  Zone  Approximation 


The  problem  considered  is  a  planar  interfacial  crack,  as  shown  in  Figure  1,  whose 
constituents  have  shear  moduli  y*y  ( j  =  1,2)  and  Poisson’s  ratios  i/y.  (Subscripts  1  and 
2  refer  to  the  upper  and  lower  domains,  respectively.)  Far  field  loads  produce  a  local 
elastic  stress  field  which  is  well  characterized  by  the  complex  stress  intensity  factor  K 
and  asymptotic  interfacial  crack-tip  stress  fields.  Following  Hutchinson  et  ai.  (1987), 
the  stress  intensity  factor  is  defined  such  that  as,  as  r  — ►  0  on  6  =  0,  ovv  +  iozy  — ► 
K ri€/y/2nr.  For  the  interfacial  “Griffith"  crack  configuration,  this  definition  for  K 
differs  from  that  given  by  Shih  and  Asaro  (1987)  by  the  complex  term  e'**ln2a.  (See 
Rice  (1988)  for  calculated  examples  of  K  for  various  geometries  and  for  the  interfacial 
stress  fields.)  The  bimaterial  constant,  c,  which  modulates  the  stress  and  displacement 
oscillation  period,  is  defined  as 


where  *y  =  3  -  4 i/y  for  plane  strain  and  *y  =  (3  -  i/y)/(l  +  i/y)  for  plane  stress. 

The  general  stress  field  for  an  isotropic  elastic  solid  can  be  represented  by  the 
Muskhelishvili  potential  representation  (Rice,  1988), 

ox*  +  Oyy  =  2  [<f>  +  4> ’]  (2) 

and 

oVy  -  o„  +  i20gy  —  2  ((2  -  z) ^>n  -  <j>'  +  R'] .  (3) 

Retaining  only  the  dominant  asymptotic  term  as  r  — ►  0,  the  plane  strain  elastic  poten¬ 
tials  in  the  upper  domain  are 

4>\  =  aoe'"*-!-”,  (4) 

and 

e**s-H«.  (5) 

Using  £qs.(2)  to  (5),  an  expression  for  the  Mises  equivalent  stress  in  region  1  can  be 
obtained.  (Appendix  A  contains  the  complete  general  series  potential  functions  and 


'HM.  fVH  AHrycrwi  f\^r^/wyvtnru  v-i  wvt  w 


formally  calculates  the  Mises  equivalent  stress.)  Equating  the  Mises  equivalent  stress, 
&,  Eq.(A.27)  with  the  material  yield  strength,  cyit  and  solving  for  the  radius  yields 

.  _  KK  1 

Tf  <7*JjrcoshJ(jrc)  8  * 

|cos2f(0)  [-3(1  +  cos  20)  —  6esin20  +  (8JD  -  6)e*^#-^  cos0j 
+  sin2f(0)  [3 sin 20  —  6c(cos20  —  1)  —  (8 D  —6 )e**^-r'  sin#] 

+eu(f-*)  J(!_  6cJ)(cos  20  -  1)  +  6c  sin 20  +  (8.D  -  3)]  +  3e^'"#)  J  ,(6) 

where 

D  =  u\  -  ux  +  1  (7) 

and 

f(0)  =  ZK  +  clnrp(0).  (8) 

Here  0  is  the  angle  measured  from  the  interface,  rp(9)  is  the  plastic  zone  radius  from 
the  crack  tip,  and  ZK  is  the  phase  angle  of  the  (complex)  stress  intensity  factor  defined 
with  a  branch  cut  at  0  =  t  such  that  it  >  <£K  >  -ir.  (£K  =  arctan(3K/!RK),  which 
in  the  homogeneous  case,  e  =  0,  reduces  to  =  &ictan(Kn/Kj)).  For  plane  stress 
conditions,  Eqs.(6)  and  (8)  are  still  valid;  however,  Eq.(7)  is  redefined  as  D  =  1  and 
the  plane  stress  value  for  e  must  be  used. 

This  approximation  is  valid  only  when  a  dominant  elastic  crack  field  exists  and  the 
maximum  extent  of  the  plastic  zone  is  small  compared  to  crack  length  (/)  or  other 
characteristic  dimensions  (maximum  rf  <  1).  Further  clarification  will  be  stipulated  in 
section  3.4. 

3  Discussion 

3.1  Mathematical  Considerations 

Several  interesting  mathematical  features  arise  from  Eq.(6).  Foremost,  the  dimension¬ 
less  f  (0)  is  naturally  obtained  in  the  derivation.  It  removes  the  dimensional  problems 
associated  with  assigning  length  units  in  K  definitions  (Rice,  1988)  since  f(0)  is  invari¬ 
ant  as  long  as  rp{6)  and  K  are  expressed  with  the  same  length  units.  Recall  the  generic 

K, 
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K  =  g06Cc",<ln,v^7> 


(9) 


where  g°°  is  the  far  field  load  expressed  as  a  complex  number,  C  is  a  dimensionless 
complex  geometric  constant,  and  l  is  the  characteristic  dimension.  Examination  of 
Eq.(9)  reveals  that  when  different  length  units  are  used  to  express  l ,  the  ZK  changes. 
Eq.(9)  can  be  rewritten  as 

K  =  ||£°°||  x  IICHe^-^v^I,  (10) 

where  ||  jj  denotes  the  magnitude  of  a  complex  expression, 

4>  =  Lg_°°  +  ZC,  (11) 


ZK  =  *-eln/.  (12) 

Substituting  Eqs.(6),  (11),  and  (12)  into  Eq.(8)  yields 

f  w  =  * - ‘i w  + « a  { ;rd|gfrg* <*' e- D' !  ('» }  ■  (13) 

where  g(0,  (0))  is  a  non-dimensional  function.  Using  Eq.(10),  KK  can  be  ex¬ 

pressed  as 

KK  =  ||e“ II’  X  lldl* »/.  (14) 

Furthermore,  Eq.(l3)  can  be  rearranged  and  simplified  by  using  Eq.(14),  and  it  reduces 


(«))}. 


- - ( ef ,  coah(x«)  v  - - 

From  Eq.(15)  it  is  clear  that  f(0)  is  dimensionless  and  independent  of  length  units  used 
to  express  K.  This  is  true  as  long  as  a  single  length  measure  is  assigned  to  all  /  used 
when  evaluating  K  in,  e.g.,  Eq.(10). 

For  a  wide  range  of  engineering  interface  material  properties,  an  angle  $o  exists  for 
which  the  coefficients 

Pi  =  —3(1  +  cos  20)  —  6esin20  +  (8D  —  6)e**^-r^  coe0  (16) 


wt.' 


(17) 


P,  =  3  sin  20  -  6c(cos2 6  -  l)  -  (8 D  -  eje^^sinf, 

which  multiply  the  trigonometric  functions  of  2 f(0)  in  Eq.(6),  are  both  zero.  Alterna¬ 
tively,  a  single  expression  for  determining  0o  is  obtained  by  requiring  the  magnitude  of 
the  coefficient  multiplying  the  term  JJ  in  Eq.(A.22)  to  be  zero.  Thus,  when  0  =  0o, 

4 (8D  -  3cos  0O  ~  6esin0o)  +  (18  -  72c)  cos0o 

+72cJsin20o  +  (82?  —  6)*e4^#0-*’)  +  72cJ  +  18  =  0.  (18) 

Figure  £  shows  the  plane  strain  6q,  numerically  obtained  from  Eq.(18),  for  various  u 
from  0  to  0.5  for  the  complete  range  of  c,  assuming  non-negative  u  in  each  material. 
Note  that,  Bo  is  generally  not  the  same  under  plane  strain  conditions  as  it  is  under 
plane  stress  conditions  since,  under  each  condition  e  and  D  have  different  definitions. 
The  existence  of  0o  indicates  that  radially,  at  angle  0O: 


(a)  Plastic  zone  growth  is  independent  of  the  applied  loading  phase,  ZK. 

(b)  The  elastically-calculated  Mises  equivalent  stress  does  not  oscillate. 

(c)  The  plastic  zone  radius  is  proportional  to  KK. 


Substituting  Eq.(6)  into  Eq.(8),  and  defining  the  SSY  interfacial  load-phase  angle 
(ILPA),  Jo,  as 


£o  —  +  c  In 


KK 

cr*fircoshJ  (ire)  ’ 


(19) 


yields 

fW  =fo  +  €ln  {cos  2$,(0)  [—3(1  4-  coe  26)  —  6c  sin  20  +  (8D  —  6)e**^“^  cos  tfj 
+  sin 2s,(tf)  [3  sin  20  -  6c(cos  20  -  1)  -  (8 D  -  6)e,<^”')  sin  0] 

+e,<(#~')  [(|  -  6cJ)(cos  20  -  1)  -(-  6c  sin  20  +  (81 D  -  3)] 
+3e**(,“#)}  —  e  In  (8) .  (20) 


Eq.(20)  reveals  that  f(tf)  can  be  additively  decoupled  into  a  load-phase  dependent 
quantity,  Sb,  and  a  transcendental  angular  dependent  function.  Alternative  definitions 
of  Sb,  differing  trivially  by  a  pure  constant,  are  possible.  Such  a  constant  could  be 
chosen,  e.g.,  to  approximately  normalize  the  angular  function  to  unity.  Eq.(l9)  is  a 
convenient  expression  for  the  SSY  ILPA  since  it  is  an  explicit  single  term  representing 


the  total  load-phase  angle  and  is  common  in  all  f(0).  The  ILPA  totally  describes  the 
phase  angle  of  the  load  by  summing  the  loading  phase  shift,  which  is  attributable  to  the 
change  in  zone  size  due  to  increases  in  loading,  and  the  load-phase  angle  (ZK). 

Another  useful  expression  is  obtained  by  evaluating  Eq.(20)  at  0  =  fi0,  in  which  case 

f(*o)  =  fo  +  €ln{^(3«J‘('-#°> 

+el*(,o"')  [(^  -  6cJ)(cos  20q  -  1)  +  6€sin20o  +  (8 D  -  3)])  }  .  (21) 

This  expression  may  prove  to  be  beneficial  in  investigating  the  effects  of  various  material 
dependent  parameters,  since  it  does  not  contain  any  radially  oscillatory  terms,  and  it 
represents  a  real  value  of  f(0). 

3.2  Zone  Growth  Considerations 

From  the  above  expressions,  the  overall  plastic  zone  growth  characteristics  with  respect 
to  increasing  applied  load  (K)  during  SSY,  can  be  outlined.  After  sufficient  initial 
loading  has  been  applied  to  produce  a  continuum  size  plastic  zone,  the  expressions 
for  rp  become  valid  and  applicable.  Examination  of  Eqs.(6)  and  (20)  shows  that  zone 
growth  is  quasi-proportional  to  (KR/o*J,  and  that  the  zone  shape  periodically  repeats 
itself  with  every  v  increase  in  ft.  For  (very)  large  cracks,  it  is  possible  that  the  plastic 
zone  may  repeat  its  shape  during  loading.  For  every  discrete  value  of  ft,  a  unique 
zone  shape  and  a  unique  set  of  tractions  along  rp  exist.  Figure  S  shows  the  plastic 
zone  at  various  values  of  ft  for  e  =  .170  and  v  —  .342.  This  suggests  that  ft  uniquely 
describes  the  very  local  crack-tip  fields  within  the  zone  as  long  as  all  previous  loading 
experiences  affect  the  current  plastic  state  in  the  same  manner.  For  the  loading  case 
where  several  cycles  of  ft  have  occurred,  this  would  appear  to  be  true.  Since  two 
loadings  with  unequal  tractions  can  produce  identical  plastic  zones,  {e.g.  ft  =  90°  and 
ft  =  —90°  produce  tractions  with  opposite  signs),  a  full  2 ir  evaluation  of  ft  is  required 
to  determine  all  the  local  fields. 

3.3  Comparisons 

In  the  limiting  homogeneous  elastic  case  («  =  0),  comparison  with  numerical  solutions 
(Shih,  1974)  indicate  that  the  plastic  zone  shape  and  size  for  pure  mode  I  and  mode 
II,  as  well  as  for  various  mixed  modes,  are  recovered.  Comparing  the  approximate 
homogeneous  plastic  zones  with  plastic  zones  numerically  obtained  for  strain  hardening 


material  shows  that  as  the  strain  hardening  exponent,  n,  increases  (strain  <x  (stress)"), 
the  elastic  approximation  overestimates  the  plastic  zone  size  behind  the  crack  tip  and 
underestimates  it  ahead  of  the  crack  tip.  This  is  accompanied  by  slight  distortional 
effects  which  tend  to  rotate  the  strain  hardening  plastic  zone  lobes  toward  the  region 
in  front  of  the  crack  as  compared  to  the  elastic  approximation. 

Figures  4  to  7  show  finite  element  (FE)  calculations  of  SSY  plastic  zones  for  an  in¬ 
terfacial  crack  tip  with  an  elastic/perfectly-plastic  medium  adjoint  to  an  elastic  medium 
(Zywicz,  1988),  and  the  approximate  plastic  zones  for  several  values  of  e,  t'l,  ni,  and 
ZK.  Although  the  precise  shape  is  not  reproduced,  the  general  size  and  distribution  of 
the  lobe(s)  as  well  as  their  position(s)  are  well  represented  by  the  simple  approxima¬ 
tion.  Examining  Figure  5  shows  that  the  size  scale  is  significantly  different  from  that 
of  the  other  figures,  demonstrating  the  accuracy  of  the  approximation  in  predicting 
overall  size.  Figures  4  to  7  represent  the  worst  case  comparisons  since  perfect  plasticity 
formally  represents  a  strain  hardening  exponent  of  n  =  oo.  The  jaggedness  of  the  finite 
element  calculated  plastic  zones  is  attributable  to  extrapolation/appraximation  errors 
and  mesh  discretization.  Thus,  the  jaggedness  should  only  be  interpreted  as  an  artifact 
of  the  discretization  and  plotting  procedure.  Figures  8  and  9  show  FE  calculations  of 
plastic  zones  for  a  Ramberg- Osgood  strain  hardening  material,  with  strain  hardening 
exponents  n  =  3  and  n  =  10,  respectively,  adjoint  to  a  rigid  material  (Shih  and  Asaro, 
1987),  and  the  approximate  plastic  zones  for  several  load  levels.  These  FE  calculations 
were  performed  for  a  Griffith  type  crack,  similar  to  the  one  shown  in  Figure  11,  with 
e  =  .0935,  2 a  =  2m,  and  ux  =  .3,  where  the  stress  intensity  factor  for  the  geometry 
and  loading  is  K  =  1.803o°°e01,01'(m)  i_0  093W.  Here  a°°  represents  the  remote  stress 
normal  to  the  crack  face  (the  o¥¥  stress  as  shown  in  Figure  11),  and  oq  is  the  refer¬ 
ence  stress  (or  yield  stress).  The  overall  sizes  and  shapes  are  well  characterized  by  the 
(asymptotic)  approximation.  As  in  the  homogeneous  case,  when  the  strain  hardening 
exponent  is  decreased,  the  elastic  approximation  becomes  more  precise.  (Recall,  the 
Ramberg-Osgood  material  idealization  produces  a  linear  elastic  response  for  n  =  1.) 
Although  the  plastic  zone  radii  are  not  all  identically  the  same  at  0O>  the  extent  of  the 
plastic  zone  in  the  vicinity  of  9q  is  indeed  approximately  the  same  for  all  loadings  (&)• 

3.4  Valid  Solution  Domain 

The  plastic  zone  approximation  is  based  upon  the  assumption  that  a  dominant  (Williams 
type)  field  exists,  as  defined  in  Eqs.(4)  and  (5),  near  the  crack  tip  and  transitionally 


FE  €=-.07923 

Approximation  cr  =32  MPa 
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along  the  plastic  zone  boundary.  This  section  develops  a  methodology,  based  upon 
exact  elasticity  solutions  for  a  Griffith  crack,  for  determining  approximately  when  such 
a  Williams  type  field  exists,  and  thus  defining  the  valid  domain  for  the  characterization 
of  the  plastic  zone  in  terms  of  ft,  K,  and  material  parameters. 

In  examining  the  exact  elasticity  solution  for  an  interfacial  crack  between  two  semi¬ 
infinite  media  (Rice  and  Sih,  1965),  the  stress  potentials  can  be  additively  decoupled 
into  singular  terms  and  homogeneous  far  field  terms,  and  reduced  to  obtain  the  domi¬ 
nant  asymptotic  potentials.  Consider  $,  the  stress  potential  for  the  Griffith  crack, 
given  by  Rice  and  Sih  (1965)  which  is, 


$  = 


V*2- 

a°° 

+Z«i- 


[{ 

z  +  ay'* 

z  —  a) 

.00 

o°° 

JUL 

1  +  e 


1 2  ire 


+,(r 


J*v 


+  e2«  1  + 


(22) 


Here  the  crack  tips  are  located  at  z  =  ±a ,  and  is  the  far  field  rotation  in  Region  1. 
In  the  region  near  the  crack  tip,  the  stress  potential  can  be  represented  by 


^  S*  $ near 


=  P 


(z  -  t'2ea ) 


(23) 


where 


P  = 


vy 


—  to 


*v 


1  +  e 


2  *t 


(24) 


To  obtain  the  asymptotic  potential,  substitute  z  =  a  +  x  in  to  Eq.(23)  and  assume 
||x||  <  a  which  yields 


$ 


asymp. 


=  P 


o(l  — *2e) 


\/2ax 


=  K 


x~“  1 

yj2rx  1  +  e2” 


(25) 


Using  Eq.(A.23),  Eq.(25)  can  be  shown  to  be  identical  to  Eq.(4). 

By  considering  one  potential  of  the  exact  elasticity  solution  for  a  Griffith  type 
crack,  Eq.(22),  an  error  parameter  can  be  constructed  which  represents  the  discrepancy 
between  the  exact  solution  and  the  (Williams  type)  dominant  asymptotic  solution, 
Eqs.(4)  and  (5).  Normalizing  Eq.(25)  by  the  singular  portion  of  Eq.(22),  Ec.(23), 
yields 


N  = 


^  a«ymp. 


h) 


-l 


(1  +  X) 


S-u 


(26) 
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Here  x  =  z/2a  is  the  normalized  distance  with  respect  to  crack  length,  and  N  represents 
the  portion  of  the  singular  potential  term  represented  by  the  asymptotic  potential,  given 
by  Eq.(25).  Evaluating  Eq.(26)  along  the  interface  at  x  =  0.1  yields  N  =  0.874  for 
e  =  0  while  for  the  extreme  values  e  =  ±0.1748  (positive  i /),  N  =  0.889e±0694\  For 
all  e,  as  x  -*  0,  N  — ♦  1.  This,  in  conjunction  with  the  previous  observations,  indicates 
that  the  asymptotic  expression  reproduces  the  singular  term  reasonably  well  over  the 
entire  domain  where  the  singular  potential  term  dominates.  (From  Eq.(22),  it  can  be 
shown  that  at  x  «  0.13,  the  singular  term  contributes  to  the  total  stress  potential  am 
amount,  equal  in  magnitude,  to  that  of  the  homogeneous  term.  For  ]z|  <  0.13,  the 
singular  portion  dominates.) 

Based  upon  the  previous  discussion,  the  asymptotic  representation,  Eqs.(4)  and  (5) 
or  Eq.(25),  is  representative  in  the  crack-tip  region  where 

^>>•>0.  (27) 

Here  /  is  the  characteristic  dimension.  (Note,  a  slight  modification  has  been  made  for 
convenience,  and  that  is  to  limit  the  domain  to  1/ 10  instead  of  1/8.)  Such  a  conculsion 
is  also  typical  of  homogeneous  crack  solutions. 

A  second  condition  must  also  be  satisfied  if  Eqs.(4)  and  (5)  are  to  depict  the  actual 
dominant  asymptotic  behavior;  namely,  that  any  perturbations  within  the  dominant 
asymptotic  solution  domain  must  be  small  compared  to  that  domain  and  occur  near  the 
crack  tip.  Using  a  St.  Venant’s  type  argument,  this  can  be  expressed  mathematically 
as 


rp*rtwMionmam  —  (28) 

Such  perturbations  could  include  plastic  zones  and  crack-face  contact  and  interpene¬ 
tration,  if  present.  (Note,  Williams  type  fields,  Eqs.(4)  and  (5),  are  based  upon  the 
condition  that  the  crack  faces  are  traction-free.)  Eq.(28)  represents  a  very  conservative 
restriction  and,  depending  upon  the  actual  conditions,  it  may  be  appropriate  to  relax 
it  somewhat. 

The  asymptotic  crack-tip  opening  displacement  (CTOD),  Au,  as  a  function  of  r 
(Hutchinson  et  al.,  1987)  is 


Au(r)  =  u(r,0  =  x)  -  u(r,0  =  — x) 


{Ci  +  Cj)Krt‘v/r 
2v^r(l  +  *2e)  cosh(jre)  ’ 


(29) 


where 
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and  Cj  are  defined  according  to  Eq.(A.7).  Following  Eq.(A.24),  <;  is  introduced  and  is 
defined  as 

f  =  IK  +  clnr.  (31) 

Substituting  Eq.(31)  into  Eq.(29)  yields 

Au(r)  =  (32) 

2\/2jrcosh(jr€)(l  +  i2e) 

Crack  face  interpenetration  occurs  when,  A u„  <  0  =>  3?Au  <  0  or, 

cos  f  +  2e  sin  ?  <  0.  (33) 

The  critical  values  ft,  the  beginning  and  ending  points  of  interpenetration,  occur  when 
cos  ft  +  2e  sin  ft  =  0  (34) 


or, 


(35) 


Note  that  for  the  homogeneous  case,  the  condition  represented  by  Eq.(33)  occurs  any 
time  a  negative  mode  I  loading  is  applied. 

The  previous  condition  on  r,  Eqs.(27)  and  (28),  coupled  with  the  oscillatory  crack 
face  behavior,  can  be  restated  as  valid  solution  domain  conditions  in  terms  of  f  (via 
Eq.(3l)),  K,  and  material  parameters.  Thus,  Williams  type  fields,  Eqs.(4)  and  (5),  will 
exist  transitionally  along  the  plastic  zone  boundary  if  and  only  if 


cos 


?  +  2esinf  >0  (  £>°  *  - 

l  e  <  0  Cmc,  <  i  <  to 


and 


K£ 


<7*#7rcosh1(jre) 


<  .031, 


(36) 


(37) 


where 


ftn*,  =  LK  +  eln(.l/). 


(38) 


The  condition  depicted  by  Eq.(36)  requires  that  no  crack  face  contact  or  interpenetra¬ 
tion  occurs  between  the  plastic  zone  boundary  and  the  maximum  valid  extent  of  the 
dominant  asymptotic  domain.  It  also  assumes  that  the  size  of  the  plastic  zone  along 
the  crack  face  can  be  approximated  by  the  characteristic  length,  KK/<7*4?r  cosh2 (ttc). 
Figure  10  shows  for  plane  strain  the  values  of  f,  as  a  function  of  t,  which  will  not  pro¬ 
duce  crack  face  interpenetration.  For  Eq.(36)  to  be  true,  both  fo  and  ft*,,,  as  well  as  the 
entire  path  which  connects  them,  must  be  in  the  unshaded  region  of  Figure  10.  Note 
that  for  e  =  0  (homogeneous  case)  the  admissible  range  is  |ft|  <  tt/2,  corresponding  to 
K/  >  0. 

Conditions  represented  by  Eqs.(36)  to  (38)  are  necessary,  but  not  sufficient  con¬ 
ditions  for  a  Williams  type  field  to  exist.  Crack  closure  beyond  1/10  is  possible  and 
must  be  ruled  by  other  considerations  such  as  global  geometrical  and  loading  factors 
or  by  other  solutions.  However,  for  a  (remotely  loaded)  Griffith  crack,  Comninou  and 
Schmueser  (1979)  showed  crack  closure  is  continuous  from  the  crack  tip  outwards;  thus 
if  closure  exists  beyond  // 10,  it  will  occur  within  1/10  (with  respect  to  one  crack  tip). 
Henceforth,  Eqs.(36)  to  (38)  axe  also  sufficient  validity  conditions  for  a  Griffith  type 
crack. 

4  Conclusion 

An  approximate  expression  for  the  plastic  zone  around  an  interfacial  crack-tip  has  been 
presented.  It  modestly  reproduced  the  characteristic  size  and  shape,  as  compared  to 
various  precise  numerical  solutions,  with  increasing  accuracy  as  the  strain  hardening 
exponent  approached  unity.  The  overall  crack-tip  plastic  zone  size  was  found  to  be 
quasi-proportional  to  (KS/ff2,).  Plastic  zones  were  found  to  change  shape  with  applied 
load  in  a  periodic  manner  dependent  upon  interfacial  load-phase  angle  (ILPA),  ft.  The 
ILPA  was  identified  as  a  comprehensive  single  load-phase  angle  which  determines  the 
zone  shape  and  tractions  along  the  zone  boundary,  and  may  uniquely  identify  the 
behavior  within  the  zone.  Conditions  for  determining  applicability  of  this  expression 
were  stated  in  terms  of  ft  and  ft**,,  where  ft**  is  dependent  upon  the  characteristic 
length  in  the  problem. 

From  the  previous  derivations  it  appears  that  the  ILPA  (ft),  6,  (possibly  u),  and 
the  magnitude  of  K  (expressed  as  KK  or  J,  where  J  is  the  J- Integral),  are  the  local 
interfacial  fracture  mechanics  variables  needed  to  describe  interfacial  SSY  behavior. 


Following  homogeneous  fracture  mechanics,  it  seems  natural  to  construct  interfacial 
fields  analogous  to  HRR  or  slip-line  fields,  utilizing  the  same  material  idealizations  and 
similar  framework,  but  with  the  degree  of  local  (plastic)  mode  mixity  being  now  depen¬ 
dent  upon  Using  &  and  the  magnitude  of  the  singularity  as  conditions  describing  the 
plastic  zone  boundary,  the  characteristics  deep  within  the  zone  should  be  identifiable. 

To  familiarize  the  readers  with  the  application  of  these  concepts  to  interfacial  frac¬ 
ture  mechanics,  a  hypothetical  example  is  included  in  Appendix  B.  It  demonstrates 
how  to  determine  various  local  crack-tip  quantities. 
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Appendix  A  Mises  Equivalent  Stress  Derivation 


An  asymptotic  expression  for  the  Mises  equivalent  stress  around  an  interfacial  plane 
strain  crack  tip,  as  a  function  of  r  and  0,  is  derived. 

The  general  series  potential  functions  for  an  interface  crack,  as  expressed  by  Rice 
(1988),  are 


<t>\  =  +  2Ctg{z)l[Cl  +  C2), 

(A.1) 

<t>'2  =  ertz~i'uf(z)  +  2  Cig(z)/(Ci  +  C3), 

(A.2) 

n;  =  enz-^J{z)  -  2 C2S{z)/(Ct  +  Cj), 

(A.3) 

and 

n',  =  -  2Ci§(z)/(Ci  +  c,), 

with 

/(*)  =  £ 

n=0 

M  =  £ 

ft=0 

and 

Cj  =  (1  +  «,)//*,.  (A.7) 

Here  Hj  are  the  shear  moduli,  x,  =  3  —  4j/;  for  plane  strain  and  x,  =  (3  —  i/,-)/(l  +  t'y) 
for  plane  stress,  i/j  are  the  Poisson’s  ratios,  and  the  subscripts  1  and  2  refer  to  the 
domains  above  and  below  the  interface,  respectively. 

From  Eqs.(2)  and  (3)  the  individual  stress  components  can  be  expressed  as 


<r„  =  i(B  +  S), 

(A.8) 

°n  =  J  (■*  +  *)  . 

(A.9) 

and 


(A.4) 

(A.5) 

(A.6) 
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°*v  ~  2  A)  ’  (A. 10) 

where 

A  =  (2  -  2)^"  +  £'-»-  n',  (A. 11) 

and 

fl  =  2*'  +  4l  -  Vt  -  (2  -  (A. 12) 

Here  t  =  y/—l  and  a  bar  denotes  the  complex  conjugate.  For  plane  strain  isotropic 
elastic  solids,  the  Mises  equivalent  stress  is 

9*  -  +  an)D  +  +  3o*,,  (A. 13) 

with 

D  =  x/1  -  v  +  1  (A.14) 

and 

F  =  2i/J  -  2*/  -  1,  (A. 15) 

where  t/  is  the  Poisson’s  ratio  of  the  solid.  For  plane  stress  is  fropic  elastic  solids 
Eq.(A.13)  is  still  valid,  but  Eqs.(A.14)  and  (A. 15)  are  redefined  a;  )  =  1  and  F  =  -1, 
respectively.  After  substituting  Eqs.(A.8)  to  (A. 10)  into  Eq.(A.l3)  and  doing  some 
complex  algebra,  Eq.(A.13)  is  written  as 

9 *  =  { {D  -  3 )AA  +  {D  +  3 )AA  +  DBB  +  DBB  +  FAB  +  FAB) .  (A.16) 

Further  simplification  is  obtained  by  using  Eqs.(A.ll)  and  (A.12),  so  that  Eq.(A.16) 
becomes 

d*  =  S  {3(2  -  z){z  -  2)t"V  -  6(2  -  z)<t>"4>'  +  6(2  -  z)tf  Cl' 

+(8 D  -  6)^V  +  (8 D  -  +  3n'fV  -  60'^'}  .  (A.17) 

The  asymptotic  potential  functions  for  the  upper  domain,  Eqs.(4)  and  (5),  are 
obtained  by  considering  the  dominant  term  in  Eqs.(A.l)  and  (A.3)  as  r  — >  0.  At  this 
point  attention  shall  be  focused  upon  the  solution  in  the  upper  domain  since  the  lower 
domain  solution  is  obtainable  by  substituting  -e  for  «.  Differentiating  Eq.(4),  using 
z  —  re'1,  expanding  out  Eqs.(4)  and  (5),  and  defining 
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we  obtain 


(A.19) 
(A. 20) 


n;  =  (A. 21) 

Substituting  Eqs.(A.19)  to  (A.21)  into  Eq.(A.17)  yields 

9 *  =  ±S  { [(—3  —  *6€)(e-<a#  -  1)  -e  +  e^'^CS^-eJ^ostf-isintf)] 

+tf  [e^'-^(l  -  cos20)(^  +  6c2)  -  ^-'>(-3  -  t6c)(e"J#  -  1) 


+e*('-‘r)(8Z?  -  3)  +  3«**<*-#>] }  . 


(A.22) 


The  constant  ao  is  related  to  the  complex  stress  intensity  factor  K  (Rice,  1988)  via 

=  (A'23) 
Defining  f  as 


C  =  IK  +  c  In  r, 

and  using  Eq.(A.18),  we  find 

K& 

jj  -  - -jt— -  (cos2f  -  sin2?) , 

8x  cosh  (xe) 


(A. 24) 


(A.25) 


(A.26) 


8xcosha(xc)  1 

The  complete  expression  for  the  Mises  equivalent  stress  is  obtained  by  substituting 
Eqs.(A.25)  and  (A.26)  into  Eq.(A.22)  and  is 

9*  =  ra,c^h3(f7)  {cos  2f  [-3(1  +  cos  20)  —  6c  sin  20  +  (81?  —  6)ea<^~^  cos  0j 
4- sin  2?  ^3  sin  20  -  6e(cos20  -  l)  -  (8Z?  -  6)ea<<#-T)  sin0] 

J(!  _  6es)(cos  20  -  1)  +  6c  sin  20  +  (81?  -  3)] 
+3e*('-#)}.  (A. 27) 


Appendix  B  Interfacial  Crack  Example 


A  detailed  hypothetical  example  demonstrating  the  procedures  to  characterize  a 
plane  strain  interfacial  Griffith-type  crack  between  1100-0  Aluminum  and  1080  Steel  is 
presented.  The  geometry  considered  is  shown  in  Figure  11,  and  the  material  properties 
are  listed  in  Table  1.  From  Eq.(l),  t  =  .03373.  For  this  geometry,  with  the  appropriate 
oxt.  imposed  such  that  the  interface  remains  straight,  the  stress  intensity  factor  for  the 
right  hand  crack  tip  in  terms  of  the  far  field  stresses  is  (Rice,  1988) 

K  =  (crty  +  iffgp)  (1  +  12c)  (2a) ~u  ^ira. 

The  stress  intensity  factor  for  the  left  hand  crack  tip  is  the  same  as  for  the  right  hand 
crack  tip  because  the  applied  load  is  symmetric.  Substituting  in  for  the  numerical 
values  Oyy  =  1  MPa,  c  =  0.03373,  and  2a  =  0.0508  m  yields, 

K  =  .2831e-00MlwMPa(m)l-00SS73\ 

Using  Eq.(19),  the  ILPA  is  ft  =  -.33982  radians  (-19.47°).  The  characteristic  plastic 
zone  length  KE/o*,?rco8hJ(xe)  =  1.577  x  10~5m.  Evaluating  Eq.(37)  indicates  that 
the  characteristic  plastic  zone  length  is  sufficiently  small  compared  to  crack  length. 
(Alternatively,  from  Eqs.(6),  (19),  and  (20)  the  maximum  size  of  the  plastic  zone  is 
8.88  x  10~®m  and  occurs  at  0  =  122°.  Comparing  rp  to  the  crack  length  gives,  rp/2a  = 
1.748  x  10“4.)  From  Eq.(38),  ft*.  =  —.2113  radians  (—12.11°).  Checking  Eq.(36) 
indicates  that  no  crack  face  interpenetration  is  anticipated.  Thus,  at  this  loading  all 
the  SSY  conditions  and  the  assumption  of  no  crack  face  interpenetration  are  satisfied. 


Material 

M  (GPa) 

V 

Oy ,  (MPa) 

1100-0  Al 

26.1 

.342 

42.f 

1080  Steel 

80.7 

.300 

585. 

Table  1  Material  properties  for  1100-0  Aluminum  and  1080  Steel  (Hertzberg,  1976). 

tBrown  el  al.,  1987. 
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Additional  Discussion 


Several  additional  comments  can  be  made  concerning  the  traction-free  crack-tip  plastic 
zone  approximation.  The  oscillatory  characteristic  plastic  zone  dimension  ( rp )  is  chosen 
to  be  equal  to  KK/oJ,ircoeh1(}re).  This  choice  of  rp  for  the  plastic  zone  size  is  a 
compromise  because  it  roughly  corresponds  to  twice  the  size  of  the  smallest  plastic 
zone  (».e.,  &  »  0°)  and  half  the  size  of  the  largest  plastic  zone  (i.e.,  ft  ±90°).  This 
compromise  in  the  choice  of  rp  affects  the  definition  of  ft,  Eq.(P2.19),  and  the  admissible 
loading  conditions  expressed  in  Eqs.(P2.36)  and  (P2.37).  As  pointed  out  earlier,  th  ; 
precise  additive  decomposition  of  f  into  ft  and  the  transcendental  angular  function  is 
arbitrary.  Altering  the  chosen  characteristic  dimension  rp  only  adds  a  constant  to  ft  for 
fixed  values  of  e.  The  actual  choice  of  ft  appears  rather  insignificant  because  changes 
in  loading  conditions  (i.e.,  altering  the  ratio  of  far-field  shear  stress  to  normal  stress) 
and  zone  growth  show  up  as  relative  changes  in  ft. 

Since  ft  is  used  in  Eq.(P2.36)  to  define  the  extent  of  the  plastic  zone  along  the  crack 
face,  any  overestimation  of  rp  may  allow  elastic  contact  to  occur  between  the  edge 
of  the  actual  plastic  zone  and  the  radius  identified  by  the  (overestimated)  nominal 
plastic  zone.  Based  upon  the  elastic  approximation  for  c  =  0.1748,  the  maximum 
difference  in  ft  between  using  the  characteristic  plastic  zone  dimension  rv  and  the 
maximum  actual  rp(0)  from  the  elastic  approximation  is  less  than  7°.  For  smaller 
magnitudes  of  e,  the  difference  in  ft  is  less.  Additionally,  the  inclusion  of  a  strain¬ 
hardening  material  idealization,  n  >  1,  produces  plastic  zones  which  are  greater  than 
the  elastic  approximation.  For  example,  when  an  elastic/perfectly-plastic  constitutive 
idealization  is  used,  the  maximum  “actual”  plastic  zone  calculated  is  nearly  equal  to 
tp  for  values  of  ft  near  0°.  (See  Figures  P2.6  and  P2.7.)  Thus,  overestimation  of  rp 
may  not  pose  a  problem  in  all  circumstances.  Finally,  when  loading  conditions  produce 
an  elastically  predicted  plastic  zone  size  which  marginally  does  or  does  not  satisfy  the 
non-contact  crack-face  conditions,  Eq.(P2.36),  a  more  accurate  determination  of  plastic 
zone  size  and  actual  contact  length  is  necessary. 
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In  consideration  of  the  actual  plastic  zone  size  predicted  by  the  elastic  approxima¬ 
tion,  the  maximum  plastic  zone  limitation  expressed  by  Eq.(P2.37),  is  not  as  conser- 

Ivative  as  might  first  appear.  The  maximum  size  of  the  plastic  zone  for  Co  —  0°  and 
Co  =  60°,  from  Figure  P2.S ,  is  approximately  0.5rp  and  2rp,  respectively.  Because  little 
difference  exists  between  the  actual  maximum  plastic  zone  size  and  rp,  use  of  rp  is  ac¬ 
ceptable  in  the  condition  requiring  the  plastic  zone  size  be  small  compared  to  the  size 
of  the  zone  where  the  asymptotic  elastic  field  is  valid,  Eq.(P2.37). 

2.2.2  Closed  Frictionless  Crack-Tip  Fields 

Following  the  derivation  of  the  approximate  plastic  zone  for  the  asymptotic  traction- 
free  crack-tip  (Williams  type)  elastic  field,  an  asymptotic  elastic  approximation  for 
the  plastic  zone  around  a  closed  frictionless  crack  tip  between  two  dissimilar  isotropic 
elastic  media  will  be  derived.  From  it,  growth  characteristics  and  validity  conditions 
will  be  obtained  and  expressed  in  terms  of  Kfj,  material  properties,  and  geometry. 

Plastic  Zone  Approximation 

The  problem  considered  here  is  a  planar  interfacial  crack,  as  shown  in  Figure  2.1 , 
whose  constituents  have  shear  moduli  (j  =  1,2)  and  Poisson’s  ratio  Uj.  Note  that 
in  the  definition  of  /?,  the  subscripts  1  and  2  now  refer  to  the  lower  and  upper  material 
domains,  respectively.  Far-field  loads  produce  a  closed  crack-tip  region,  and  the  closed 
crack-tip  field  is  well  characterized  by  the  dominant  asymptotic  stress  field  given  by 
Comninou  (1977a),  Eqs.(2.19)  to  (2.21). 

For  isotropic  linear  elastic  plane-strain  conditions,  the  second  invariant  of  the  stress 
tensor,  the  Mises  equivalent  tensile  stress,  9,  is  expressed  as 

9*  =  (a},.  +  Oft)D  +  {arrOft)F  +  3o*#,  (2.31) 

where,  as  before, 

D  =  v1  -  v  +  1  (2.32) 
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and 


F  =  2i/:  -  2u  —  1. 


(2.33) 


Since  the  stress  field  for  the  upper  region  is  obtained  by  substituting  in  place  of 
“/?”  into  the  expressions  for  the  lower  region,  attention  is  focused  upon  the  lower  region 
only.  Substituting  the  dominant  stress  expressions,  Eqs.(2.19)  to  (2.21),  into  Eq.(2.31) 
yields 

..  /K;,!  Ilf  (1-  /»)*  [3  +  (64D  -  48) ain*  ({)]  +  3  (3  +  0)!  1  ,  . 

9  (  ’*)  \  r  32j  \  +6  (1-0)  (3  +  0)  cob  (28)  ) '(2  34) 

where  /?,  the  Dundurs  constant,  is  given  by  Eq.(2.22).  The  approximate  plastic  zone 
shape  is  taken  to  be  the  locus  of  points  satisfying  0  =  oy,,  where  <rv,  is  the  tensile  yield 
strength  of  the  material.  The  polar  description  of  the  plastic  zone  shape  is  given  by 

r(„|  =  /K«!A}xJ  (1  -  [3  +  («4Z>  -  48) sin*  (|)]  +  3 (3  +  1  ,  . 

-(  )  \  a},  32/  \  +6  (1-0)  (3  +  0)  CO.  (28)  )  1  1 

Here  0  is  the  angle  measured  from  the  intact  interface.  For  plane-stress  conditions, 

Eq.(2.35)  is  still  valid,  but  Eq.(2.32)  is  redefined  as  D  =  1  and  the  plane-stress  value 

for  /?  must  be  used. 

In  deriving  the  plastic  zone  approximation,  Eq.(2.35),  it  is  assumed  that  the  stress 
state  along  the  plastic  zone  boundary  is  completely  characterized  by  the  dominant 
asymptotic  stress  field,  given  by  Eqs.(2.19)  to  (2.21),  and  that  all  other  stress  con¬ 
tributions  are  negligible  compared  to  the  leading  asymptotic  term.  At  the  tip  of  a 
Griffith  crack  loaded  by  remote  tension,  large  normal  interfacial  tractions,  as  high  as 
25  times  the  remote  far-field  tensile  stress,  are  obtained  (Comninou,  1977a;  Gautesen 
and  Dundurs,  1987),  and  the  presence  of  the  normal  interfacial  traction  is  thought  to  be 
attributable  to  the  admissible  constant  stress  field  (A  =  0).  Evaluating  the  dominant 
asymptotic  radial  stress,  Eq.(2.19),  at  9  =  90°,  and  using  the  value  of  K en  for  a  Griffith 
crack  loaded  in  remote  tension,  Eq.(2.29),  the  dominant  asymptotic  stress  component 
behaves  as 


c„{r,6  =  90°)  = 


(2.36) 
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where  2 a  is  the  crack  length.  Assuming  that  the  observed  normal  interfacial  tractions 
represent  the  magnitude  of  the  stress  component  in  the  constant  stress  field,  the 
constant  stress  field  contribution  to  the  overall  stress  field  is  small  for  radial  distances 
yja/r  P,  where  P  is  the  maximum  normal  interfacial  traction  normalized  by  In 
light  of  these  possibly  high  normal  interfacial  tractions,  the  validity  of  Eq.(2.35)  in  SSY 
may  be  limited  to  loadings  where  t/a/r«(0)  >  P,  for  avv  ^  0.  Inclusion  of  the 

A  =  0  term  in  the  description  of  the  crack-tip  fields,  as  described  in  the  homogeneous 
case  by  Larsson  and  Carlsson  (1973)  and  Rice  (1974),  could  significantly  enlarge  the 
range  of  load  amplitudes  for  which  SSY  analyses  remain  accurate. 

Mathematical  Features 

The  mathematical  features  describing  the  plastic  zone  are  relatively  simple  and  straight¬ 
forward,  as  compared  to  those  describing  the  oscillatory  traction-free  crack-tip  plastic 
zone.  Plastic  zone  growth  is  self-similar  with  similarity  length  scale  Kj//cr*,,  and  no 
oscillatory  effects  exist  within  the  plastic  zone  region.  The  plastic  zone  shape  and 
growth  characteristics  for  the  bi-material  closed  crack-tip  solution  are  nearly  identical 
to  the  well  known  homogeneous  mode  II  solution,  and  in  fact,  in  the  degenerate  case, 
0  =  0,  the  asymptotic  homogeneous  mode  II  solution  is  completely  recovered.  Figure 
2.2(a)  shows  the  approximated  plastic  zone  shapes  for  various  values  of  0,  with  fixed 
Poisson’s  ratio,  while  (6)  shows  these  shapes  for  several  values  of  the  Poisson’s  ratio,  for 
0  =  —0.20.  The  approximated  plastic  zone  shape  differs  little  from  that  obtained  in  the 
homogeneous  case,  even  for  the  extreme  cases  of  0  =  ±0.5.  From  Figure  2.2,  it  appears 
that  the  plastic  zone  shape  and  growth  characteristics  are  only  weakly  dependent  upon 
0  and  v. 

Valid  Solution  Domain 

The  plastic  zone  approximation  is  based  upon  the  assumption  that  a  dominant  field, 
as  defined  by  the  asymptotic  expressions  Eqs.(2.19)  to  (2.21),  exists  near  the  closed 


Approximate  Plastic  Zone 

Closed  Crack-Tip  Face 


Figwt  B.S  Approximate  contact  SSY  plastic  zones  [Eq.(2.35)j  (a)  for  various  values  of 
0  with  1/  =  0.342  and  (b)  for  0  =  -0.20  with  v  ranging  between  0  and  0.5. 
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crack  tip  and  transitionally  along  the  plastic  zone  boundary.  For  this  to  be  true,  two 
conditions  must  be  satisfied.  First,  crack-tip  closure  must  exist  and  the  crack-tip  closure 
length  must  be  the  relevant  characteristic  dimension.  Using  the  CTOD  expression  for 
the  oscillatory  stress  field  given  in  Eq.(P2.32),  crack-face  contact  is  estimated,  in  terms 
of  f ,  by  assuming  that  it  occurs  whenever  Auy  <  0  or 

cos?  +  2c  sin  £  <  0.  (2.37) 


The  second  condition  which  must  be  satisfied,  if  Eqs.(2.19)  to  (2.21)  are  to  describe 
the  actual  field  existing  transitionally  along  the  plastic  zone,  is  that  any  perturbations 
within  the  field  must  be  small  and  be  centered  about  the  crack  tip.  Again,  such 
perturbations  include  non-linear  crack-tip  zones.  Using  a  conservative  restriction,  this 
is  mathematically  expressed,  via  a  St.  Venant’s  type  argument,  as 

f'ptrturtationm^m  —  jqq’  (2.38) 

where  6  is  the  length  of  the  closed  crack-tip  face.  The  numerical  value  used  in  Eq.(2.38) 
is  based  upon  the  same  assumptions  as  Eq.(P2.28),  namely  we  suppose  that  the  dom¬ 
inant  asymptotic  solution  is  appropriate  for  radial  distances  r  <  6/ 10  and  restrict 
perturbations  within  this  dominant  field  to  at  moat  —  1/3  of  the  latter  dimension. 
The  characteristic  plastic  zone  dimension  r*  chosen  for  the  closed  crack-tip  model  is 
3K//l/2oJ,,  which  roughly  corresponds  to  the  approximated  maximum  radial  extent  of 
the  plastic  zone. 

The  previous  conditions  of  closure  and  (plastic)  perturbation  zone  length  are  now 
restated  in  terms  of  f.  Closed  crack-tip  fields  exist  transitionally  along  the  plastic  zone 
boundary  if  and  only  if 


cosf  +  2esinf  <  0 


e  >  0  So*  <  f  <  U 
€<0  u  <f  <$$ 


(2.39) 


and 


3K?/*  Z6_ 

2  a\,  ~  100’ 


(2.40) 


where 


3K*  * 

£  =  m  +  <\n(-£n-)  (2.41) 

and 

ft  =  ZK  +  eln($).  (2.42) 

The  conditions  expressed  in  Eq.(2.39)  require  that  continuous  crack-face  contact  exists 
from  the  edge  of  the  plastic  zone  to  the  end  of  the  contact  length.  Eq.(2.39)  assumes 
that  the  plastic  zone,  along  the  crack  face,  can  be  approximated  by  the  closed  crack-tip 
plastic  zone  dimension  r*.  For  a  more  consistent  and  convenient  relationship  in  small 
scale  contact  (SSC),  but  a  somewhat  more  conservative  restriction,  ft  can  be  used  in 
place  of  in  Eq.(2.39).  (SSC  will  be  discussed  in  Section  2.3.)  Use  of  ft  in  SSC  is  more 
conservative  because  the  oscillatory  characteristic  plastic  zone  dimension  rp  is  smaller 
than  the  closed  crack-tip  characteristic  dimension  r',  thus  requiring  that  crack-face 
closure  exist,  theoretically,  deeper  within  the  plastic  zone. 

Comparisons 

Plastic  zones  for  precise  solutions  of  an  elastic/perfectly-plastic  material  idealization 
and  for  the  elastic  approximation  correlate  reasonably.  The  location  of  yielding  integra¬ 
tion  points,  obtained  from  a  finite  element  calculation  for  an  elastic/perfectly-plastic 
medium  bonded  to  a  rigid  medium,  and  the  associated  approximated  plastic  zone  are 
shown  in  Figure  2.8  for  a  closed  interfacial  crack  tip.  In  the  figure,  the  yielding  points 
near  the  crack-tip  are  not  plotted.  The  approximation  does  not  reproduce  the  exact 
shape,  but  the  general  size  and  distributions  of  the  various  features  are  well  repre¬ 
sented.  The  scale  of  this  figure  shows  that  the  closed  crack-tip  characteristic  plastic 
zone  dimension  of  r*  =  3KJ/*/2o*#  is  indeed  appropriate.  Since  perfect  plasticity  for¬ 
mally  represents  a  strain  hardening  exponent  of  n  =  oo,  Figure  2.8  depicts  a  “worst 
case”  comparison.  As  observed  previously  in  the  traction-free  crack-tip  case,  an  elas¬ 
tic  approximation  increasingly  overestimates  the  plastic  zone  behind  the  crack  tip  and 
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underestimates  the  plastic  zone  size  ahead  of  the  crack  tip  as  the  strain  hardening 
exponent,  n,  increases  [  strain  a  (stress)"].  For  materials  with  smaller  values  of  n,  the 
discrepancy  between  the  elastic  approximation  and  the  exact  solution  should  be  less. 

Contact  Length  Approximation 

At  this  point  no  attention  has  been  given  to  determining  the  exact  length  of  the  contact 
zone,  6.  An  estimation  of  6  can  be  made  using  the  definition  of  f,  Eq.(P2.31),  and  the 
critical  value  3,  Eq.(P2.34),  which  represent  the  beginning  and  ending  points  of  inter¬ 
penetration.  By  setting  ?  =  3  and  assuming  contact  occurs  any  time  interpenetration 
is  predicted,  the  contact  length  is  estimated  to  be 

6  =  exp  | tan-1  ^  +  rnr  -  ZK  jl ,  (2.43) 

where  m  is  an  integer  determining  the  branch  cut  used  for  the  tan-1  function,  which  is 
obtained  by  considering  the  sign  of  €  and  the  length  of  6.  Verification  of  the  branch  cut 
can  be  made  by  checking  if  ft  satisfies  the  contact  closure  conditions  given  in  Eq.(2.37). 

Conclusion 

An  asymptotic  planar  approximation  for  the  plastic  zone  around  an  interfacial  crack  tip 
with  closed  frictionless  crack-tip  faces  has  been  presented.  This  approximation  captures 
the  general  plastic  zone  characteristics  with  increased  accuracy  as  the  strain-hardening 
exponent  approaches  unity.  Under  SSY  assumptions,  plastic  zone  growth  was  found 
to  be  proportional  to  the  characteristic  plastic  zone  dimension  3Kjj2/2oJ#,  and  the 
plastic  zone  shape  was  uniquely  determined  by  the  bi-material  constant  c,  expressed  in 
an  alternative  fashion  as  0,  and  the  Poisson's  ratio  of  the  yielding  material.  Conditions 
for  determining  the  applicability  of  this  plastic  zone  expression  and  for  approximating 
the  crack-tip  closure  length  6  were  derived  from  the  traction-free  crack-tip  model. 

Explicit  conditions  for  the  existence  of  closed  crack-tip  zones  and  their  associated 
inelastic  crack-tip  behavior  were  assembled.  However,  no  analytical  relation  between 
K eri  and  the  far-field  loads  or  K  was  made.  This  means  that  for  a  particular  geometry, 


the  characteristic  crack-tip  field  is  identifiable,  but  the  magnitude  and  extent  of  any 
non-linear  behavior  can  not  be  quantified.  Thus,  the  precise  conditions  necessary  for 
SSY  for  a  particular  geometry  were  not  determined.  (Section  2.3  formulates  explicit 
relationships  between  K //  and  K  for  a  limited  subset  of  loading  conditions  for  which 
SSC  exists.) 

Based  upon  this  derivation,  it  appears  that  the  governing  local  interfacial  fracture 
mechanics  variables  needed  to  investigate  SSY  behavior  for  closed  crack-tip  faces  are  e 
(or  0),  the  ILPA  (ft),  the  magnitude  of  K|/,  and  possibly  u.  Because  the  magnitude 
of  KetJ  enters  only  in  determining  the  plastic  zone  size  and  appears  as  Kf/*,  it  can 
be  replaced  by  J,  where  J  is  the  value  of  the  ./-Integral.  Using  the  same  parametric 
framework  assembled  here  to  approximate  the  plastic  zone  and  the  conditions  along 
the  plastic  zone  boundary,  the  SSY  behavior  deep  within  the  plastic  zone  should  be 
addressable. 

2.3  Small  Scale  Contact 

Thus  far  the  traction-free  crack-tip  model  and  the  closed  crack-tip  model  have  been 
analyzed  separately.  There  exist  circumstances  for  which  the  elastic  (and  plastic)  closed 
crack-tip  model  exists  embedded  within  the  traction-free  crack-tip  model.  Under  the 
appropriate  loading  conditions,  the  crack-face  contact  is  appropriately  small  such  that 
the  traction-free  crack-tip  model  describes  the  fields  within  a  small  proximity  near  the 
crack  tip.  The  actual  asymptotic  crack-tip  fields  are  defined  by  the  closed  crack-tip  face 
model.  Separating  the  two  crack-tip  models  is  a  boundary  layer  which  transmits  the 
surrounding  traction-free  crack-tip  stress  field  as  “pseudo  far-field”  loads  to  the  local 
closed  crack-tip  model.  This  section  formally  addresses  small  scale  contact  (SSC)  and 
the  correspondence  of  the  various  individual  model  parameters  for  such  a  circumstance. 
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2.3.1  Loading  Restrictions  for  SSC 


The  requirements  for  SSC  are  that  the  elastic  oscillatory  traction-free  crack-tip  field 
exists  in  a  region  surrounding  the  crack  tip  and  that  the  resulting  contact  is  small 
compared  to  the  distance  over  which  that  the  oscillatory  elastic  field  dominants.  It 
was  established  in  Section  P2.3.4  Eqs.(P2.26),  that  the  asymptotic  oscillatory  elastic 
field  represents  the  actual  crack-tip  behavior  for  radial  distances  r  from  the  crack  tip 
[Eq.(P2.27)j  such  that 


^ptrturktimaM  ^  **  <  // 10, 


(2.44) 


where  /  is  the  characteristic  geometric  length  dimension  in  the  problem.  Eq.(2.44)  is 
applicable  if  all  perturbations  within  the  crack-tip  vicinity  are  small.  Expressing  this 
perturbation  limit  in  terms  of  the  contact  length  size  6 ,  yields 


i<2L. 

~  100 


(2.45) 


The  previous  SSC  conditions,  Eqs.(2.44)  and  (2.45),  are  now  restated  in  terms  of  f, 
K,  and  the  material  properties.  First,  no  (additional)  contact  may  exist  from  the  end 
of  the  contact  zone,  r  =  6,  to  the  outer  edge  of  the  oscillatory  field,  r  =  1/ 10.  Using 
the  definition  for  the  value  of  f  at  the  outer  edge  of  the  elastic  field,  [Eq.(P2.38)j, 
and  the  definition  of  f  at  the  end  of  the  contact  length,  u  [Eq.(2.42)],  SSC  exists  if  and 
only  if 


if  +  2esinf  >  0  (  *  <  f  <  ft 

(  f  ^  0  ft  f  ^  fmaii 


(2.46) 


and  Eq.(2.45)  is  satisfied.  Although  multiple  crack-tip  contact  zones  do  not  actu¬ 
ally  occur  [Shield  (1982)  showed  that  Comninou’s  solution  for  the  contact  length  was 
unique.],  the  approximate  asymptotic  expression  for  Au,  Eq.(P2.32),  predicts  multiple 
contact  zones  as  r  — ♦  0,  and  thus  Eq.(2.46)  is  a  necessary  mathematical  condition  when 
Eq.(P2.32)  is  used  as  a  closure  criterion. 

Within  the  framework  of  SSC,  the  admissibility  of  SSY  is  not  excluded.  The  SSY 
requirements  established  for  the  general  closed  crack-tip  model  must  be  met  in  addition 


to  the  SSC  requirements.  (».«.,  The  characteristic  plastic  zone  size  r‘  must  be  small 
compared  to  the  contact  length  6 ,  Eq.(2.40).j  For  SSY  to  exist  during  SSC,  Eqs.(2.40), 
(2.45),  and  (2.46)  must  all  be  satisfied.  Using  the  relationship  between  K 7/  and  K 
derived  in  the  next  section,  the  characteristic  plastic  zone  sizes  in  SSC  are  related  to 
one  another  by  r*/rp  =  (3/2)  cosh*  (ttc).  Also,  for  SSY  in  SSC,  the  maximum  difference 
between  $,  Eq.(2P.19),  and  Eq.(2.41),  is  less  than  T. 

2.3.2  Correspondence  of  K/7  to  K 

Unfortunately,  since  the  singular  integral  formulation  presented  by  Comninou  cannot 
be  totally  evaluated  in  closed  form,  no  connection  between  the  elastic  K  and  K7/  has 
been  made,  under  any  conditions.  However,  for  a  Griffith  crack  under  far-field  tensile 
stress,  KJ,  can  be  directly  related  to  K  by  using  the  exact  solution  of  Gautesen  and 
Dundurs  (1987),  Eq.(2.29),  and  the  expression  for  K  from  Table  2.1.  Solving  for 
from  the  stress  intensity  factor  K  and  substituting  it  into  Eq.(2.29)  results  in 

kJT7(m"  (2o)m  _ 

K»s  ->(1 +ao  ***'&&*,  (2.47) 

for  0  <  0  <  0.5.  [The  predicted  contact  length  6  for  this  geometry  is  6 /2a  <  1.2  x  10-4 
(England,  1965;  Comninou,  1977a),  thus  SSC  conditions  exist  for  this  geometry.] 
Connections  between  the  elastic  K  and  K7/  can  be  made  for  other  SSC  cases  by 
taking  advantage  of  the  path  independent  nature  of  the  /-Integral  (Rice,  1967).  For 
the  Griffith  crack  geometry  it  has  been  shown  that,  with  sufficient  loading  to  produce  a 
small  contact  zone  compared  with  crack  length,  the  oscillatory  stress  field  is  recovered 
sufficiently  far  away  from  the  contact  zone  (Comninou,  1977a;  Atkinson,  1982);  ».e., 
SSC  conditions  exist.  Since  both  crack-tip  models  have  path-independent  /-Integrals 
and  both  fields  dominate  over  some  distance,  a  direct  evaluation  of  K7/  is  obtainable 
from  K  by  evaluating  the  /-Integral  in  regions  where  each  model  is  dominant,  and 
equating  them.  Recall  that  for  elastic  materials  the  /-Integral  is  equal  to  the  energy 
release  rate  §.  After  some  manipulation  of  material  constants,  the  energy  release  rate 
given  by  Comninou  (1977a)  for  the  closed  crack-tip  face  model,  is 


(2.48) 


q  _  ^llJL  (fii + 

16coshJ(jrc) 

Recalling  the  energy  release  rate  given  by  Rice  (1988)  for  the  traction-free  crack-tip 
model,  Eq.(2.16),  and  assuming  that  such  a  crack-tip  configuration  as  just  described 
exists,  we  find  that  for  SSC 


(2.49) 


where  the  sign  of  Ken  must  be  determined  by  other  conditions.  [See  discussion  following 

Eq.(2.22).] 

To  verify  Eq.(2.49),  the  Griffith  crack  described  above  was  considered.  The  stress 
intensity  factor  K$,  was  evaluated  by  Eq.(2.29)  and  then  used  to  calculate  the  energy 
release  rate  via  Eq.(2.48).  Simultaneously,  K  was  evaluated  using  its  value  for  a  Griffith 
crack  from  Table  2.1 ,  and  then  the  energy  release  rate  was  calculated  with  Eq.(2.16). 
The  two  energy  release  rates  were  identical,  proving  that  Eq.(2.49)  was  indeed  correct 
for  a  Griffith  crack  in  SSC. 

Using  this  approach,  a  generalization  of  Eq.(2.47)  to  include  far-field  shear  loading 
of  a  Griffith  crack  in  SSC  is  made.  First,  all  assumptions  regarding  SSC  must  be  met. 
Using  Eq.(2.49)  and  the  value  of  K  for  a  Griffith  crack  from  Table  2.1 ,  the  closed 
crack-tip  stress  intensity  factor  for  the  right  hand  crack  tip  of  a  Griffith  crack  in  SSC 
is 


K h  =  +  x  (1  +  4**)  «•  (2-50) 

The  sign  of  Kjj  is  determined  using  the  conditions  for  compressive  normal  crack-face 
tractions  on  the  right  hand  crack  tip  of  a  Griffith  crack,  namely  K //  <  0  for  e  >  0  and 
K//  >  0  for  €  <  0.  Observe  that  for  o*  =  0,  Eq.(2.50)  reduces  to  Eq.(2.29).  Verification 
that  the  contact  zone  length  is  small  compared  to  crack  length  is  done  by  using  the 
approximation  for  6,  Eq.(2.43),  and  the  contact  conditions  given  by  Eq.(2.39). 

Unfortunately,  due  to  the  non-uniqueness  in  defining  ZK,  obtaining  K  from  from 
K/7  is  not  as  simple.  If  KeIt  and  6  are  known  and  6 /2a  is  “small,”  K  can  be  estimated 


by  determining  |jK||  from  Eq.(2.49)  and  by  determining  ZK  by  inverting  Eq.(2.43). 
For  certain  geometries,  K  can  be  estimated  at  one  crack-tip,  and  then  inferred  values 
of  K  for  the  other  crack-tip  can  be  obtained  by  consideration  of  the  stress  intensity 
factor  for  that  geometry.  However,  further  work  on  closed  form  definitions  of  (K//t  6) 
will  allow  for  more  complete  relationships  between  Kfj  and  K. 

Finally,  due  to  the  unfortunate  numbering  of  material  domains  describing  0  in  the 
closed  crack-tip  face  model  and  e  in  the  traction-free  crack-tip  model,  various  minus 
signs  may  enter  into  the  analytical  solution  when  converting  from  one  model  to  the 
other.  Extreme  caution  must  be  used  to  prevent  accidental  sign  errors,  as  the  author 
discovered. 

2.3.3  Accuracy  of  Contact  Length  Estimation 


This  section  considers  the  accuracy  of  the  asymptotic  prediction  for  crack-face  contact, 
as  expressed  by  Eqs.(P2.33),  (2.37),  and  (2.43).  Using  the  stress  intensity  factor  K  for 
a  Griffith  crack  (geometry  and  loading)  from  Table  2.1,  Eq.(P2.33),  and  the  condition 
represented  by  Eq.(P2.35),  the  crack-face  contact  length  for  the  right  hand  crack  tip, 
normalized  by  crack  length,  is  given  by 


2a  =  eX*> 


{mir  +  0) 

<  I’ 


(2.51) 


where 


tan^  =  5?  (~T  <^><\^  (2-52) 

and  m  is  an  integer.  The  actual  branch  cut,  which  determines  the  value  of  m,  is 
obtained  by  considering  the  sign  and  magnitude  of  0  and  c,  and  the  range  of  6 /2a  of 
the  crack  tip  being  investigated.  (The  restriction  on  admissible  values  of  0  is  chosen 
so  that  approximately  |ZK|  <  x.)  Figure  2.4  shows  the  crack-tip  contact  length  for 
c  =  -0.1748  {0  =  0.5),  as  a  function  of  p  \p  =  (2/x)  tan“l(a®/<7~)]  for  the  asymptotic 
traction-free  crack-tip  approximation  (with  branch  cut  m  =  0)  and  for  Comninou’s 
solution  (Comninou  and  Schmueser,  1979).  Agreement  between  the  two  solutions  is 
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Crack— Face  Contact 

Right  Crack  Tip 
e=-0.1748  (/?= 0.5) 


p=(2/n)tan  (cr  ~/cr  ") 


Figure  2.4  Normalized  crack-face  contact  length  6 /2a  for  the  right  hand  crack-tip  of  a 
Griffith  crack  geometry  with  far-field  positive  shear  (<7~)  and  tensile  normal  (o“) 
loads.  The  solid  line  is  the  back  extrapolated  contact  length  from  the  traction-free 
crack"l*P  model  [Eq.(2.37)j  and  the  dashed  line  is  the  solution  the  for  frictionless 
closed  crack-tip  model  from  Comninou  and  Schmueser  (1979). 
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clearly  sufficient  to  justify  using  the  approximation  for  p  <  0.85.  Since  the  asymptotic 
expression  Eqs.(2.43)  and  (2.51)  overestimate  the  contact  length,  the  validity  condition 
represented  in  Eq.(P2.33)  is  also  conservative  with  respect  to  crack-face  contact. 

Based  upon  the  previous  comparison,  the  contact  length  approximations,  Eqs.(2.43) 
and  (2.51),  yield  reasonable  results  for  e  =  —0.1748  when  0  or  $  (4  =  {tan-1(l/  — 
2e)  +  mr  —  ZK  —  eln (/)})  are  greater  than  0.24  (13.5°).  For  this  range,  the  previous 
comparison  shows  that  the  predicted  contact  length  only  overestimates  the  “actual” 
contact  length  by  less  than  a  factor  of  two.  For  values  of  $  and  less  than  0.24, 
closure  length  predictions  for  c  =  -0.1748  are  no  longer  reasonable.  However,  for  $ 
and  V'  less  than  0.24  and  e  =  -0.1748,  a  minimum  contact  length  of  6/2a  =  0.13 
exists.  For  e  =  -fO.1748  with  branch  cut  m  =  —  1,  $  and  rjj  must  be  greater  than 
-0.24  (—13.5°)  in  order  for  Eqs.(2.43)  and  (2.51)  to  yield  reasonable  overestimated 
contact  lengths  (within  a  factor  of  two).  As  the  magnitude  of  the  bi-material  constant 
e  approaches  zero,  the  minimum  (or  maximum)  angles  of  $  and  0,  for  which  reasonable 
overestimated  contact  lengths  are  obtained,  also  approaches  zero.  If  loading  conditions 
produce  a  plastic  zone  size  which  marginally  violates  or  satisfies  the  restriction  given  by 
Eq.(P2.36)  or  Eq.(2.39),  or  the  contact  conditions  in  Eqs.(2.45)  and  (2.46),  more  precise 
solutions  for  6  should  be  consulted,  e.g.,  Comninou  (1977a,  1978)  and  Comninou  and 
Schmueser  (1979). 

2.3.4  SSC  Summary 

Explicit  conditions  which  produce  SSC  were  formally  identified  in  terms  of  f,  K,  and 
material  properties.  Under  SSC  conditions,  an  explicit  relationship  between  the  closed 
crack-tip  face  stress  intensity  factor,  K}It  and  the  traction-free  crack-tip  stress  intensity 
factor,  K,  was  derived  for  a  specific  geometry.  Based  upon  equal  energy  release  rates, 
a  more  general  extension  of  this  relationship  was  given.  Finally,  the  accuracy  of  the 
predicted  contact  length,  in  terms  of  the  oscillatory  traction-free  crack-tip  field,  was 
compared  against  that  of  precise  full-field  closed  crack-tip  solutions.  This  comparison 
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identified  the  loading  range  for  which  the  contact  length  approximation,  Eq.(2.43),  was 
sufficiently  accurate  to  provide  useful  results  and  define  SSC. 

2.4  Overview 

2.4.1  Load  Map 

To  help  visualize  when  crack-tip  conditions  exist  for  each  model,  with  or  without  plas¬ 
ticity,  consider  the  load  map  shown  in  Figure  2.5  (conceived  by  Prof.  D.  M.  Parks). 
This  map  denotes  the  various  model  domains  for  the  right  hand  crack  tip  of  a  Griffith 
crack  geometry,  as  a  function  of  the  far-field  loading  combinations.  The  appropri¬ 
ate  crack-tip  model  for  monotonically  and  proportionally  increasing  far-field  loads  is 
obtained  by  constructing  a  ray  from  the  origin  the  desired  load  point.  For  all  load 
excursions  which  terminate  in  the  SSY  traction-free  crack-tip  domain,  an  undefined 
intermediate  state  exists  when  the  plastic  zone  rt  is  less  than,  but  nearly  the  same  size 
(order  of  magnitude)  as,  the  contact  length  dimension  6.  The  crack-tip  beha\  ior  in  this 
intermediate  state  is  not  defined  by  either  model.  Although  not  clearly  visible  in  Figure 
2.5 ,  all  traction-free  crack-tip  loadings  produce  SSC  unless  plasticity  is  included. 

In  the  load  map,  the  loadings  which  produce  acceptable  SSY  conditions  are  those 
contained  within  the  rp/2o  =  0.03  circle.  The  line  separating  the  SSY  traction-free 
crack-tip  region  from  the  intermediate  undefined  region,  rp  =  36,  is  the  locus  of  points 
producing  plastic  zones  three  times  larger  than  the  accompanying  elastically  predicted 
contact  length.  The  corresponding  boundary  of  the  closed  crack-tip  SSY  region  is 
defined  by  the  r*/2o  =  0.03  circle,  where  r*  is  approximated  by  rp,  and  the  rp  =  0.36 
line.  (The  closed  crack-tip  boundary  is  defined  by  rv  =  0.3 6  instead  of  rp  =  0.036,  as 
suggested  by  Eq.(2.40),  because  Kj;  is  not  explicitly  known  nor  is  the  extent  that  the 
K}/- field  represents  the  far  field  solution  known.)  Between  the  rp  =  36  and  rp  =  0.36 
lines  is  an  “uncertain”  region  where  it  is  unclear  whether  sufficient  plastic  deformation 
would  occur  under  the  dominance  of  either  elastic  crack-tip  model. 

The  precise  location  and  distribution  of  each  sector  in  the  load  map  is  significantly 
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influenced  by  the  value  of  e.  For  smaller  magnitudes  of  e,  the  family  of  boundary- 
contact  lines  compress  toward  the  abscissa,  eventually  coinciding  there  for  c  =  0.  For 
positive  values  of  e,  the  family  of  boundary-contact  lines  appear  as  mirrored  reflections 
across  the  ordinate  axis.  For  all  values  of  e,  the  SSC  region  is  a  very  small  subset  of 
the  closed  crack-tip  domain  with  the  SSC  SSY  domain  being  even  smaller. 

The  load  map  is  constructed  in  the  following  manner.  The  characteristic  plastic  zone 
size  rp  is  obtained,  as  a  function  of  far-field  load,  by  substituting  the  stress  intensity 
factor  for  the  Griffith  crack,  from  Table  2.1 ,  into  the  characteristic  plastic  zone  size 
rp  =  KK / <r*tir  cosh*  (ire) .  This  yields 


Ip  =  ( 

2a  \a»tJ  )  2 cosh* (ire) * 


(2.53) 


To  maintain  SSY  conditions  Eq.(P2.37)  requires  rp  <  0.032a.  The  set  of  points  which 
satisfy  Eq.(2.53)  when  rp/2a  =  0.03  defines  the  SSY  limit,  to  within  the  approximation 
that  rp  can  be  used  to  define  the  maximum  extent  of  the  plastic  zone.  The  boundary 
lines  are  obtained  by  determining  the  appropriate  loads  which  produce  a  characteristic 
plastic  zone  size  /  times  the  contact  length  ( rp/2a  =  f  x  <5 /2a),  for  a  fixed  ratio  of 
Using  the  contact  length  approximation  for  a  Griffith  crack,  Eq.(2.51),  and 
Eq.(2.52),  the  equation  describing  the  boundary  lines  is  given  by 
2/coshJ(ire) _ \mir  +  rl>\  (<rZ\3,(c%V 


;S3M=Ti)  -  (SHS)'- 


(2.54) 


In  Figure  2.5  the  branch  cut  is  chosen  to  be  zero  since  e  <  0. 

It  was  noted  by  Rice  (1988)  that  for  a  Griffith  crack,  the  behavior  at  the  left  hand 
crack  tip  with  negative  applied  shear  stress  is  identical  to  that  at  the  right  hand  crack 
tip  when  an  equivalent  positive  shear  stress  and  normal  stress  is  applied.  By  considering 
the  work  of  Comninou  and  Schmueser  (1979)  and  the  observation  made  by  Rice,  it  is 
concluded  that  for  e  <  0  the  contact  length  at  the  right  hand  crack  tip,  6r,  decreases  as 
negative  shear  stress  is  applied,  but  the  left  hand  crack-tip  contact  length,  Si,  increases. 
This  increase  in  Si  reduces  the  actual  open  crack  length  to  an  effective  crack  size  of 
2a,//  =  2a  —  Si.  The  (modified)  SSY  boundary  for  aty  <  0  shown  in  Figure  2.5,  is 
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constructed  by  determining  the  locus  of  points  which  satisfy  rp/2atff  =  0.03.  [When 
<7™  <  0,  the  value  of  6  used  is  based  upon  the  more  precise  values  of  Comninou  and 
Schmueser  (1979).]  Additionally,  when  o*v  =  0  and  avv  <  0,  the  crack  is  completely 
closed  and  no  singularities  exist  at  either  crack  tip. 

Finally,  in  constructing  the  load  map,  10®  was  added  to  the  actual  value  of  0  used  in 


Eq.(2.54)  to  calculate  6 /2a.  For  small  angles  of  0,  the  additional  10°  produced  contact 
lengths  which  were  closer  to  those  determined  by  Comninou  and  Schmueser  (1979)  and 
allowed  for  a  better  representation  of  the  closed  crack-tip  and  SSC  boundaries.  For 
large  angles  of  0,  no  noticeable  effects  were  produced  in  the  load  map  because  of  the 
actual  size  of  6/ 2a. 


2.4.2  Conclusion 


From  examination  of  the  elasticity  solutions  for  the  two  crack-tip  models  considered 
and  the  load  map,  it  is  evident  that  a  single  crack-tip  model  is  not  completely  capable 
of  capturing  the  linear  elastic  portion  of  crack-tip  behavior  under  arbitrary  loading 
conditions.  Rather,  one  must  first  identify  the  relevant  characteristic  dimensions  in 
the  problem;  i.e.  crack  length,  contact  length  and  plastic  zone  size,  and  then  choose  a 
model  which  gives  the  correct  physical  interpretation  on  these  size  scales.  As  pointed 
out  earlier,  both  models  produce  physically  unrealistic  predictions  when  extrapolated 
outside  their  applicable  (linear  elastic)  domain.  For  example,  under  the  appropriate 
far-field  loads,  the  traction-free  crack-tip  solution  produces  crack-face  interpenetration. 
Additionally,  singularities  exist  at  the  crack  tip  in  both  models,  clearly  invalidating 
their  linear  elastic  material  assumptions  in  the  very  near  crack-tip  region;  i.e.,  isotropic 
linear  elastic  material  response,  small  strains,  and  small  rotations.  Obviously  additional 
crack-tip  models  are  necessary  to  bridge  the  gap  between  these  two  elasticity  models, 
such  as  closed  crack-tip  models  with  crack-face  friction,  as  well  as  other  models  which 
incorporate  more  physically  realistic  material  idealizations. 

At  this  juncture,  plastic  zone  growth  for  two  continuum  crack-tip  models  has  been 
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investigated  by  using  elastic  approximations  for  the  plastic  zone.  Loadings  have  been 
only  loosely  restricted  to  those  which  produce  a  plastic  zone  that  is  small  compared  to 
the  next  relevant  characteristic  dimension  {t.g.,  contact  length  or  crack  length)  in  the 
problem  and  to  those  which  have  crack  faces  continuously  apart  or  in  continuous  contact 
from  the  plastic  zone  edge  to  the  end  of  the  next  relevant  characteristic  dimension. 
(Henceforth,  the  set  of  admissible  planar  interfacial  cracks  is  limited  to  those  which 
fit  the  two  models  discussed.)  Plastic  zone  size,  shape,  and  growth  characteristics, 
with  respect  to  applied  increasing  loads,  have  been  identified  and  parametrized  into 
convenient  dimensional  and  dimensionless  quantities.  In  terms  of  these  quantities, 
explicit  conditions  which  approximately  determine  the  applicability  of  each  model  have 
been  given.  In  fact,  these  models  remain  appropriate  outside  their  identified  domains 
providing  the  underlying  conditions  on  which  the  governing  assumptions  are  based 
(».«.,  contacting  or  traction-free  crack-tip  faces),  are  not  violated.  Since  the  validity 
conditions  are  based  upon  asymptotic  or  approximate  formulae,  certain  geometries  may 
warrant  more  precise  analyses. 

The  elastically-calculated  yield  zone  and  associated  inelastic  characteristic  lengths 
are  based  on  a  Mises  yield  criterion,  but  the  mathematical  approach  of  determining 
the  loci  of  points  in  an  elastic  field  which  satisfies  a  yield  criterion  is  not  limited  to 
the  Mises  criterion.  Any  other  yield  criteria,  such  as  the  single  crystal  Schmid  criteria, 
the  generalized  (anisotropic)  Hill  criterion,  or  pressure  sensitive  transformation  criteria, 
that  describes  the  initiation  of  an  inelastic  deformation  mechanism,  like  transformation 
plasticity,  micro-cracking,  single  crystal  slip,  and  Coulomb  friction  controlled  sliding  (in 
granular  materials),  can  be  used  to  estimate  the  extent  of  non-linear  behavior  contained 
in  an  elastic  field  and  qualitatively  correlate  far-field  and  local-field  quantities.  This 
approximate  approach  may  be  quite  useful  in  investigating  other  phenomena  like  bi¬ 
crystal  grain  boundaries,  micro-delamination  or  damage  in  fiber  reinforced  composite 
laminates,  and  any  other  system  where  difficulties  arise  in  precisely  determining  the 
complete  exact  response. 


86 


Chapter  3 

Description  of  Solution  Technique 


In  this  chapter,  the  individual  components  which  are  assembled  together  to  solve  the 
BV  problem  outlined  in  Chapter  1  are  described.  The  first  section  discusses  the  numer¬ 
ical  model  in  terms  of  imposed  boundary  conditions,  elastic  and  plastic  domains,  and 
the  governing  global  variational  principle,  along  with  modeling  simplification-reduction 
techniques.  The  second  section  presents  the  elastic/perfectly-plastic  constitutive  rela¬ 
tionship  along  with  discussion  concerning  notation,  kinematics,  and  the  constitutive 
integration  operator  used.  The  final  section  discusses  the  details  of  the  actual  finite 
element  (FE)  procedures  and  meshes  used  for  each  of  the  crack-tip  models. 

3.1  Crack-Tip  Model  Formulation 

The  asymptotic  local  crack-tip  behavior  of  all  numerical  models  are  numerically  inves¬ 
tigated  using,  to  some  extent,  the  FE  approach  proposed  by  Hilton  and  Hutchinson 
(1971)  for  cracks  in  homogeneous  media.  Consider  the  schematic  crack-tip  region  shown 
in  Figure  S.l.  Near  the  crack  tip,  as  compared  to  the  characteristic  geometric  dimen¬ 
sion,  unique  “K”-fields  emerge,  that  asymptotically  describe  the  elastic  stress,  strain, 
and  displacement  fields  (within  the  limits  outlined  in  Section  2.2).  The  core  region  is 
defined  to  lie  within  r°°  such  that  the  value  of  K,  along  with  Eqs.(P2.2)  to  (P2.5),  or 
the  value  of  K|f,  along  with  Eqs.(2.19)  to  (2.21),  completely  characterizes  the  linearly 
elastic  fields  in  the  region  enclosed  by  Too.  The  core  region  is  then  extracted  by  cutting 
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Figure  S.l  Schematic  bi-material  interfacial  crack-tip  region,  showing  core  region  and 
domain  numbering  convention. 


Figure  S.B  Schematic  traction-free  bi-material  interface  crack-tip  core  region,  including 
the  elastic  (£)  and  plastic  (5)  domains  and  the  crack-face  (re),  plastic  (rpja#(,e), 
and  core  (r«,)  boundaries. 


along  Too,  as  shown  in  Figure  S.l.  By  imposing  tractions  along  Too  of  the  extracted 
core  region  consistent  with  Eqs.(P2.2)  to  (P2.5)  or  Eqs.(2.19)  to  (2.21)  and  scaled  by 
the  appropriate  K  or  KJ/,  the  fields  within  the  core  region  are  totally  recovered.  Al¬ 
ternatively,  displacements  can  be  imposed  on  r*  to  yield  the  same  results.  For  the 
traction-free  crack-tip  model,  the  displacements  are  obtained  vising  Eqs.(P2.4),  (P2.5), 
and  the  following  (Muskhelishvili,  1953) 

2/*k  (««  +  *»*)  =  nk<f> k  +  (2  -  z)(j>k  -  n*,  (3.1) 

where  z  =  x  +  iy  =  re'*  is  measured  from  the  crack  tip,  u«  and  uv  are  Cartesian 
based  displacements,  and  the  remaining  terms  have  the  same  meaning  as  before.  For 
the  closed  crack-tip  face  model,  the  dominant  asymptotic  displacement  field  can  be 
obtained  from  the  power  series  expansion  (Comninou,  1977a),  and  in  polar  coordinates 
is  given  by 

=  {(2n>  ~  1)  (1  T  0)  sin  *-  -  (3  ±  0)  sin  y  j  (3.2) 

and 

«#  =  -^~|(2n,  +  l)(l:F^)cos^-(3±^)coeyJ,  (3.3) 

where  the  upper  and  lower  signs  are  used  in  the  lower  and  upper  material  domains, 
respectively. 

This  approach  eliminates  the  need  to  model  the  entire  structure  containing  the  crack 
and  allows  more  mesh  refinement  in  the  immediate  crack-tip  vicinity.  Local  crack-tip 
material  non-linearities  are  acceptable,  via  a  St.  Venant  type  argument,  as  long  as 
they  are  confined  to  a  zone  which  is  small  (~  10%)  with  respect  to  Too  (Larsson  and 
Carlsson,  1973;  Rice,  1974). 

3.1.1  Traction-Free  Crack-Tip  Faces:  Boundary  Layer  Ap¬ 
proach 

In  addition  to  the  model  reduction  technique  proposed  by  Hilton  and  Hutchinson, 
a  further  model  simplification  was  used  for  the  traction-free  crack-tip  model.  What 
follows  is  a  theoretical  interpretation  and  description  of  this  additional  method. 


Theoretical  Considerations 

Additional  model  reduction  and  computational  savings  were  obtained  for  the  traction- 
free  crack-tip  model  using  Sham’s  boundary  layer  method  (Sham,  1983).  Figure  8.2 
shows  a  schematic  crack-tip  core  region  where  r*  and  Tpiattie  denote  the  outer  edge 
of  the  model  and  the  maximum  extent  of  the  plastic  zone,  respectively.  The  region  Z, 
by  definition  of  r piattu »  remains  elastic  during  the  entire  analysis.  The  boundary  layer 
method  reformulates  this  problem  while  maintaining  the  stress,  strain,  and  displace¬ 
ment  fields  and  taking  advantage  of  the  elastic  region  Z.  For  brevity,  a  short  outline 
of  Sham’s  boundary  layer  method  follows,  and  the  reader  is  referred  to  Sham  (1983) 
for  a  more  complete  description. 

The  boundary  layer  method  recasts  the  simplification  proposed  by  Hilton  and 
Hutchinson  (1971)  by  altering  the  physical  model  depicted  in  Figure  8.2.  Consider  the 
boundaries  and  T piatUc  to  be  circles  of  radii  and  rpiattie ,  respectively,  centered 
about  the  crack  tip.  For  any  value  of  r chosen  such  that  r^  >  rPla,tie,  the  elastic  field 
within  Too  is  reproduced  by  enforcing  Eqs.(2.4)  and  (2.5)  via  Eq.(3.1)  along  Too.  For 
convenience,  the  boundary  Too  will  be  relocated  to  too  =  oo.  Therefore  the  restriction 
that  Tpia,*-,:  be  located  at  a  distance  close  to  the  crack  tip,  with  respect  to  Too,  shall 
be  trivially  satisfied  for  all  finite  values  chosen  for 

To  describe  the  elastic  region  between  Too  and  Fpiattic ,  additional  series  terms  which 
account  for  the  non-linearities  altering  the  fields  within  Tpiattie  must  be  included  in 
addition  to  Eqs.(P2.4)  and  (P2.5).  Using  the  general  series  potential  identified  by 
Rice  (1988),  Eqs.(P2.A.l)  to  (P2.A.4),  an  inner  or  Laurent  series  expansion  for  the 
potentials  can  be  constructed.  This  is  accomplished  by  redefining  Eqs.(P2.A.5)  and 
(P2.A.6)  to  be 

/(*)  =  H  (3.4) 

N  ——oo 

and 

jM  =  buz*’ 


(3.5) 


Note  that  an  outer  series  expansion  would  produce  unbounded  stresses,  strains,  and 
displacements  as  r  — ►  oo,  while  an  inner  series  yields  terms  which  are  bounded  or  tend 
to  zero  as  r  — ►  oo.  Also,  the  first  term,  M  =  —  1,  for  the  g(z)  expression  is  excluded 
since  it  physically  represents  point  loads  applied  at  the  crack  tip.  For  convenience, 
Eq.(3.4)  additively  decomposes  into 

/(*)  =  /*(*)  +  fT{*)  =  oo  +  fT{z ),  (3.6) 

where 

fT( z)  =  aNz N.  (3.7) 

N=—oo 

Since  Eq.(3.5)  contains  no  terms  associated  with  the  K-field,  Eq.(3.5)  should  be  inter¬ 
preted  as  the  definition  of  gT(z)]  i.e.,  gT(z)  =  ff(z).  All  terms  with  the  superscript 
K  shall  refer  to  quantities,  which  assume  that  only  the  K-field  is  present  (terms  of 
order  r(-x/*)±«  in  stress)  and  those  with  the  superscript  T  shall  be  used  to  identify  all 
the  quantities  associated  with  the  remaining  outer  expansion  of  the  inner  series  terms. 
Using  the  potentials  represented  by  Eqs.(P2.A.l)  to  (P2.A.4),  along  with  Eqs.(3.4)  and 
(3.5),  and  the  displacement  relationship,  given  by  Eq.(3.1)  the  complete  field  in  5  can 
be  expressed  in  terms  of  the  coefficients  ay  and  by. 

The  boundary  layer  method  requires  solving  the  field  equations  within  Too  by  min¬ 
imizing  the  modified  rate  potential  function,  given  by  Sham  (1983)  as 

ft  =  /  *{i)dS  +  f  *(iT)d$  -  f  (n  •  cK(t))  •  uTds.  (3.8) 

Js  Jr fu.i.i  '  ' 

Here  ♦  is  the  strain  rate  potential,  |  is  the  strain  tensor,  n  is  the  unit  outward  normal 
vector,  oK(t)  is  the  stress  rate  tensor  attributable  to  the  K-field,  and  u  is  the  velocity 
vector. 

The  modified  potential  can  be  interpreted  on  a  term  by  term  basis.  The  integral 
/*  *(fr)d$  corresponds  to  the  elastic  strain  rate  energy  in  the  region  between  r pu,tie 
and  Too  attributable  to  the  lower  order  terms.  It  can  be  given  explicitly  in  the  form 
jq*rSq*T,  where  q*r  is  the  vector  of  generalized  degrees  of  freedom  [the  unknown 


coefficients  a n  and  6**  from  Eqs.(2.2)  and  (2.3)],  q*r  is  time  derivative  of  q<r,  and  S  is 
an  appropriate  stiffness  matrix.  Since  the  region  £  is  elastic,  the  stiffness  matrix  S  is 
independent  of  time  and  is  more  conveniently  evaluated  from  the  associated  relationship 
|q*TSq<r  =  /*  $(ir)dS  where  $  is  now  the  strain  energy  density  function.  In  Appendix 
A.l  the  stiffness  matrix  S  is  calculated  using  the  known  analytical  expressions  found  in 
Eqs.(P2.A.l)  to  (P2.A.4),  (3.4),  and  (3.5).  (Note,  in  Appendix  A  the  stress  potential 
X  is  used  instead  of  fl.  The  two  stress  potentials  are  related  via  x”  =  fV  —  <j>'  —  z<f>" .) 
An  equivalent  line  integral  along  the  boundary  Too,  Tpunue,  and  the  crack  face  (re), 
Eq.(A.7),  is  used  to  evaluate  the  surface  integral.  In  evaluating  the  line  integral,  it 
can  be  shown  [Eqs.(A.13)  and  (A.14)j  that  the  only  non-zero  contribution  arises  along 
the  r piattie  boundary.  The  next  integral  in  Eq.(3.8),  /rP, .„,,(»  •  d*(f))  *  uTda,  can  be 
explicitly  expressed  as  q*rF*(£),  where  F*(t)  is  the  vector  of  integrated  work  conjugate 
forces  to  the  (T-terms)  generalized  degrees  of  freedom.  The  time  derivative  of  the  work 
conjugate  force  vector,  F*(f),  can  be  written  in  component  form  as 


(0  =  /  (n  •  **(0)  • 


.  t 

where  tiy  (r,  0,  <)  is  the  jth  component  of  the  known  velocity  mode  shape  vector;  («.e., 
the  components  of  the  velocity  mode  shape  vector  are  related  to  the  velocity  vector  via 
uj (r,  0,  e)  =  qj  u-  (r, 0 ,  e),  with  no  summation  on  j.)  The  term  aK (t)  is  dependent  only 
on  time  via  the  scaling  variable  K(t)  and  is  otherwise  known.  Since  K (t)  is  known, 
and  is  chosen  to  be  of  the  form  K(f)  =  KoL(t),  where  L(t)  is  a  real  scalar  function  of 
time,  F*(f)  need  only  be  evaluated  as  FJ  at  K(f  =  0)  =  Ko  and  then  scaled  by  L(t)  as 
Fe(f)  =  FoX>(t).  The  remaining  integral  in  Eq.(3.8)  corresponds  to  the  standard  rate 
potential  such  that  a  =  d$(i)/di  within  the  region  inside  T piattie,  and  is  evaluated 
using  finite  elements. 

To  maintain  a  well  posed  mathematical  BV  problem,  the  additional  lower  order 
terms  in  £  must  be  accompanied  by  additional  mode  shapes  along  the  rp((W(jC  boundary. 
In  region  £,  2{N  +  M—  1)  additional  unknowns,  contained  in  the  vector  q<r,  are  added 
to  give  the  complete  representation.  The  addition  of  these  terms  compensates  for  any 
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deviations  from  K- fields  which  may  occur  in  R  due  to  nonlinearities  within  S.  At  the 
same  time,  2(N+M—  l)  additional  constraint  equations  are  imposed  along  Tpi^h^  thus 
making  it  a  well  posed  mathematical  problem.  As  the  behavior  in  region  S  deviates 
from  the  asymptotic  dominant  field,  Eqs.(2.4)  and  (2.5),  lower  order  mode  shapes  are 
activated  by  making  amplitude  coefficients  in  q‘r  non-zero.  However,  this  occurs  at 
the  expense  of  adding  additional  strain  deformation  in  region  Z  such  that  equilibrium 
and  compatibility  between  the  two  regions  is  achieved  via  Eq.(3.8). 

By  consideration  of  the  previous  observations,  the  modified  potential  energy  func¬ 
tion  was  incorporated  into  the  FE  code  ABAQUS  (Hibbitt,  1984).  At  the  outer  edge  of 
the  FE  boundary,  taken  to  be  (r piatti<),  constraint  equations,  written  in  the  form  of  a 
user-defined  multiple  point  constraint  (MPC)  subroutine,  were  used  to  enforce  nodally 
the  admissible  displacement  eigenmodes  in  accordance  with  Eqs.(P2.A.l)  to  (P2.A.4), 
(3.1),  (3.4),  and  (3.5).  The  amplitudes  for  the  dominant  singular  (K-field)  modes 
were  externally  prescribed,  K  =  K0L(t),  while  for  the  other  modes,  the  coefficients 
(generalized  degrees  of  freedom  -  q*r)  were  considered  solution  dependent  unknowns. 
Connected  to  the  lower  order  coefficients,  q*T,  was  a  spring-element  network  which  had 
equivalent  stiffness  S.  The  complete  boundary  condition  and  spring  network  derivation 
is  formally  given  in  Appendix  A.  The  actual  MPC  subroutine  is  listed  in  Appendix  C. 
The  integrated  work  conjugate  forces  FJ  were  obtained  from  the  reaction  forces  of  an 
initial  elastic  FE  analysis,  which  had  all  the  lower  order  generalized  degrees  of  freedom 
zeroed  (q*r  =  0)  and  an  appropriate  Ko  value  imposed.  The  vector  of  generalized 
reaction  forces  required  to  sustain  q*r  =  0  was  taken  as  FJ. 

Boundary  Layer  Verification 

To  verify  the  boundary  layer  method  implementation,  two  homogeneous  test  problems 
were  first  performed.  These  were  the  same  two  problems  considered  by  Needleman  and 
Sham  (1980):  (a)  a  semi-infinite  crack  with  point  loads  applied  normal  to  the  crack 
face  at  x  =  —a;  and  (b)  a  semi-infinite  crack  with  the  crack  tip  translated  such  that  it 


was  located  at  x  =  a.  Figures  S.S  and  S.4  show  the  two  geometries. 

An  equivalent  inner  series  expansion  about  the  origin  ( z  =  0)  which  exactly  repre¬ 
sents  their  potentials  can  be  explicitly  given  for  these  geometries.  For  the  point  load 
the  stress  potential  functions  are  given  by 

P  fa  P  n=0°  a (n-1/2) 

=  <3I°> 

By  comparing  these  potentials  with  those  used  in  Eqs.(A.l)  to  (A.4),  the  series  coeffi¬ 
cients  are  related  to  the  components  in  q‘T  via 


(3.10) 


T_P  an-?(-l)n+1 
2*2(n -§)(«-|)’ 

for  n  =  1  to  oo.  For  the  translated  crack  tip  the  stress  potential  functions  are 


<f>'  =  n'  = 


Ki _ _  Ki  an 

n(z-a)  2y/2ftz  U zM*V 


(3.11) 


(3.12) 


2  yj2ir{z-a)  2y/2*z  zW)’  '  ' 

where  /„  are  known  constants.  Again,  by  comparing  these  potentials  with  those  used 
in  this  analysis,  Eqs.(A.l)  to  (A.4),  the  coefficients  q^T  can  be  obtained  in  terms  of  /„. 
Unlike  Eqs.(2.4)  and  (2.5),  neither  of  these  expansions  contain  any  whole  powers  of  z. 

To  verify  the  boundary  layer  implementation,  homogeneous  elastic  FE  analyses 
were  performed  and  comparisons  between  the  analytically  determined  coefficients  and 
the  FE  calculated  coefficients,  q‘r,  were  made.  Table  S.l  lists  the  analytical  and  FE 
determined  coefficients  for  the  two  geometries.  In  both  problems  the  outer  boundary  of 
the  FE  mesh  had  a  radius  of  1.0(m).  Thus  the  ratio  of  a/|a|  in  the  series  expansion  was 
0.3981  for  the  point  load  example  and  was  0.10  for  the  translated  crack  tip  example. 

The  FE  determined  coefficients  shown  in  Table  S.l  are  in  good  agreement  with 
the  analytically  determined  coefficients  for  the  higher  order  terms,  but  the  agreement 
diminishes  for  lower  order  terms.  (Note  that  lower  order  terms  correspond  to  compo¬ 
nents  in  q<r  with  “larger"  subscripts.)  For  the  translated  crack,  this  deterioration  is 
attributed  to  inaccuracies  in  determining  F*(t),  mesh  construction,  series  truncation, 
and  numerical  noise.  The  reaction  forces  FJ  for  the  translated  crack  were  obtained  by 
sewing  up  the  crack  face  such  that  the  crack  tip  was  artificially  located  at  x  =  0  and  by 


applying  K0  in  an  initial  elastic  analysis.  Since,  in  the  translated  crack  case,  the  mesh 
was  designed  to  have  the  crack  tip  at  x  =  a,  and  no  refinement  of  the  mesh  existed 
at  x  =  0,  inaccuracies  in  F$  may  have  arisen.  Similarly,  the  mesh  used  in  the  point 
load  case  was  not  refined  where  the  point  loads  were  applied.  (This  will  not  be  an 
issue  during  the  actual  SSY  analysis  because  the  forces  Fg  will  be  found  for  the  actual 
unsewed  and  untranslated  meshes.)  It  was  assumed  that  since  the  higher  order  terms 
matched,  the  implementation  was  performed  correctly  and  the  dominant  behavior  was 
captured  even  though  numerical  noise  existed. 
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-3.6204E-4 
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-3.3130E-6 

-2.0285E-5 

Coefficient  Analytical  [Eq.(3.12)] 

~  ft  -1.9394 E-2 

q,  4.6966E-4 

9s  7.2501E-6 

94  6.5413E-8 

95  -1.2820E-8 


FE 

-1.9947E-2 

4.9868E-4 

8.3145E-6 

3.1183E-7 

1.5594E-8 


Table  S.l  Analytical  and  numerical  coefficients  for  a  plane-strain  crack-tip  prob¬ 
lem  with:  (a)  opening  normal  point  loads  applied  at  x  =  —0.3981;  (b)  the  crack  tip 
translated  to  a  =  0.1  . 


To  verify  that  the  bi-material  portion  of  the  boundary  layer  formulation  was  cor¬ 
rectly  implemented,  various  independent  tests  were  conducted.  First,  several  (bi¬ 
material)  elastic  cases  with  various  material  combinations  were  loaded  by  prescribing 
a  specific  value  of  K  and  setting  all  inner  series  coefficients  equal  to  zero  (q*T  =  0). 


Boundary  node  displacements,  which  correspond  to  the  dominant  asymptotic  solution, 
were  compared  with  the  known  analytical  solution.  Because  the  user  written  MPC 
subroutine,  used  in  prescribing  the  displacements,  was  coded  in  a  manner  such  that 
one  index  determined  all  the  powers  of  the  root  being  imposed  (».«.,  A,  =  (j  +  1/2)  +  ie 
where  j  is  the  index  of  interest),  it  was  felt  that,  the  coding  for  that  entire  family  of 
roots  was  performed  correctly,  as  long  as  the  limits  on  this  index  were  chosen  correctly 
and  one  specific  index  value  yielded  the  correct  results.  In  a  similar  fashion,  the  whole- 
integer  (real)  root  set  [3?(Ay)  =  A,  =  j]  was  verified  by  prescribing  K  and  setting  all 
but  one  value  of  q'r  equal  to  zero.  The  coefficient  not  set  equal  to  zero  was  the  one 
producing  a  domain-wise  uniform  stress  parallel  to  the  interface  (M  =  0  term).  (In  the 
actual  potentials  used,  Eqs.(A.l)  to  (A.4),  the  constants  multiplying  the  coefficients 
(q*r)  in  the  displacement  relationship  were  not  trivially  zero  when  M  =  0.)  Again, 
since  the  results  of  this  one  specific  case  were  correct  and  the  coding  was  written  in  an 
unbiased  manner  with  respect  to  indices,  it  was  felt  that  the  coding  for  the  entire  set 
of  whole-integer  real  roots  was  performed  correctly. 

In  a  similar  spirit,  the  spring  stiffness  constants  were  verified.  For  the  homogeneous 
case,  several  specific  spring  stiffnesses  were  analytically  and  numerically  integrated 
to  ensure  proper  coding.  Once  again,  a  single  index  was  used  to  generate  the  stress 
potentials,  thus  guaranteeing  that  the  entire  set  of  spring  stiffness  coefficients  were 
determined  correctly.  Complex  FORTRAN  coding  was  utilized  in  such  a  manner  that 
if  the  homogeneous  case  was  performed  correctly  and  the  bi-material  potentials  were 
correct,  then  the  bi-material  spring  constants  would  also  be  determined  correctly.  Ad¬ 
ditionally,  several  spring  constants  were  integrated  via  other  methods  to  provide  an 
additional  check.  All  homogeneous  tests  were  performed  using  the  actual  bi-material 
subroutines  and  programs,  but  with  identical  elastic  properties  in  each  domain. 

A  crack-face  point  load  elasticity  problem,  similar  to  the  one  used  previously,  was 
considered  to  ensure  that  the  boundary  layer  extension  for  bi-materials  was  imple¬ 
mented  correctly.  Figure  S.5  shows  the  crack-tip  geometry  and  the  direction  and  loca- 
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tion  of  the  crack-face  point  loads  P  and  Q.  From  Rice  and  Sih  (1965),  the  <f>\  stress 
potential  function  for  this  configuration  is  given  by 
P-iQ  1  /a\ 


<t>\  =  n;  = 


+  a  \zJ 


2 ire**  z  + 

and  the  equivalent  inner  series  expansion  about  the  origin  (z  =  0)  is  expressed  as 
P-iQ  1 


(3.13) 


(3.14) 


By  comparing  this  expansion  of  the  4>\  potential  with  the  general  potential  used  in 
Eqs.(A.l)  to  (A.4),  the  series  coefficients  q*T  in  the  general  potential,  Eqs.(A.l)  to 
(A.4),  are  determined  to  be 

P-iQ  [cos(f lna)  +  isin (elna)] 


*‘J  = 


(i  -  -  «]  [(-»  -  5)  “  “ 


(3.15) 


Aire** 
for  n  =  0  to  oo. 

A  plane-strain  FE  analysis  was  used  to  evaluate  the  bi-material  point  load  problem. 
It  used  the  elastic  properties  of  aluminum  in  the  uppeT  region  and  steel  in  the  lower 
region,  and  the  bi-material  constant  was  e  =  0.03220.  (See  Table  ±.8  for  the  elastic 
constants  used.)  The  crack  face  was  loaded  with  several  different  combinations  of  points 
loads  P  and  Q,  while  maintaining  K  =  0,  and  only  positive  values  of  P  were  considered. 
The  values  of  the  analytical  and  FE  determined  coefficients  for  the  case  where  loads 
of  magnitude  P  =  Q  —  1  are  applied  at  x  =  —0.3981  are  listed  in  Table  8.2.  (The  FE 
mesh  had  a  radius  of  1.0(m)  which  yielded  a  ratio  of  cl/\z\  =  0.3981.)  The  discrepancy 
between  the  coefficients  can  be  attributed  to  the  coarse  mesh,  lack  of  mesh  refinement 
near  the  point  loads,  and  the  fact  that  the  Laurent  series  expansion  was  truncated  after 


only  six  terms.  It  was  assumed  that  since  each  individual  component  and  the  complete 
implementation  was  verified  for  both  homogeneous  and  bi-material  cases,  the  boundary 
layer  method  was  extended  and  implemented  correctly  for  the  bi-material  problem. 
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Analytical  [Eq.(3.15) 


-.17456  +  1.18557 


-0.1747  +  *0.1855 


-2.0939  x  10"01  +  *2.6627  x  10“01  -2.1073  x  10~OJ  +  *2.6346  x  10 


1.7809  x  10"os  -  * 2.0330  x  10_os 
-3.0828  x  10-04  +  *3.4306  x  1CT04 
6.8632  x  10"08  -  *7.5474  x  1(T08 
-1.7453  x  10“08  +  *1.9061  x  10“05 


1.7875  x  10~os  -  *1.9540  x  10" 
-3.1094  x  10"04  +  *2.9619  x  10 
6.3699  x  10"08  -  *5.2252  x  1(T05 
-1.4279  x  10~08  +  *3.4650  x  10 


Table  S.S  Analytical  and  numerical  coefficients  for  a  plane-strain  bi-material  crack- 
tip  problem  with  point  load,  P  =  Q  =  1,  applied  at  x  =  —0.3981. 


3.1.2  Closed  Crack-Tip  Faces 


The  asymptotic  local  crack-tip  behavior  for  the  closed  crack-tip  face  model  was  nu¬ 
merically  investigated  with  the  FE  method  proposed  by  Hilton  and  Hutchinson  (1971). 
Since  no  parametric  study  was  to  be  performed  and  no  numerically  difficult  oscilla¬ 
tory  stress  fields  exist  in  the  closed  crack-tip  elasticity  solution,  Sham’s  boundary  layer 
approach  was  not  utilized.  The  displacements  were  obtained  via  Eqs.(3.2)  and  (3.3), 
rotated  into  a  Cartesian  coordinate  frame,  and  imposed  along  Too,  the  FE  mesh  bound¬ 
ary.  For  the  FE  analysis,  the  displacements,  Eqs.(3.2)  and  (3.3),  were  incorporated  into 
a  user-written  MPC  subroutine  and  nodes  along  Too  were  constrained  with  a  free  node, 
whose  displacement  was  associated  with  the  value  of  K }/,  via  the  MPC.  As  before,  the 
magnitude  of  was  scaled  with  L(t).  Appendix  C  contains  a  listing  of  the  MPC 


subroutine  used. 


3.2  Elastic/Perfectly-Plastic  Constitutive  Relation¬ 
ship 


This  section  describes  the  constitutive  relationship  used,  as  well  as  the  integration 
operator  and  the  associated  notation.  The  material  relationship  was  incorporated  in 
the  FE  analysis  via  a  user-written  subroutine  called  UMAT.  A  listing  of  the  UMAT 


subroutine  is  included  in  Appendix  C. 
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3.2.1  Kinematics 

It  is  assumed  that  infinitesimal  strain  theory  (linearized  kinematic  theory)  is  used.  It 
is  therefore  assumed  a  priori  that  all  strains  and  physical  rotations  are  small  such  that 
all  rotation  tensors  can  be  approximated  by  the  identity  tensor  and  that  the  symmetric 
part  of  the  (spatial)  velocity  gradient  can  be  approximated  by  the  strain  rate. 

3.2.2  Notation 

Using  Gurtin’s  notation  convention  (Gurtin,  1981),  the  evolution  equation  and  the 
definition  of  various  relevant  variables  are  as  follows.  The  Cauchy  stress  rate  tensor, 
6,  is  given  by 

d  =  £[£-£'],  (3.16) 


with  the  fourth  order  elasticity  tensor  C,  defined  as, 
t  =  2/iI  +  (it  -  j/«)l  ®  X, 


(3.17) 


where  £  is  the  total  strain  rate  tensor,  £p  is  the  plastic  strain  rate  tensor,  I  is  the  fourth 
order  identity  tensor,  1  is  the  second  order  identity  tensor,  and  k  is  the  bulk  modulus. 
(Note  that  the  strain  tensor  is  designated  with  f  since  the  usual  symbol  associated  with 
it  is  used  to  define  the  bi-material  constant.)  The  deviatoric  stress  rate  tensor,  o',  is 
given  by 


o'  =  a - tr(d)  1. 

3  v 


(3.18) 


Similarly,  the  strain  rate  tensors  can  also  be  decoupled  into  deviatoric  and  hydrostatic 
parts.  The  Mises  equivalent  stress,  0 ,  is  defined  as 


d  =  \l-o,o\ 


(3.19) 


and  N,  the  instantaneous  normal  to  the  yield  locus  at  the  current  stress  state,  is  given 
by 


»-&■ 


(3.20) 
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3.2.3  Constitutive  Relationship 


The  elastic / perfectly-plastic  continuum  constitutive  relationship  is  based  upon  several 
assumptions.  It  assumes  that  elastically,  as  well  as  plastically,  the  material  is  isotropic 
and  that  all  plastic  deformation  is  volume  preserving  (incompressible).  The  yield  locus, 
in  the  jr-plane,  is  spherical  (».«.,  not  pressure  sensitive)  and  does  not  translate  or  change 
size  with  plastic  flow  (i.e.,  no  isotropic  or  kinematic  hardening).  All  plastic  flow  occurs 
only  in  the  direction  instantaneously  normal  to  the  yield  locus,  at  the  current  point. 
The  flow  rule,  A,  is  defined  as 


=  /  1  * 
\  0  O 


If  9  =  av, 
Otherwise. 


and  N  ■  {,£[£]}  >  0 


(3.21) 


where  ay,  is  the  tensile  yield  strength  of  the  material.  The  interpretation  of  the  flow 
rule  is  that  kp  is  non-zero  only  when  A  =  1.  The  portion  of  this  constitutive  relationship 


describing  plastic  straining,  written  in  rate  form,  is 


£p  =  A{N®N}[£|.  (3.22) 

The  stress  rate  a  is  obtained  by  substituting  the  definition  for  £p,  Eq.(3.22),  directly 
into  Eq.(3.16)  as 

o  =  {£}  [{7  -  N  ®  N}  [£]] .  (3.23) 

To  facilitate  the  incorporation  of  this  constitutive  relationship  into  the  numerical  model, 
an  incremental  form  is  utilized.  This  incremental  form  is  exact  only  in  the  limit  that 

lira  (A g)  =  ^A t  =  £At.  (3.24) 

At— o  at 

3.2.4  Constitutive  Integration  Operator 

The  elastic/perfectly-plastic  material  response  is  numerically  integrated  using  the  Rice- 
Tracey  Mean  Normal  integration  operator  (Rice  and  Tracey,  1973).  The  material 
response  is  integrated  under  the  assumption  that  during  an  increment  in  time,  At, 
between  the  nth  and  (n  +  l)th  state,  £  remains  constant  such  that 


kdt  »  eAt  =  At. 


(3.25) 


The  deviatoric  stress  ^+1  at  the  (n  +  1)  state  is  given  by 

<Ci  =  <  +  Ao* 
and,  when  A  =  0, 

A</  =  2fiAs!, 


(3.26) 


(3.27) 


where  a 'n  is  the  deviatoric  stress  at  the  nth  state,  A o7  is  the  deviatoric  stress  increment, 
and  Ac*  is  the  postulated  deviatoric  strain  increment  tensor. 

An  increment  in  stress  where  the  initial  stress  state  is  elastic  and  the  final  state 
is  yielding  (A  =  l)  is  now  considered,  and  Figure  S.6  schematically  shows  such  a 
stress  state  in  the  ir-plane.  The  initial  elastic  stress  state  </n  does  not  satisfy  the  yield 
condition  and  lies  within  the  R  =  au,  sphere.  The  increment  in  deviatoric  stress,  Aa', 
is  obtained  by  traveling  form  the  original  stress  state  along  the  path  of  the  elastic 
predictor,  2jiAe',  until  the  yield  surface  is  reached.  The  fraction  of  the  total  elastic 
predictor  which  must  be  traveled  to  reach  the  yield  surface  is  a,  and  a  is  given  by 


-  (A s!  •  o  ±  J (A £*  •  O*  -  (As*  •  As!)  [«  •  O  - 

-  1 1 


(3.28) 


The  correct  root  of  a  is  the  one  that  lies  between  0  and  1.  Once  the  yield  surface  is 
reached,  an  intermediate  state  T*  is  constructed  using  the  remaining  portion  of  the 
elastic  predictor  (l  —  a) 2f*A§!  and  the  stress  state  at  the  yield  surface,  a'n  +  a2/xAc'. 
The  intermediate  state  T*  is  defined  as 


T*(Ai)  =  2  <  +  (1  +  a)2MAfi\ 


(3.29) 


(3.30) 


where  N*,  the  normalized  direction  of  T*,  is  defined  as 

N’(Ai)  =  -  -TJA*L  (3.30) 

2v/|T‘(Afi).T*(A£) 

The  deviatoric  stress  increment  A  &  is  then  obtained  by  projecting  (1  —  a)  2/iA^,  the 
remaining  fraction  of  the  elastic  predictor,  onto  a  vector  normal  to  N*  such  that 
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Figure  S.6  Schematic  ?r-plane  representation  of  a  stress  increment  obtained  by  the  Rice- 
Tracey  mean  normal  integration  operator;  showing  the  various  vectorized  (tensor) 
stress  states  and  the  yield  sphere. 


A  o'  =  2m  {I  -  (1  -  a)2N*  ®  N*}  [As'] . 


(3.31) 


This  operator  always  places  a'n+l  exactly  on  the  yield  surface  for  any  strain  increment 
with  O  <  cv,  and  elastic  predictor  state  having  >/§  (oj,  +  2mAs')  •  {a'n  +  2mAs')  >  av,. 
To  obtain  the  updated  total  stress,  o„+i,  the  hydrostatic  stress  must  also  be  integrated. 
Since  £n+1  is  postulated  as  being  known  (given),  the  hydrostatic  stress  is  trivially  ob¬ 


tained  and  is 


on+i  -  c'n+i  =  {*  1  ®  1}  (Wil  • 


(3.32) 


(3.33) 


Using  Eqs.(3.26),  (3.31),  and  (3.32),  the  total  (n  +  l)th  stress  state,  when  A  =  1  during 
an  increment,  is  given  by 

_  /  2„  (I  -  (1  -  « (Ad)  2N-  (Ai)  ®  N-  (Ad)  1  ...  . 

Eq.(3.31)  is  general  and  valid  for  all  stress  states  except  when  both  c„  and  an+1  lie 
within  the  yield  radius.  In  conjunction  with  Eq.(3.27),  Eqs.(3.28)  to  (3.33)  describe 
the  stress  state  for  all  possible  loading  increments. 

In  addition  to  calculating  the  final  stress  state,  a  material  Jacobian,  defined  as 


dA*’ 


(3.34) 


is  also  required  for  the  global  Newton-Rapson  (FE)  iteration  procedure  (Hibi  i»  Karls- 
son,  and  Sorensen,  1987).  The  Jacobian  for  this  operator  is  given  by, 


J  =  G\I  +  (it  — r-)l  ®  1  +  GjN*  ®  N*  +  GSN*  ®  *7 

w 


where, 


+G4N*  ®  Af'  +  Gs  Af*  9 1, 


2m  -  (1  +  a)(l  -  a)  — -  (N*  •  A^) , 

<M(a  -  1)  -  (1  +  a)(l  (N*  •  Ad) , 

i  .  /IkT*  A  J\  .  It  -  \  /XT*  A  It 


(3.35) 


(3.36) 

(3.37) 


=  4m(N*  •  Ag»)  +  (1  -  a)  -JL  (N*  •  Af')1  -  (1  -  a) ( A£'  ■  A*') ,  (3.38) 
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and 


(3.39) 

(3.40) 

(3.41) 


G4  -  -(1  + a)(l  -  q)-^-, 

Gs  =  (1  —  a)~~  (N*  •  Ag') , 

_ _ [2nd1  As!  +  aQ 

7  2/*a  (Ag*  •  Ag1)  +  «  •  Ag')  ’ 

=  \f\ T-'T-.  (3.42) 

Use  of  the  mathematically  exact  (generally)  non-symraetric  Jacobian  would  require 
that  the  FE  procedure  solve  the  complete  set  of  equations,  as  opposed  to  a  symmetric 
subset.  This  procedure  would  be  considerably  more  costly,  and  thus  a  symmetrized 
(approximate)  Jacobian  is  used  (Bathe,  1982).  The  symmetrized  Jacobian,  J,vm ,  is 
defined  as 

=  G1Jr-h(«-^)l®l  +  GJN*®N*+C7,J(N*®7  +  7®N*) 

+G4^(N*  ®  As!  +  Ag*  ®  N*)  +  GiUn  ®  Ac'  +  Ac'  ®  7).  (3.43) 

z  z 

The  use  of  this  Jacobian  yielded  nearly  quadratic  global  convergence,  as  would  be 
expected  in  a  Newton-Raphson  method.  (Aside:  A  radial  return  operator  [Krieg  and 
Krieg,  1977]  was  also  tried,  but  yielded  very  poor  convergence.  It  is  speculated  that 
because  the  Jacobian  for  the  Mean-Normal  operator  is  based  upon  an  intermediate 
stress  state  halfway  between  a'n+l  and  a'n,  it  does  not  result  in  the  same  sort  of  radial 
softening  that  would  be  predicted  using  a  radial  return  Jacobian.  This  (relative)  radial 
stiffening  is  thought  to  retard  small  to  modest  changes  in  the  direction  of  o'n+l  during 
iterations.) 

3.3  FE  Model  Considerations 

This  last  section  is  divided  into  three  parts.  The  first  part  discusses  the  “simplified,” 
but  efficient,  FE  model  used  to  obtain  the  characteristics  of  the  traction-free  crack-tip 
model  for  different  loadings  (ZK)  and  material  combinations  considered.  Since  this 
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mesh  would  subsequently  be  used  many  times  and  each  run  represents  a  substantial 
investment  in  CPU  time  (due  to  the  complexity  of  the  oscillatory  elastic  fields),  much 
effort  was  spent  on  designing  it.  The  second  FE  model  discussed  is  again  a  traction- 
free  crack-tip  model,  however,  the  purpose  this  model  was  to  unequivocally  determine 
whether  or  not  oscillatory  stress  fields,  analogous  to  those  found  in  the  elastic  solution, 
exist  within  the  elastic/perfectly-plastic  deformation  zone.  Material  properties  were 
chosen  and  the  mesh  design  was  performed  in  such  a  manner  to  yield  the  maximum 
amount  of  information  with  only  a  relatively  modest  investment  in  computational  time. 
Although  many  of  the  same  details  from  the  first  model  were  utilized,  the  goal  was  to 
maintain  simplicity  and  thereby  ensure  an  unquestionable  result.  The  third  section 
concerns  itself  with  the  FE  model  assembled  to  investigate  the  closed  crack-tip  face 
model.  Since  little  complexity  was  anticipated  based  upon  the  elastic  solution,  a  simple, 
but  sufficient,  FE  model  was  assembled. 

3.3.1  Traction-Free  Crack-Tip  Face  Model 

Boundary  Layer  Implementation 

Various  common  features  were  incorporated  in  all  the  traction- free  crack-tip  FE  models 
that  used  the  boundary  layer  method.  The  FE  code  ABAQUS  (Hibbitt,  1984)  was  used 
with  the  user-added  subroutines  UMAT  and  MPC.  Slight  modifications  when  needed 
were  made  in  the  UMAT  to  obtain  only  an  elastic  response.  The  boundary  layer 
formulation  series  were  truncated  after  the  first  seven  half-integer  (Williams  type)  terms 
{N  =  0,-1,  -2,  •  •  • ,  —6),  and  after  five  even-integer  terms  (M  =  -2,  —3,  —4,  •  •  • ,  -6), 
where  the  variables  N  and  M  refer  to  the  indices  in  Eqs.(3.4)  to  (3.7)  or  Eqs.  (A.l)  to 
(A. 4).  The  term  N  —  0  corresponds  to  the  dominant  asymptotic  power,  and  the  power 
Af  =  -1  was  excluded  from  the  formulation  since  it  represents  an  applied  concentrated 
crack-tip  force  and  produces  infinite  far-field  elastic  strain  energy  in  the  boundary  layer 
formulation.  The  vector  q*T  was  represented  by  24  degrees  of  freedom  (12  Tree”  nodes 
each  with  two  active  degrees  of  freedom).  These  free  nodes,  which  actually  behave  as 
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Lagrange  multipliers  in  the  FE  program,  were  the  vertices  in  the  spring  network  and 
the  nodes  to  which  all  outer  FE  boundary  nodes  were  constrained. 

FE  Mesh 

Prior  to  elaborating  on  the  actual  meshes  used,  the  procedure  used  to  evaluate  mesh 
accuracy  will  be  outlined. 

In  order  to  judge  the  capability  of  the  FE  meshes  to  reproduce  at  least  the  elastic 
K-fields,  elastic  test  runs  were  performed  on  each  mesh  by  imposing  assorted  values  of 
K  with  qeT  =  0.  The  averaged  nodal  stresses  were  then  examined  in  the  radial  and  cir¬ 
cumferential  directions  and  compared  to  the  dominant  asymptotic  stress  expressions. 
To  evaluate  the  radial  dependence,  the  stress  components  were  plotted  against  the 
natural  logarithm  of  the  radial  distance  r.  Excluding  the  first  and  last  elements,  the 
numerical  and  analytical  results  were  usually  indistinguishable.  For  a  better  compar¬ 
ison,  the  stresses  were  normalized  (multiplied  by  y/r)  and  plotted  against  the  natural 
logarithm  of  the  radial  distance.  In  this  way,  any  discrepancy  existing  in  the  phase 
or  period  between  the  analytical  and  numerical  solutions  would  be  immediately  ob¬ 
vious.  One  particularly  beneficial  result  emerged  from  this  plotting  procedure.  The 
numerically  obtained  stresses  alternatively  overestimated  and  then  underestimated  the 
analytical  solution,  from  node  to  node,  with  a  mean  value  which  was  coincidental  w'th 
the  analytical  solution.  The  magnitude  of  these  oscillations  (local  maximum  to  mini¬ 
mum)  decreased  as  the  number  of  elements  used  in  the  radial  direction  increased.  The 
oscillation  magnitude  is  thought  to  represent  the  actual  discretization  error  attributable 
to  the  inability  of  the  element  to  reproduce  the  approximate  1  /y/r  stress  distribution. 
This  parameter  was  used  to  estimate  when  sufficient  mesh  refinement  was  achieved.  In 
addition  to  this  measure,  the  interfacial  tractions  between  the  domains  were  examined 
to  ensure  continuity.  Finally,  numerically  obtained  elastic  energy  release  rates  were 
compared  against  theoretical  values. 

All  traction-free  crack-tip  models  had  the  same  geometrical  mesh  design.  An  act  :al 


mesh  is  shown  in  Figure  S.  7  without  the  inner  core  elements.  All  crack-tip  elements 
were  collapsed  into  a  triangular  geometry.  To  maintain  physical  significance,  interface 
elements  were  incorporated  into  the  crack-face  region,  as  necessary,  to  prevent  crack 
face  interpenetration  during  the  transient  portion  of  the  analysis.  (Prior  to  “steady- 
state.”)  The  mesh  contained  18  and  25  elements  circumferentially  in  the  elastic  and 
elastic/perfectly-plaatic  regions,  respectively,  with  a  high  concentration  of  elements 
around  the  interface.  The  mesh  contained  five  logarithmically  spaced  elements  per 
each  of  its  three  concentric  rings.  Each  ring  spanned  a  decade,  with  the  inner  ring 
extending  all  the  way  to  the  crack  tip.  The  outer  mesh  boundary  was  located  at  R  =  1.0 
m  in  order  to  circumvent  computational  difficulties  associated  with  the  boundary  layer 
formulation.  Plane-strain  elements  were  used. 

Two  different  meshes,  differing  only  in  element  type,  were  employed.  The  initial 
mesh  consisted  of  8-node  isoparametric  elements  with  full  3x3  Gaussian  integration 
in  the  elastic  region  and  &-node  isoparametric  fully  integrated  linear  pressure  hybrid 
elements  in  the  elastic/perfectly-piastic  domains.  This  mesh  was  run  on  ABAQUS, 
version  4.5.174,  and  was  used  for  almost  all  fo  and  material  combinations  considered, 
since  it  was  relatively  small  (645  elements)  and  efficient  to  run.  (Each  iteration  required 
approximately  8  minutes  per  iteration  on  a  FX-8  Alliant  mini-supercomputer  running 
on  one  computational  element.  Typical  job  times  were  around  100  CPU  hours.)  If 
sufficient  global  convergence  or  resolution  of  stresses  was  not  achievable,  which  often 
happened  due  to  oscillatory  pressure  noise,  the  following  alternative  model  was  used. 

This  FE  model  used  plane-strain  9-node  isoparametric  elements  with  selective  in¬ 
tegration  in  both  domains.  Full  3x3  Gaussian  integration  was  performed  on  the 
deviatoric  stresses  along  with  2x2  Gaussian  integration  of  the  pressure,  values  of 
which  were  interpolated-extrapolated  to  the  3x3  Gaussian  points.  This  model  was 
analyzed  with  ABAQUS,  version  4.6.160,  and  reduced  the  time  per  iteration  to  about 
4  minutes  on  the  Alliant  FX-8  mini-super  computer.  Use  of  this  model  significantly 
reduced  the  pressure  noise  as  compared  to  the  hybrid  8-node  elements  used  previously. 


Representative  Mesh 


Crack 
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Figure  5.7  Representative  finite  element  crack-tip  mesh  (excluding  actual  crack-tip  el¬ 
ements),  showing  circumferential  element  distribution,  crack-face  and  interface 
locations,  and  radial  spacings  of  elements. 
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Due  to  the  substantial  time  savings,  this  model  completely  replaced  the  initial  model 
described  above. 

Procedures 

The  procedures  used  in  all  analyses  performed  with  the  boundary  layer  method  were 
identical.  An  initial  linear  run,  in  terms  of  constitutive  and  kinematic  theories,  was 
done  with  the  appropriate  Ko  applied  to  determine  the  reaction  force  vector  F£  and 
to  check  the  assemblage  of  the  model.  Comparisons  between  the  numerically  obtained 
./-Integral  by  the  virtual  crack  extension  method  (VCEM)  and  the  theoretical  value, 
Eq.(2.16),  were  made  and  typically  only  differed  by  0.1%.  The  actual  non-linear  anal¬ 
ysis  used  a  “STATIC”  time  procedure  with  infinitesimal  strain  theory  (HKS,  1987). 
Loading  was  accomplished  by  prescribing  “displacements”  to  the  K-term  free  nodes, 
in  a  square  root  fashion  with  respect  to  internal  analysis  time,  to  achieve  quasi-linear 
plastic  zone  growth.  The  reaction  forces  from  the  initial  elastic  run  were  imposed  as 
concentrated  loads  on  the  T-term  free  nodes  and  were  scaled  using  the  same  amplitude¬ 
time  function  as  the  K-term  displacements.  The  static  parameter  CYCLE,  which  is 
the  maximum  number  of  iterations  that  can  be  performed  during  a  time  increment 
before  a  smaller  time  increment  is  tried,  was  set  to  9.  This  parameter  also  controls 
the  increase  in  time  increment  size  by  reviewing  the  number  of  iterations  in  the  pre¬ 
vious  two  increments  necessary  to  achieve  an  acceptable  solution,  and  if  the  number 
of  iterations  is  less  than  ([CYCLE/2]  -  1),  the  time  increment  size  is  increased.  An 
initial  suggested  time  increment  size  was  provided  such  that  at  no  time  during  the  first 
increment  was  the  yield  condition  satisfied  anywhere  in  the  mesh.  The  error  tolerance 
PTOL,  which  is  the  maximum  acceptable  residual  nodal  force  after  all  element  contri¬ 
butions  and  applied  loads  are  summed  up,  is  set  to  1.0  x  10-8  MN.  This  value  of  PTOL 
corresponds  to  0.02%  of  av,  ■  l  •  t,  where  l  and  t  are  the  radial  length  and  thickness  of 
the  smallest  (radial)  element,  respectively.  The  solution  procedure  iterates  until  the 
PTOL  condition  is  satisfied  throughout  the  mesh,  cutting  back  the  time  increment 
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size  as  necessary.  Loading  was  done  until  the  plastic  zone  nearly  touched  the  FE  mesh 
boundary. 

3.3.2  Traction-Free  Crack-Tips:  Existence  of  Stress  Oscilla¬ 
tions  Within  The  Plastic  Zone 

This  section  describes  the  FE  model  used  to  investigate  the  extent  of  stress  oscillations 
occurring  within  the  plastic  zone  of  a  traction-free  crack  tip.  It  was  assumed  that  the 
lower  region  was  rigid  (/i2  =  oo),  and  that  the  upper  material  had  the  elastic  properties 
of  aluminum  [*t  =  26.1  MPa  and  1/  =  .342  (Hertzbreg,  1976)]  with  a  yield  strength  of 
32.5  MPa.  This  results  in  a  bi-material  constant  of  e  =  0.07796.  Based  upon  this  value 
of  e,  a  mesh  spanning  36  decades  in  the  radial  direction  would  be  required  to  achieve 
one  complete  period  of  elastic  stress  oscillation.  It  was  felt  that  plastic  deformation 
extending  one-quarter  of  the  elastic  period  would  be  sufficient  to  determine  the  extent, 
if  any,  of  plastic  stress  oscillations.  Therefore,  mesh  spanning  12  decades,  which  allowed 
for  3  decades  of  elastic  material  outside  the  plastic  zone,  was  utilized. 

Since  this  model  considered  the  bottom  medium  to  be  rigid,  only  the  upper  re¬ 
gion  needed  to  be  modeled.  To  simulate  the  rigid  lower  region,  all  nodes  along  the 
intact  interface  were  pinned.  The  mesh  has  25  elements  spanning  the  circumferential 
direction,  with  the  same  distribution  as  shown  in  Figure  S.7.  Because  of  the  appre¬ 
ciable  radial  extent  of  this  mesh,  only  three  logarithmically  spaced,  9-node  selectively 
reduced  elements  spanned  each  of  its  twelve  concentric  rings.  Crack-tip  element  ge¬ 
ometry,  identical  to  that  described  previously,  was  used  at  the  crack-tip.  To  avoid 
numerical  solver  problems  associated  with  large  differences  in  element  stiffnesses,  the 
boundary  layer  method  was  not  employed.  Instead,  displacements  consistent  with  the 
dominant  asymptotic  K-field  were  imposed  along  the  T,*  boundary.  The  Too  boundary 
itself  was  located  at  r  =  1.0  x  10s  m.  All  nodes  along  this  boundary  were  constrained 
via  a  user  written  MPC  to  prescribe  the  nodal  displacements. 

The  procedural  aspects  of  this  model  were  basically  the  same  as  before.  Again, 
the  elastic/perfectly-plastic  material  behavior  was  incorporated  with  the  same  UMAT. 


The  error  tolerance  PTOL  used  for  this  analysis  was  set  to  5.0  x  10-8  MN  and  was 
0.7%  of  cy,  ■  l  ■  t.  The  value  of  CYCLE  was  varied  between  7  and  9,  depending  upon 
the  progress  of  the  analysis.  Loading  was  applied  by  scaling  the  displacement  of  the 
K-field  node  in  a  square  root  fashion  with  respect  to  internal  analysis  time,  to  achieve 
quasi-linear  plastic  zone  growth.  The  prescribed  was  chosen  to  be  ZK  =  35.0°. 
This  was  necessary  to  keep  the  value  of  ft  within  the  valid  domain  during  loading;  i.c., 
ft  always  satisfied  the  no  crack-face  contact  conditions  predicted  by  Eq.(P2.33). 

3.3.3  Closed  Crack>Tip  Faces 

The  FE  model  used  to  investigate  the  crack-tip  fields  around  the  closed  crack  tip 
utilized  many  of  the  same  features  as  the  previous  FE  model.  The  subroutines  UMAT 
and  MPC  were  included  in  the  analysis.  The  material  in  the  lower  region  was  assumed 
to  be  rigid  (/*j  =  oo),  thus  only  the  upper  crack-tip  region  was  modeled.  The  actual 
mesh  used  25  9-node  isoparametric  elements  in  the  circumferential  direction.  Radially, 
the  mesh  had  four  concentric  rings  with  five  logarithmically  spaced  elements  per  each 
of  its  four  rings.  Again,  the  outer  boundary  of  the  mesh  was  set  at  r  =  1.0  m.  Since 
the  lower  half  was  rigid,  the  edge  of  the  mesh  corresponding  to  the  intact  interface 
was  clamped.  Along  the  crack  face,  interface  elements  were  attached,  thus  allowing  for 
possible  gap  formation.  The  nodes  along  the  outer  edge  of  the  mesh  were  constrained 
in  accordance  with  Eqs.(3.2)  and  (3.3)  by  a  closed  crack-tip  user-written  MPC.  Loading 
was  accomplished  by  prescribing  the  displacement  to  the  KJj-term  node  in  a  square 
root  fashion  with  respect  to  internal  analysis  time.  The  FE  model  was  loaded  until  the 
maximum  extent  of  the  plastic  zone  reached  r  =  0.1  m.  Since  the  “STATIC”  analysis 
procedure  was  used,  the  CYCLE  parameter  was  set  to  9,  and  the  error  tolerance 
parameter  PTOL  was  set  to  1.0  x  10"6  MN  (0.02%  of  avl  •  /  •  t). 


Chapter  4 


Elastic-Plastic  Interfacial  Crack-Tip 
Fields 


In  this  chapter  the  results  obtained  from  the  various  numerical  crack-tip  calculations 
for  the  BV  problem  stated  in  Chapter  1  will  be  described.  The  behavior  of  each 
crack-tip  model  will  be  outlined  along  with  the  assumed  material  idealizations.  In 
order  to  organize  the  vast  quantity  of  numerically  obtained  information  into  a  mors 
manageable  format,  explicit  representation  forms  will  be  used  which  reconstruct  all  or 
portions  of  the  actual  solution  in  terms  of  only  a  few  variables.  The  characteristics 
and  notation  of  the  representative  forms  will  be  introduced  and  discussed.  The  local 
crack-tip  fields  for  all  the  various  material  combinations  and  loadings  will  be  presented 
via  these  representative  forms  and  in  terms  of  the  dimensional  framework  outlined  in 
Chapter  2.  “Geographical”  inner  bounds  of  inelastic  crack-tip  fields  are  established 
from  evaluating  limitations  imposed  by  the  underlying  mathematical  assumptions. 

4.1  Asymptotic  Crack-Tip  Forms 

The  purpose  of  this  section  is  to  present  the  anticipated  asymptotic  crack-tip  forms 
by  reviewing  in  detail  those  forms  obtained  for  the  cases  of  a  homogeneous  stationary 
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crack  and  for  homogeneous  quasi-static  crack  growth.  This  review  is  focused  solely  upon 
isotropic  elaatic/perfectly-plastic  media  whose  yield  criteria  are  described  by  the  Mises 
yield  condition.  In  general,  the  only  restriction  placed  on  the  value  of  the  Poisson’s 
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ratio  is  that  it  must  be  positive  (0  <  u  <  0.5).  Anticipated  differences  between  the 
homogeneous  and  bi-material  behavior  of  the  crack-tip  forms  is  discussed  along  with 
the  conditions  necessary  to  properly  assemble  these  forms  into  the  complete  crack-tip 
fields.  Finally,  because  slip-line  theory  is  used  extensively  to  describe  various  deforming 
portions  of  the  crack-tip  regions,  a  brief  review  of  slip-line  notation  is  made. 

4.1.1  Summary  of  Slip-Line  Theory 

To  familiarize  the  reader  with  slip-line  theory  and  to  assign  notation,  a  short  summary 
follows.  The  reader  is  referred  to  Hill  (1983)  and  Kachanov  (1974)  for  a  more  complete 
description  and  comprehensive  derivation. 

For  a  plane-strain  rigid/perfectly-plastic  material  state,  two  families  of  curves,  re¬ 
ferred  to  as  a-lines  and  /3-lines,  uniquely  describe  the  material  stress  state  and  are 
derived  from  equilibrium  arguments  and  the  yield  criterion.  (Slip-line  theory  is  loosely 
analogous  to  stream  functions  used  to  describe  inviscid  flow  in  fluid  dynamics.)  Along 
an  a- line 


p  +  2k<(>  =  Ca, 
while  along  a  /3-line 
p  —  2  k<j>  =  Cfi. 


(4.1) 


(4.2) 


Here  p  is  the  mean  pressure  (p  =  — (l/3)tr  (o)],  k  the  material  yield  strength  in  shear 
k  —  cv,/ %/3),  4>  is  the  angle  measured  from  the  positive  x-axis  to  the  a-line  in  an 
anti-clockwise  direction,  and  Ca  and  Cp  are  constants  associated  with  each  a-line  and 
/3-line,  respectively.  The  stress  components  are  obtained  by  considering  the  angle  <t>  of 
the  a-line  or  /3-line  at  the  material  point  of  interest  and  are  given  by  Hill  (1983)  as 


<7,«  =  -p  -  fesin2<£, 


<7,y  =  -p  -I-  k  sin  2<j>, 


(4.3) 

(4.4) 


•  V- 


and 
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aty  =  k  cos  2^. 


(4.5) 


The  value  of  p  is  determined  from  Eqs.(4.1)  and  (4.2)  and  by  the  slip-line  constants, 
Ca  and  Cff.  Once  the  constants  Ca  and  Cp  along  an  a—  and  a  /9-line  axe  determined 
at  some  point,  usually  via  boundary  conditions,  the  complete  stress  state  within  the 
slip-line  field  can  be  evaluated.  Figure  4.1  shows  a  representative  element  with  respect 
to  a  family  of  slip  lines  along  with  the  associated  stress  state.  Although  slip-line  theory 
does  not  completely  describe  the  strain  state  in  a  body,  it  does  describe  certain  features 
of  the  deformation.  The  a  and  0  characteristic  slip-lines  are  orientated  parallel  to  the 
direction  of  maximum  shear  stress,  and  they  represent  directions  of  zero  extension. 
( i.e .,  no  normal  strain  is  produced  in  directions  parallel  to  slip  lines. 

Rigid-plastic  slip- line  theory  is  often  used  to  describe  elastic/perfectly-plastic  ma¬ 
terials  capable  of  compressible  elastic  deformation  (u  £  0.5)  and  incompressible  plastic 
deformation.  To  use  ngid-plastic  slip-line  fields  for  these  materials,  it  is  assumed  that 
the  effect  of  elastic  strains  are  negligible.  This  assumption  is  only  valid  in  the  asymp¬ 
totic  sense  that 


*T  B  •  P 

where  i  is  the  total  strain  rate,  and  £**  and  j  are  the  total  plastic  strain  and  strain 
rate  components,  respectively.  In  general,  the  use  of  slip-line  theory  and  accompanying 
representative  forms  for  elastically  compressible  materials  does  not  necessitate  that  the 
elastic  strain  components  are  zero. 

4.1.2  Stationary  and  Quasi-Static  Crack-Tip  Forms 

The  admissible  plane-strain  asymptotic  crack-tip  fields  have  been  reviewed  extensively 
for  stationary  and  quasi-static  homogeneous  cracks  in  isotropic  elastic/perfectly-plastic 
media;  e.g.,  Rice  (1982),  Rice,  Drugan,  and  Sham  (1980),  Rice  and  Tracey  (1973),  and 
Nemat-Nasser  and  Obtata  (1984).  For  a  stationary  crack  with  v  =  0.5,  Nemat-Nasser 
and  Obtata  identified  that  three  distinct  crack-tip  sectors  may  exist;  namely  an  elastic 
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sector,  a  yielding  constant  state  sector,  and  a  yielding  centered  fan  sector.  (Nemat- 
Nasser  and  Obtata  showed  all  the  admissible  combinations  of  these  sectors,  but  their 
asymptotic  analysis  does  not  determine  which  assemblage  is  appropriate  for  a  specific 
problem.)  An  elastic  sector  which  has  not  experienced  any  prior  plastic  deformation 
is  representable  by  a  planar  elastic  wedge  with  constant,  but  not  necessarily  identical, 
tractions  on  each  of  its  sides.  To  produce  finite  stresses  at  the  crack-tip  and  to  eliminate 
any  net  crack-tip  forces,  the  angular  function  associated  with  the  singular  radial  stress 
component  is  taken  to  be  zero;  i.e.,  arr(r,0)  =  P{0)  +  £(0)/r  =>  &{0)  =  0.  Appendix 
B  contains  the  Airy  stress  potential  and  stress  distribution  for  such  a  wedge.  The 
yielding  sectors,  formally  identified  by  Rice  and  Tracey  (1973),  are  obtained  from  the 
equilibrium  equations  and  the  yield  criterion.  The  stress  distribution  in  the  constant 
state  is  characterized  as  having  stress  components  <rss,  ovy,  and  cty  constant  everywhere 
in  the  sector  such  that  the  yield  criterion  is  satisfied.  Generally,  in  constant  state 
regions  <r«f(r,0)  /  <7„.(r,0).  In  centered  fan  sectors,  however,  the  stress  distribution  is 
a„.(r,tf)  =  olt(r,$)  and  arl  —  constant ,  where  in  the  absence  of  the  other  deviatoric 
stress  components,  arl  alone  satisfies  the  yield  criterion.  When  elastic  strains  are 
negligible  compared  to  plastic  strains  or  when  u  =  0.5,  the  stress  distribution  in  a 
centered  fan  is  given  by  art  =  ±k,  and  <7„(r,0)  =  crtt(r,6)  =  (A  —  2<t>l'Jz)oy„  where  A 
is  a  constant.  In  terms  of  Tigid-plastic  slip-line  theory  (Hill,  1983),  a  centered  fan  is  a 
sector  where  a-lines  emanate  *adially  from  the  crack  tip  with  circular  and  concentric 
0— line  arcs  (or  vice  versa),  while  in  constant  state  sectors  the  a—  and  0— lines  are 
straight  and  normal  to  each  other.  Thus  in  a  fan  region  ^  =  $  +  6,  where  b  is  a 
constant. 

Rice  (1982)  summarizes  the  asymptotic  distribution  of  velocities  and  strain  rates  for 
quasi-static  crack  growth  in  each  of  the  three  previously  identified  sectors.  By  setting 
the  crack-tip  velocity  equal  to  zero,  the  predominant  behavior  of  each  sector  is  obtained 
for  the  stationary  case.  Excluding  rigid  rotations,  the  non-zero  velocity  components  in 
a  stationary  centered  fan  are 
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and 


vt  =  -f(6,t), 


(4.7) 


(4.8) 


and  the  only  non-zero  strain  rate  component  is 
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(4.9) 


Here  Vr  and  V$  are  the  radial  and  hoop  velocity  components,  respectively,  t  is  time, 
and  f(0 ,  t)  is  a  function  whose  form  cannot  be  determined  from  an  asymptotic  analysis. 
Integration  of  the  strain  rates  over  a  finite  period  of  time  produces  finite  strain  for  all 
strain  components  except  for  the  £,t  component.  Integration  of  Eq.(4.9)  with  respect 
to  time  yields 


=  =  +  (4.10) 

In  this  equation,  A(0,f)  is  defined  such  that  dA($,t)/dt  =  [(dif(0,t)/di0)  +  /  (M)] 
and  represents  the  unknown  angular  distribution  of  shear  strain,  while  70  is  the  shear 
yield  strain  of  the  material,  Ci{6)  is  a  bounded  constant  of  integration  usually  taken 
to  be  equal  to  zero,  and  R  =  r/rp ,  where  rp  is  the  characteristic  plastic  zone  dimension 
and  r  is  the  radial  distance  from  the  crack  tip.  In  a  centered  fan  g  «  1/r  a*  r  - >0. 
At  the  plastic  zone  boundary,  R  =  1,  the  shear  strain  must  be  approximately  equal  to 
0 To ,  thus  A(0,  t)  is  of  order  unity. 

The  non-singular  yielding  constant  state  sector  behaves  in  a  significantly  different 
manner.  It  is  best  described  in  an  auxiliary  (m,n)  coordinate  system  whose  axes  are 
chosen  to  lie  parallel  to  the  a—  and  0—  lines  and  whose  origin  is  at  the  crack  tip.  The 
x  and  y  components  of  the  (x,y)  coordinate  frame,  shown  in  Figure  4.1,  are  related  to 
the  components  in  the  m  —  n  coordinate  frame  by 


y  =  msin<£  +  ncos^.  (4-12) 

As  r  — ♦  0,  the  constant  state  velocity  components  in  the  m  and  n  directions  are  given 
by 


Vm  =  tin) 


(4.13) 


and 


Vn  =  A(m),  (4.14) 

respectively.  Here  g(n)  and  h(m)  are  functions  whose  precise  forms  cannot  be  deter¬ 
mined  from  an  asymptotic  analysis.  In  a  constant  state  region,  the  only  non-zero  strain 
component  as  r  — ►  0  is  and  it  is  related  to  the  velocity  field  via 

Integration  of  the  strain  rates  over  a  discrete  time  interval  produces  finite  strains  for 
all  components.  Plane-strain  conditions  require  that  =  0,  but  for  elastically  com¬ 
pressible  materials  (those  with  v  £  0.5)  a  transient  period  exists  for  which  ffJI,0'“e  ^  0. 
During  this  transient  period  finite  plastic  strains  accumulate,  and  therefore  in  a  con¬ 
stant  state  region  it  is  generally  expected  that  ^  0. 

The  strain  rates  in  an  isotropic  elastic  sector  axe  obtainable  from  the  elastic  wedge 
potential,  given  in  Appendix  B,  by  interpreting  the  boundary  tractions  H,  T,  Q,  and 
K  as  applied  traction  rates;  i.e.,  H,  T ,  Q ,  and  K.  From  Eqs.(B.9)  to  (B.ll)  and  by 
use  of  the  elasticity  tensor  t  defined  in  Eq.(3.17),  the  non-zero  strain  rate  components 
for  an  isotropic  elastic  wedge  are 

irr  =  {*“  2Tnr-  2d, (cos  27  +  1)  -2c, (80127  +  27)} 

-  “  2T7  +  2d} (cos  27  -  1)  -I-  2cj(sin  27  -  27)}  , 


(4.16) 


Ui  =  [k  -  2T7  +  2d,(cos27  -  1)  +  2cj(sin27  -  27)} 

-  ^  j  {#  -  2X7  ~  2oj(cos  27  4- 1)  -  2c j (sin  2~  +  27)}  , 


(4.17) 
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In  these  expressions  the  coefficients  dj  and  c2  are  given  by  Eqs.(B.7)  a-id  (B.8)  when 
if,  T,  Q,  and  K  are  interpreted  as  H ,  T,  Q,  and  K.  Integration  of  the  strain  rates, 
Eqs.(4.16)  to  (4.18),  over  a  finite  time  interval  produces  finite  strains  in  elastic  sectors. 

Having  identified  the  three  basic  admissible  sectors,  asymptotic  crack-tip  behavior  is 
obtainable  by  assembling  a  combination  of  these  sectors  in  a  manner  consistent  with  the 
far-field  conditions.  Rice  (1982)  states  that  the  necessary  requirements  for  assembling 
these  sectors  are  that  u<rt$,  an,  and  u#  must  be  continuous  along  radial  lines  emanating 
from  the  crack  tip  and  that  any  discontinuities  in  yielding  sectors  must  be  consistent 
with  the  flow  rule.”  An  additional  constraint,  given  by  Kachanov  (1974),  is  that  “the 
[energy]  dissipation  be  positive  everywhere  in  the  slip-line  field.” 

Before  proceeding,  several  additional  observations  regarding  the  behavior  and  ?s- 
semblage  of  the  sectors  should  be  made.  In  yielding  regions  with  incompressible  plas¬ 
ticity  where  the  plastic  strains  are  large  compared  to  the  elastic  strains,  the  “apparent” 
Poisson’s  ratio  is  ua  «  0.5;  t.e.,  (l/3)tr(<r)  «  ( arr  +  o<#)/2.  In  general,  fan  sectors  have 
large  plastic  strains  as  r  — *  0  (s,,  «  1/r) ;  therefore  in  a  fan  region  the  apparent  Pois¬ 
son’s  ratio  is  ua  ss  0.5,  and  or#  as  ±k.  Compressible  elastic  sectors  in  which  there  are  no 
residual  strains  cannot  be  adjacent  to  fan  sectors  (when,  at  the  border,  A(9,  t)  0  in 
the  fan  region).  If  or#  is  equal  to  ±k  at  the  elastic  sector  boundary,  the  requirement  of 
continuous  a$$  produces  an  Mises  equivalent  stress  greater  than  the  yield  stress  in  the 
elastic  sector.  This  is  true  even  if  a  jump  in  arr  is  allowed  between  the  fan  and  elastic 
sector.  In  general,  it  is  necessary  to  have  a  constant  state  sector  between  an  elastic 
sector  (with  no  residual  strains)  and  a  fan,  and  the  apparent  Poisson’s  ratio  across  this 
constant  state  varies  from  i/„  ^  0.5  on  the  elastic  boundary,  where  plastic  strains  are 
negligible,  to  ua  =  0.5  on  the  fan  border,  where  plastic  strains  dominate. 

To  verify  that  an  elastic  sector  with  no  residual  strains  and  v  ^  0.5  cannot  exist 
next  to  a  fan  which  has  an  apparent  Poisson’s  ratio  of  ua  »  0.5,  consider  the  following 


argument.  Evaluate  the  Mises  equivalent  stress  in  the  elastic  sector  at  the  postulated 
elastic-fan  border.  At  such  a  point  <rr#  must  be  equal  to  ±k.  Substituting  this  value 
into  the  expression  for  the  Mises  equivalent  stress,  Eq.(2.31),  yields 

9*  =  KJr  +  °)t)D  +  {arrat,)F  +  a\t,  (4.19) 

where  D(u)  and  F(u)  are  given  in  Eqs.(2.32)  and  (2.33),  respectively.  For  9  <  ay,  ( 
for  o„  #  0), 

K-1 

For  positive  values  of  u,  the  ratio  F/D  varies  from  -1  to  -2,  and  the  condition  required 
by  Eq.(4.20)  has  real  solutions  only  when  F/D  =  -2  (u  =  1/2)  and  arr  —  o#». 

Prior  to  discussing  the  bi-material  asymptotic  crack-tip  fields,  it  is  useful  to  exam¬ 
ine  several  additional  features  present  in  the  homogeneous  analysis.  For  a  stationary 
homogeneous  plane-strain  crack  subjected  to  tensile  opening  loads  (mode  I),  the  crack- 
tip  field  is  that  of  the  classic  Prandtl  distribution  (Hill,  1983).  In  the  Prandtl  field,  all 
crack-tip  material  points  are  in  either  yielding  constant  states  or  centered  fan  regions 
and  remain  in  their  respective  sectors  during  the  entire  loading  history.  Additionally, 
the  Prandtl  stress  distribution  is  independent  of  the  far-field  load  magnitude  as  long  as 
SSY  conditions  exist,  although  the  actual  extent  of  the  distribution  is  dependent  on  the 
load  magnitude.  In  the  growing  quasi-static  (opening)  case,  the  crack-tip  distribution 
remains  constant  with  respect  to  the  moving  crack  tip;  however,  any  material  point 
which  does  not  lie  in  the  plane  of  the  advancing  crack  front  accumulates  strains  in  each 
of  the  four  quasi-static  crack-tip  regions  (Rice,  1982).  Therefore,  it  is  necessary  to  ac¬ 
count  for  these  accumulated  residual  strains  when  assembling  the  crack-tip  fields  from 
an  instantaneous  stress  distribution.  In  general  the  instantaneous  stress  distribution 
of  a  plane-strain  elastic  sector  with  fixed  tractions  is  different  for  regions  which  do  or 
do  not  have  out-of-plane  residual  strains.  (In  plane  strain  the  out-of-plane  stress  must 
account  for  any  residual  out-of-plane  strains.) 

It  is  anticipated  that  the  major  difference  between  the  homogeneous  and  traction- 
free  bi-material  crack-tip  fields  will  result  from  the  continuous  shift,  in  plastic  zone 


shape  and  tractions  along  the  plastic  zone  boundary,  which  arises  with  increasing  load. 
The  shift  between  solutions  should  occur  in  a  continuous  fashion  with  respect  to  &>,  in  a 
manner  analogous  to  the  continuous  shift  observed  in  homogeneous  crack-tip  fields  by 
Shih  (1974)  for  mixed-mode  loading  between  pure  mode  I  and  mode  II.  A  continuous 
evolution  with  increasing  applied  load  has  the  potential  to  alter  residual  strains  and 
thereby  significantly  influence  stresses  in  elastic  sectors.  Also,  such  continuous  evolution 
may  produce  oscillatory  plastic  bi-material  crack-tip  fields,  as  observed  by  Shih  and 
Asaro  (1987)  for  nonlinear  elastic  strain  hardening  bi-material  interfacial  cracks. 

Thus  far,  discussion  has  been  limited  to  asymptotic  forms  which  are  typically  in¬ 
terpreted  as  occurring  “at"  the  crack  tip.  This  interpretation  is  only  a  first  order 
approximation  and  does  not  address  the  possibility  that  away  from  the  crack  tip  a  cusp 
may  form  between  different  sectors.  Although  such  cusps  are  not  found  in  stationary 
homogeneous  crack  solutions,  recent  work  by  Narasimhan,  Rosakis,  and  Hall  (1987)  in¬ 
dicates  that  a  cusp  forms  ahead  of  a  growing  plane-stress  homogeneous  crack  tip,  and 
that  the  boundary  of  the  cusp  separates  the  regions  in  which  the  equations  of  stress 
are  hyberbolic  and  elliptic,  respectively. 


4.2  Traction-Free  Crack-Tip  Model 

The  numerical  results  for  the  traction-free  crack-tip  model  will  be  presented  in  this 
section,  and  in  conjunction  with  the  previously  identified  asymptotic  forms,  approxi¬ 
mate  local  crack-tip  fields  will  be  assembled.  Discussion  will  be  initially  focused  on  the 
“high  resolution,”  quarter  wave-length  model  so  that  the  transitional  period  of  plastic 
flow  can  be  quantified  from  the  elastic-plastic  boundary  towards  the  crack-tip  to  the 
establishment  of  a  “steady-state,”  and  so  that  the  extent  of  oscillatory  behavior,  if 
any,  can  be  identified.  Interfacial  tractions  and  strain  distributions  will  be  tracked  as 
a  function  of  ft,  as  well  as  the  finite  crack  tip  opening  displacement,  Sctod •  A  general 
elastic  potential  which  describes  the  lower  elastic  domain  will  be  identified,  although 
not  directly  from  the  quarter  wave-length  model.  All  results  will  be  analyzed  at  an 
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instantaneously  fixed  value  of  ft-  In  general,  steady  state  and  transitional  behavior 
shall  refer  to  spatial  and  not  chronological  (analysis  or  loading  time)  behavior. 

4.2.1  Deformable  Upper  Half-Plane 
Asymptotic  Crack-Tip  Behavior 

The  behavior  within  the  deforming  bi-material  crack-tip  zone  is  similar  to  that  found 
in  homogeneous  crack-tip  plastic  zones.  Figures  4.2  to  4.6  show  the  location  of  yield¬ 
ing  integration  points  (9  >  0.990*,},  as  a  function  of  angle  6  from  the  interface  and 
normalized  radial  distance  R  =  r/rp  from  the  crack  tip,  at  several  values  of  ft  be¬ 
tween  1.34°  and  30.04°  for  t  =  0.07796  and  u  =  0.342.  In  these  figures,  the  location 
of  integration  points  whose  stress  state  is  that  of  a  fan  sector,  namely  \art\  >  0.99 k 
and  |  (an  —  orr)/o*,|  <  0.02,  are  identified  by  +  marks.  The  fan  region  dominates  the 
yielding  crack-tip  fields  at  small  values  of  R ,  and  ones  a  fan  has  developed,  the  stresses 
along  a  ray  are  independent  of  radial  distance.  Radially  as  R  -*  0,  oscillatory  stress 
fields  do  not  exist  after  a  fan  sector  develops.  As  is  common  in  the  homogeneous  fields, 
a  transitional  layer  exists  between  the  plastic  zone  boundary  and  the  steady-state  fan 
region.  Figure  4. 7  shows  the  development  of  stress  as  a  function  of  R  at  $  =  3.1°  from 
the  elastic  region  (R  >  l)  to  deep  within  the  plastic  zone  (R  C  1)  for  ft  =  30.04°.  As 
seen  from  Figures  4-2  to  ^.6  and  4- 7,  the  establishment  of  a  fan  usually  occurs  only 
deep  within  the  plastic  zone  at  radial  distances  smaller  than  approximately  1%  to  5% 
of  the  actual  plastic  zone  radius  at  that  angular  location.  The  behavior  of  the  inelastic 
transition  region  between  the  plastic  zone  boundary  and  the  establishment  of  fans  or 
“steady-state”  constant  state  sectors  is  similar  to  that  of  a  constant  state  region,  how¬ 
ever  in  such  transition  regions  the  associated  a-  and  0—  lines  have  a  large  but  finite 
radius  of  curvature.  Henceforth,  regions  where  the  curvature  of  a—  and  0— lines  is  very 
small  with  respect  to  unity  shall  be  identified  as  “quasi-constant  state  regions.” 

All  features  seen  in  the  bi-material  fields  are  not  present  in  the  homogeneous  asymp¬ 
totic  fields.  A  large  elastic  sector  exists  from  the  crack  face  ( 6  =  180°)  to  0  ss  135°  for 
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Figure  U  Locations  of  actively  yielding  [9  >  0.99o„)  integration  points  around  a 
traction-free  bi-material  crack-tip  for  e  =  0.07796  and  $>  =  18.2°;  elastic/perfectly- 
plaatic  material  bonded  to  a  rigid  substrate.  Locations  indicative  of  a  fan  stress 
state  (|of#|  >  0.99k  and  |(<7##  -  o„)!ay§\  <  0.02)  are  shown  by  a  “+”. 
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Figure  4.5  Location*  of  actively  yielding  {&  >  0.99<r„)  integration  points  around  < 
traction-free  bi-material  crack-tip  for  e  =  0.07796  and  fo  =  25.7°;  elastic/perfectly 
plastic  material  bonded  to  a  rigid  substrate.  Locations  indicative  of  a  fan  stresi 
state  (\crt\  >  0.99 k  and  |(a##  —  arr)/att j  <  0.02)  are  shown  by  a  “+". 
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Figure  +.6  Locations  of  actively  yielding  [9  >  0.99av,)  integration  points  around  a 
traction-free  bi-material  crack-tip  for  e  =  0.07796  and  =  30.0®;  elastic/perfectly- 
plastic  material  bonded  to  a  rigid  substrate.  Locations  indicative  of  a  fan  stress 
state  (J<rr#|  >  0.99k  and  )(o>*  —  arr)/o¥i\  <  0.02)  are  shown  by  a 
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ft  =  1-34°  and  to  0  as  73®  for  ft  =  30.0®.  Such  elastic  sectors  are  not  observered  in  sta¬ 
tionary  homogeneous  crack  fields  nor  are  they  predicted  from  the  elastically-calculated 
plastic  zone  boundary  derived  in  Section  2.2.1.  The  location  of  actively  yielding  in¬ 
tegration  points  and  the  corresponding  elastically-calculated  plastic  zone  shape  [from 
Eq.(P2.6)j  for  €  =  0.07796  ((/  =  0.342)  at  ft  =  1.34°  and  ft  =  30.0°  are  plotted  in 
Figures  4.8  and  4-8,  respectively.  (Due  to  the  presence  of  the  crack-face  elastic  sec¬ 
tor,  the  plastic  zone  shape  predicted  by  the  elastic  approximation  when  ft  >  0  is  less 
representative  of  the  actual  zone  shape,  especially  near  the  crack-face  region.)  Recall 
that  for  e  >  0,  ft  increases  at  fixed  ZK  when  ||K||  increases.  At  material  points  in  the 
crack-face  elastic  sector  which  are  very  near  the  crack  tip,  prior  plastic  deformation 
would  produce  residual  strains.  At  radial  distances  far  from  the  crack  tip  relative  to 
the  characteristic  plastic  zone  size,  no  residual  plastic  strains  accumulate  in  the  crack- 
face  elastic  wedge.  Furthermore,  an  unloaded  elastic  sector  exists  along  the  interface 
spanning  a  maximum  of  about  22®  for  ft  =  1.34®  and  approximately  8®  for  ft  =  8.72®. 
The  interfacial  elaatic  sector  is  small  and  barely  visible  in  Figure  4-8  ,  but  is  more  easily 
seen  in  Figures  4.2  and  4.8.  (Again,  this  feature  is  not  predicted  by  the  elastically- 
calculated  plastic  zone;  however,  for  ft  ss  0,  the  approximated  plastic  zone  does  have 
a  local  minimum  or  rounded  “kink”  in  its  shape  near  0  «  30®,  and  this  rounded  kink 
may  be  related  to  the  development  of  the  interfacial  elastic  wedge.)  Active  plasticity 
exists  both  radially  ahead  and  behind  this  elastic  sector,  indicating  that  the  material 
points  within  this  elaatic  region  once  reached  yield,  deformed  plastically,  unloaded  to 
an  elastic  state,  and  will  again  yield  and  deform  plastically. 

The  presence  of  a  cusp  in  the  crack-tip  field  is  another  feature  of  the  bi-material 
fields  which  is  not  observed  in  the  stationary  homogeneous  asymptotic  fields.  At  small 
to  modest  angles  from  the  interface,  the  length  of  the  transition  region  from  the  elastic- 
plastic  boundary  to  the  fan  region  increases  with  decreasing  8,  producing  a  cusp  in  the 
slip-line  field.  The  cusp  itself  is  not  a  characteristic  slip-line,  but  merely  a  boundary 
line  separating  two  regions.  The  characteristic  a—  and  0—  lines  appear  continuous  and 
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Figure  4-8  Approximate  plastic  zone,  along  with  the  location  of  actively  yielding  in¬ 
tegration  points,  from  a  finite  element  calculation  of  traction-free  SSY  in  an 
elastic/ perfectly-plastic  material  atop  a  rigid  substrate:  e  =  0.07796  and  Cb  = 
1.34°.  s 
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smooth  across  the  cusp.  The  behavior  of  the  material  between  the  interface  and  the  fan 
sector;  i.e.,  the  material  between  the  cusp  and  interface,  behaves  as  a  quasi-constant 
state  region  or,  for  values  of  ft  between  1.34°  and  about  11°,  as  an  unloaded  elastic 
sector.  (The  value  of  11°  is  obtained  by  linearly  extrapolating  the  maximum  angular 
extent  of  the  elastic  sector  as  a  function  of  ft  from  data  at  ft  =  1.34°  and  ft  =  8.72°.) 

Even  with  a  cusp  present,  the  local  angular  stress  distribution  at  a  given  value 
of  R  is  reconstructed  by  properly  assembling  the  three  asymptotic  forms  identified  in 
Section  4.1.2.  Figure  4. 10  shows  a  schematic  crack-tip  field  for  a  traction-free  crack-tip. 
The  crack-tip  distribution  deep  within  the  plastic  zone  is  determined  by  the  values  of 
the  slip-line  angles  £,  -7,  rj,  a,  and  £1  as  a  function  of  R.  From  Figures  4-2  to  4-6,  it 
appears  that  the  slip-line  angles  £  and  7  are  independent  of  R  for  R  <C  1,  but  due  to 
the  presence  of  the  cusp,  the  slip-line  angles  a,  17,  and  £1  are  dependent  upon  R.  In  the 
limit  as  R  — ►  0,  it  appears  that  a  =  0,  suggesting  from  a  purely  mathematical  point  of 
view,  the  asymptotic  crack-tip  fields  should  be  constructed  with  a  =  0. 

At  this  point,  a  definition  of  “asymptotic  SSY  bi-material  crack-tip  field”  is  neces¬ 
sary.  In  homogeneous  fracture  mechanics,  the  asymptotic  fields  are  those  which  emerge 
as  r  tends  toward  zero,  with  the  restriction  that  r  remains  large  as  compared  to  the 
CTOD.  (This  restriction  on  r  is  necessary  because  at  radial  distances  smaller  than  sev¬ 
eral  times  the  CTOD,  the  asymptotic  field  around  the  now  blunted  “circular”  crack-tip 
is  that  of  the  logarithmic  spiral  (Rice,  1968b;  Kachanov,  1974).]  Furthermore,  it  is 
implicitly  understood  that  such  asymptotic  fields  are  only  valid  in  regions  where  their 
fundamental  assumptions  of  linear  kinematics  and  a  mathematically  sharp  crack  tip 
are  not  violated.  It  will  be  shown  in  Section  5.1  that  use  of  linear  kinematics  is  only 
valid  in  fan  sectors  for  radial  distances  R  >  ~io,  where  7o>  the  initial  she~x  yield  strain, 
typically  ranges  from  10-4  to  10_l  for  polycrystalline  metals.  For  values  of  R  smaller 
than  7o»  the  resulting  strains  are  no  longer  small;  i.c.,  less  than  unity.  Henceforth , 
asymptotic  SSY  bi-material  crack-tip  fields  shall  be  defined  as  those  which  emerge  as 
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Figure  4. 10  Slip-line  field  at  a  traction-free  interfacial  crack  for  an  elastic/perfectly- 
plastic  upper  region  bonded  to  a  rigid  (or  elastic)  substrate.  See  Table  4-1  and 
4.5  for  numerical  values  of  indicated  angles. 
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Assemblage  of  Crack-Tip  Fields 

The  asymptotic  crack-tip  fields  are  assembled  from  the  numerical  results  in  the  following 
manner.  The  elastic  wedge  coefficients  aj  and  cj  along  the  crack  face  are  obtained 
by  matching  the  analytical  elastic  wedge  expressions  for  stress  and  pressure  with  the 
numerical  results  over  the  range  of  0  where  no  prior  inelastic  deformation  has  occurred. 
With  these  coefficients,  the  elastically  predicted  location  where  d  =  ay,  is  identified, 
and  the  corresponding  angle  is  taken  to  be  £.  The  stress  state  at  £  in  the  elastic 
and  constant  state  sectors  are  assumed  to  be  equal,  and  from  the  elastically  predicted 
stress  state  at  £,  a  Mohr’s  circle  calculation  is  performed  to  estimate  the  rotation 
in  the  constant  state  region  necessary  to  achieve  a  state  of  pure  shear  [prT  =  att) 
This  rotation  angle  is  interpreted  as  7  -  £.  In  making  this  estimate,  it  is  assumed 
that  Orr  is  continuous  from  the  elastic-wedge/constant-state  border  through  the  entire 
constant  state  sector,  up  to  the  constant-state/fan  border.  To  determine  the  angle  7, 
the  pressure  distributions  in  the  fan  and  the  adjacent  constant  state  sectors  are  fit  to 
linear  expressions  (with  respect  to  0),  and  their  extrapolated  intersection  defines  the 
angle  17.  This  approach  circumvents  problems  associated  with  a  lack  of  mesh  refinement 
and  numerical  noise  at  boundaries  between  constant  state  and  fan  sectors.  The  angle 
a  is  then  back  calculated  asa  =  jr  —  7  —  7,  and  is  compared  to  the  angular  location  of 
the  last  node  or  integration  point  whose  stress  state  is  indicative  of  a  centered  fan. 

In  assembling  the  assumed  asymptotic  fields,  the  stress  distribution  in  the  unloaded 
elastic  sector  is  obtained  by  projecting  the  stress  distribution  from  the  'Virgin”  elastic 
sector.  Although  such  an  extrapolation  is  not  strictly  acceptable  since  it  does  not 
account  for  the  residual  e£JatHe  strain,  modest  agreement  between  the  numerical  and 
elasticity  solutions  does  exist  for  the  ort  and  <7##  components.  This  extrapolation  is 
done  for  several  reasons.  For  the  smaller  values  of  ft,  it  is  not  clear  that  the  initial 
(numerical)  transient  period  accumulates  the  same  amount  of  strain  as  it  would  have 
had  the  analysis  been  initially  started  from  a  smaller  value  of  ft-  Second,  if  fo  uniquely 
defines  the  assemblage  of  the  asymptotic  crack-tip  fields  independently  of  u  and  e,  then 
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these  results  are  directly  applicable  for  negative  values  of  c.  (For  e  <  0,  fo  decreases  as 
||K ||  increases,  and  no  prior  plastic  deformation  would  occur  in  the  elastic  sector.) 

Interfacial  Tractions  and  Crack-Tip  Fields 

Due  to  the  elastic/perfectly-plastic  constitutive  assumption,  the  interfacial  tractions  are 
bounded  and  are  constant  as  R  — *  0.  The  maximum  magnitude  of  the  shear  traction, 
t„  is  |t,|  =  k,  and  for  a  fully  plastic  crack  tip  the  maximum  value  of  the  normal  traction, 
tn,  is  tn  =  3.298«7,4 .  The  development  of  the  asymptotic  interfacial  tractions  is  identical 
to  that  of  the  asymptotic  crack-tip  fields.  At  normalized  radial  distances  several  times 
greater  than  R  =  1,  the  elastic  interfacial  tractions  are  recovered,  and  the  asymptotic 
interfacial  tractions  are  fully  established  at  radial  distances  less  than  2%  to  10%  of  the 
actual  plastic  zone  radius  along  the  interface.  The  interfacial  tractions  appear  to  reach 
their  steady  state  values  slightly  faster  than  the  crack-tip  fields,  except  when  a  cusp  or 
an  interfacial  elastic  sector  is  present.  The  stress  state  shown  in  Figure  4.7  is  indicative 
of  the  transient  period  necessary  to  establish  asymptotic  interfacial  tractions  when  a 
cusp  is  present. 

The  assembled  asymptotic  crack-tip  fields  for  six  values  of  ft  ranging  from  1.34°  to 
30.04°  are  summarized  for  R  =  in  the  Table  4-1-  Included  in  the  table  are  the  far-field 
values  of  the  J-Integral,  the  numerical  values  of  the  slip-line  angles  a,  rj,  7,  £,  and  (1, 
the  elasticity  potential  coefficients  03  and  c2  for  the  interfacial  elastic  sectors  denoted 
by  the  angle  £,  and  the  normalized  hoop  [H  =  oh{8  =  ir  —  £)/<7,,j  and  shear  stress 
[K  =  a,i(6  =  ir  —  £)/<r,,]  components  at  0  =  £1.  The  first  value  of  rj  corresponds  to  the 
value  obtained  by  the  previously  described  procedure,  and  the  value  of  r\  in  parentheses 
represents  the  value  based  solely  upon  the  last  node  or  integration  point  whose  stress 
state  is  that  of  a  centered  fan.  Also  included  in  the  table  are  the  normalized  interfacial 
traction  coefficients  P  and  S  which  are  related  to  the  interfacial  shear,  t„  and  normal, 
tn ,  tractions  by 


and 


t,(R  =  Tfo)  =  Sa¥,.  (4.22) 

From  Table  j.l,  the  schematic  bi-material  crack-tip  configuration  shown  in  Figure  4. 10, 
and  the  elasticity  potential  given  in  Appendix  B,  the  stress  distribution  in  the  de¬ 
formable  upper  half-plane  is  completely  described. 
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-0.0348 
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-0.104 

-0.113 

2.86 

0.298 

2.77 

0.372 

18.2" 

0.063 

-0.136 

2.41 

0.462 

- 

- 

25.7" 

0.157 

-0.133 

1.99 

0.524 

- 

- 

30  0" 

0.185 

-0.115 

1.74 

0.546 

- 

- 

Table  4-1  Crack-tip  slip-line  angles,  crack-face  elastic  wedge  and  interfacial  traction  co¬ 
efficients,  and  the  stress  state  at  the  interfacial  elastic- wedge/constant  state  boundary; 
R  =  7 01  €  =  0.07796,  and  u  =  0.342. 


Comparison 

The  accuracy  of  the  slip-line  angles  identified  in  the  manner  discussed  previously  is 
very  good  when  no  elastic  sectors  are  nearby,  however,  the  accuracy  is  significantly 
reduced  when  elastic  sectors  are  present.  The  transition  from  an  elastic  sector  to  a 
fan  sector  usually  spans  only  2  to  4  elements  (each  element  covers  approximately  8°) 
and  seldom  occurs  at  an  element  boundary.  Sector  boundaries  which  occur  within 
an  element  are  poorly  resolved  because  the  deviatoric  and  hydrostatic  stress  states 
within  an  element  are  only  bi-quadraticly  and  bi-linearly  represented,  respectively. 
Consequently,  accurate  data  from  constant  state  sectors  needed  to  precisely  determine 
the  elastic /constant-state/fan  boundaries  is  not  available. 
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The  numerical  and  analytically  inferred  stress  states  are  compared  for  &  —  30.0° 
at  R  =  Tfo  («  =  0.07796)  and  are  plotted  in  Figure  4.11.  Substantially  away  from  the 
fan/elastic-wedge  transition,  little  discrepancy  exists  between  the  inferred  analytical 
solution,  represented  by  solid  lines,  and  the  FE  calculations,  whose  values  at  integra¬ 
tion  points  are  plotted  with  symbols.  Near  the  constant-state  elastic-wedge  transition, 
accumulated  residual  strains  influence  the  stress  state,  especially  the  arT  component, 
and  the  inferred  stress  state  is  not  continuous  at  the  actual  boundary.  In  the  con¬ 
struction  of  this  figure,  rigid-plastic  slip-line  theory  is  used  in  the  plastically  deforming 
regions,  and  the  pressure  distribution  is  arrived  at  by  matching  a  point  within  the 
fan  region.  The  constant-state  elastic-wedge  transition  shown  in  the  figure  is  not  ac¬ 
curate  because  it  fails  to  reflect  the  elastically  compressible  material  behavior  in  the 
constant  state  region  and  the  effect  of  residual  strains  in  the  elastic  sector.  Also,  the 
stress  states  in  elastic  and  plastic  regions  are  matched  from  different  conditions,  and 
therefore  continuity  of  stress  is  not  guaranteed.  Furthermore  the  apparent  “almost 
continuous”  stress  state  at  6  =  it  -  7  results  from  the  technique  used  to  approximate 
7-  Overall,  the  asymptotic  crack-tip  fields  reproduce  the  stress  distribution  accurately 
near  a  fan/elastic-wedge  transition,  with  the  exception  of  the  arr  component 

Asymptotic  Strain  Distribution  and  CTOD 

At  plastically  deforming  crack  tips,  knowledge  of  the  stress  distribution  is  not  sufficient 
to  completely  characterize  the  crack-tip  regions  because  the  strain  distribution  is  not 
uniquely  defined  from  the  stress  distribution.  Unfortunately,  convenient  asymptotic 
forms  to  describe  the  strain  distribution  do  not  exist  as  they  do  to  describe  the  stress 
distribution.  Due  to  the  asymptotic  nature  of  deformation  in  a  centered  fan  sector  (i.e., 
7r«  18  the  only  non-zero  strain  rate  component)  |7r#  |  is  generally  large  compared  to  all 
other  strain  components.  In  constant  state  regions,  large  strains  are  not  anticipated 
since  they  must  occur  uniformly  throughout  the  region  or  along  crack-tip  rays  where 
o>#  =  ±k  (Rice  and  Tracey,  1973),  and,  in  general,  strains  in  constant  state  regions  axe 


small  compared  to  those  found  in  centered  fans.  For  these  and  other  reasons,  the  most 
significant  strain  component  in  the  crack-tip  region  is  the  7r*  component,  and  therefore 
7r#  is  the  only  strain  component  considered. 

The  *7, r#  strain  distribution  is  normalized  by  considering  its  functional  form  within  a 
centered  fan  sector,  from  Eq.(4.10),  the  shear  strain  distribution  is  given  approximately 
by  iZofri/n fo  »  A(0),  when  R  1.  Figure  4-18  shows  the  normalized  distribution 
of  for  c  =  0.07796  at  six  values  of  fo  between  1.34°  and  30.0°.  Comparing  the 
radial  shear  strain  distributions  with  the  asymptotic  crack-tip  forms,  the  largest  strains 
occur  in  fan  regions  approximately  15°  away  from  the  fan-elastic  boundary,  and  from 
Figure  4.12,  the  maximum  shear  strain  increases  as  f0  increases.  Although  not  shown, 
the  normalized  shear  strain  distributions  deep  within  the  plastic  zone  ( R  <  0.01)  are 
independent  of  R.  Thus  the  presence  of  a  cusp  strongly  influences  the  entire  asymptotic 
crack-tip  deformation,  even  in  regions  where  the  cusp  is  not  present. 

An  additional  quantity  directly  related  to  the  strain  field  is  the  CTOD.  The  bi¬ 
material  CTOD  is  defined  as 

Sctod  =  u (R  =  0, 9  =  jt)  -  u(R  =  0,9  =  -n),  (4.23) 

where  u  is  the  displacement  vector.  The  CTOD  physically  represents  the  displacement 
of  the  crack  faces  relative  to  one  another  and  also  represents  an  integrated  vector  sum 
of  the  strain  field  on  a  path  about  the  crack  tip.  To  uniquely  define  Sctod  i  both  its 
magnitude  and  orientation  are  required.  In  Figure  4-19  a  schematic  crack  tip  and  the 
associated  coordinate  system  used  to  define  Sctod  are  sketched.  Figure  4. 14  shows 
the  normalized  magnitude  of  Sctod  and  <*>,  the  angle  of  Sctod  ,  for  c  =  0.07796  as  a 
function  of  ft.  Also  plotted  in  the  figure  is  the  angle  (*>£{«*<«  >  which  is  the  angle  of  Sctod 
obtained  from  the  elasticity  solution  by  evaluating  Eq.(P2.32)  at  f  =  ft  and  r  =  rp. 
The  difference  between  w  and  wsi**tie  is  less  than  15°  for  the  range  of  ft  shown.  The 


corresponding  elastically-calculated  magnitude  of  Sctod  »  defined  as 
ScTOD&it  _  4\/2 

^  KUttie  1Ty/l  +  4el 

is  \Sctod0*i/ J\EU»tie  =  1.779  for  c  =  0.07796  and  is  independent  of  ft. 


(4.24) 
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Figure  4-14  Traction-free  bi-material  Sctod  from  a  finite  element  calculation  of  an 
elaatic/perfectly-plaatic  upper  region  atop  a  rigid  substrate  for  f0  between  -20" 
and  30°;  c  =  0.07796.  (a)  shows  the  magnitude  normalized  with  respect  to  yield 
strength  and  the  far-field  elastic  ./-Integral  and  (b)  shows  the  crack-tip  angle  w 
from  the  finite  element  calculations  and  from  Eq.(P2.32)  evaluated  at  r  =  rp  and 
f  =  fc. 
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Path  Dependence  of  J-lntegral 

The  J- Integral  is  evaluated  within  the  asymptotic  crack-tip  fields  by  considering  the 
contributions  to  it  from  each  of  the  various  sectors.  Rice  (1968b)  states  that  since  the 
strains  are  bounded  as  R  — ►  0  in  a  constant  region,  constant  state  sectors  produce  no 
contribution  to  J.  Extending  this  rationale,  it  is  concluded  that  no  contributions  to  J 
are  made  from  either  the  rigid  lower  half  or  from  any  of  the  (non-singular)  crack-tip 
elastic  sectors.  Therefore,  the  entire  local  contribution  to  J  comes  from  the  centered 
fan  region(s)  and  is  given  by  (Rice,  1967) 


J=  f  r7rt(r,$)[kcoe$  +  orr(rt6)aiii$]d6. 


(4.25) 


Here  the  integration  path  is  chosen  to  be  a  circular  arc  about  the  crack  tip,  and  in 
terms  of  the  schematic  slip-line  field  shown  in  Figure  4-10,  the  upper  and  lower  limits 
of  integration  are  0  =  rj  and  0  =  a  +  rjt  respectively. 

Local  J-Integral  estimates  were  calculated  by  the  virtual  crack  entension  method 
(VCEM).  The  VCEM  uses  the  divergence  theorem  to  convert  the  contour  integral  of  J 
to  a  surface  integral  and  then  calculates  the  change  in  energy  associated  with  a  virtual 
extension  of  the  crack  front.  The  J  estimate  is  interpreted  as  J  «  — Ax/Ao,  where  Ax 
is  the  change  in  energy  and  Aa  is  the  virtual  increment  of  crack  advancement.  Table 
4-2  summarizes  the  local  Jvcbm  normalized  by  the  far-field  elastic  J-Integral, 

for  e  =  0.07796  and  fo  between  1.34°  and  30.0°.  Included  in  the  table  are  the  average 
values  of  the  second,  third,  and  fourth  contour  values  of  J.  A  considerable  amount  of 
non-proportional  loading  occurs,  especially  with  the  presence  of  the  cusps  and  growth 
of  the  crack-face  elastic  wedge,  thus  local  J  values  which  are  appreciably  lower  than  the 
far-field  J  are  expected.  The  contour  values  of  J  typically  decreased  slightly  from  the 
second  contour  to  the  ninth  contour.  Growth  of  J  as  R  — *  0  is  not  anticipated,  but  may 
be  attributable  to  both  the  stress  and  strain  distributions  asymptotically  approaching 
a  steady  state  as  R  — ♦  0. 
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Co 

JvCEm/  J  Elastic 

30.0° 

0.86 

25.7° 

0.75 

18.2* 

0.61 

8.72* 

0.49 

1.34* 

0.41 

Table  i.g  Local  ./-Integral  estimates,  normalized  by  the  elastic  far-held  value  of  J, 
obtained  by  the  VCEM  for  various  values  of  ft  with  e  =  0.07796. 

4.2.2  Solution  in  the  Lower  Elastic  Half-Plane 

Due  to  the  vise  of  a  rigid  material  adjoint  to  the  elastic/ perfectly-plastic  material  in 
the  quarter  wave-length  calculation,  no  results  are  obtained  for  the  lower  elastic  half¬ 
plane.  The  nature  of  the  elastic  half  space  is  instead  obtained  from  one  of  the  other, 
less  focused,  analyses.  Because  contact  between  the  upper  and  lower  half-planes  is 
made  only  via  the  interface,  the  behavior  of  the  asymptotic  interfacial  conditions  very 
deep  within  the  plastic  zone,  described  previously,  are  reflective  of  the  stress  behavior 
in  the  elastic  half-plane. 

Unlike  the  upper  yielding  region,  no  significantly  different  behavior  is  observed  in 
the  elastic  region  at  17,  the  plastic  zone  radius  along  the  interface  [r/  =  rp(0  =  0°)],  and 
at  distances  much  closer  to  the  crack-tip,  r  as  r// 10,  certain  dominant  features  begin 
to  emerge.  Consider  the  results  obtained  for  the  material  combination  of  yielding 
aluminum  in  region  1  and  graphite  in  region  2,  (e  =  —0.07923)  loaded  until  ft  = 
-2.70°.  ( Table  4.4  contains  the  elastic  properties  of  all  material  used.)  Figure  4-15 
shows  the  normalized  stress  components  in  the  elastic  interfacial  region  as  a  function 
of  the  logarithm  of  the  normalized  radial  distance  Ri  ( R /  =  r/rj).  The  normalized 
hoop  and  shear  components  experience  a  transitional  period  from  log10(i?/)  =  0  up  to 
logl0(i2/)  =  -1.0,  at  which  point  they  level  off  and  achieve  a  steady  state  behavior  as 
Ri  —*  0.  The  normalized  radial  stress  experiences  a  similar  transitional  period,  but 
it  increases  linearly  in  the  region  where  the  other  components  reach  their  steady-state 
values  (A/  <  —1).  This  indicates  that  the  radial  stress  component  is  logarithmically 
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singular.  Figure  ^.16  shows  the  normalized  elastic  stress  components  plotted  versus 
normalized  radial  distance  R  at  0  =  —86°.  At  this  angle,  all  the  stress  components 
experience  some  transitional  behavior  at  Ri  >  —1  before  they  reach  a  linear  region. 
In  Figure  4.17  the  angular  distribution  of  the  normalized  stress  components  at  R  = 
0.00551,  R  =  0.0138,  and  R  =  0.0.0551  are  plotted.  It  is  obvious  that  the  asymptotic 
stress  distribution  does  not  generally  reach  a  steady-state  as  R  — *  0  (or  i?/  — ►  0), 
as  is  observed  in  the  upper  domain,  nor  does  it  reach  a  self  similar  distribution  as 
is  observed  in  homogeneous  asymptotic  elastic  and  plastic  crack-tip  fields  (Rice  and 
Roeengren,  1968;  Hutchinson,  1968). 


Formulation  of  an  Elasticity  Potential 


To  describe  the  stress  field  very  near  the  crack  tip,  beneath  the  region  where  the  solution 
in  the  upper  domain  has  achieved  a  steady  state,  a  closed  form  elasticity  solution  will  be 
formulated.  The  planar  elasticity  solution  will  describ"  ‘he  asymptotic  characteristic 
as  R  -*  0  in  the  lower  field  and  will  be  expressed  in  the  form  of  an  elasticity  potential. 

It  has  been  shown  that  any  planar  stress  function,  <j>(x,y),  which  satisfies  the  dif¬ 
ferential  equation 


d*</>  n  av  d*<f> 

+  2— — rrr  +  .  =  0, 


(4.26) 


dx4  dx2dy 2  dy4 

also  satisfies  the  basic  equations  of  isotropic  linear  elasticity,  namely  the  constitutive, 
equilibrium,  and  the  compatibility  equations  (Timoshenko  and  Goodier,  1970).  In 
addition  to  satisfying  Eq.(4.26),  the  stress  function  must  also  satisfy  all  accompanying 
boundary  conditions.  The  individual  stress  components  for  a  body  with  stress  function, 
4>  (with  negligible  body  forces)  are: 

d2<t>{x,y) 


<r«(x,y)  = 


dy 2 


°n\x*V)  -  qx 2  > 


(4.27) 

(4.28) 


and 
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The  strain  field  is  found  by  inverting  the  appropriate  isotropic  elasticity  tensor,  £, 
defined  in  Eq.(3.14),  and  using  it  to  operate  directly  on  the  stress  field.  Assumptions 
regarding  plane-strain  (or  plane-stress)  conditions  are  necessary  to  fully  define  the  stress 
and  strain  fields.  Integration  of  the  strain  field  uniquely  determines  the  displacement 
field,  to  within  a  rigid  body  motion.  Therefore,  the  determination  of  <j>,  in  conjunction 
with  the  planar  assumptions  and  two  elastic  material  properties,  completely  describes 
the  elastic  fields. 

The  stress  function  4>  need  not  be  expressed  in  Cartesian  coordinates.  It  can  be 
found  in  any  coordinate  frame  and,  via  the  proper  coordinate  transformation,  trans¬ 
formed  into  any  other  coordinate  frame.  For  example,  it  is  more  convenient  to  express 
the  stress  components  around  the  cradc  tip  in  a  polar  coordinate  frame.  The  polar 
stress  components  can  be  obtained  from  4>  by  (Timoshenko  and  Goodier,  1970): 

„  (r(h_3VM) 


and 


- . 


(4.30) 

(4.31) 

(4.32) 


where  r  is  the  radial  coordinate  and  $  is  the  angular  coordinate. 

In  general,  the  stress  potential  4>  is  obtained  by  considering  the  assorted  boundary 
conditions  and  the  desired  asymptotic  behavior.  In  an  attempt  to  find  <t>  for  the  problem 
at  hand,  the  contributions  to  4>  from  the  local  crack-face  and  interfacial  tractions  are 
first  examined. 

The  major  factor  which  governs  the  behavior  of  the  elastic  domain  is  the  interfacial 
traction.  Because  of  the  elastic/perfectly-plastic  material  idealization  used  in  the  upper 
domain,  and  to  within  the  limits  discussed  previously,  the  asymptotic  crack-face  and 
interfacial  tractions,  t,  as  R  — ♦  70,  assume  constant  values  of: 


(4.33) 


=  {o 


Poyt  0  =  0° 


9  =  -180°, 


and 


Ho 


SOy,  9  =  0° 


(4.34) 


6  =  —180". 

Here  at,  refers  to  the  yield  strength  of  the  material  in  the  upper  domain  oytl ,  and  the 
subscripts  n  and  s  designate  the  normal  and  shear  components,  respectively.  Although 
these  asymptotic  interfacial  tractions  extend  only  over  a  “short”  distance  within  the 
plastic  zone,  the  actual  traction  distribution  is  approximated  by  considering  that  these 
tractions  exist  over  the  entire  interface  within  the  plastic  zone.  Outside  the  plastic 
zone  region,  the  asymptotic  elastic  stresses  are  small  with  respect  to  oy,  and  decay 
rapidly  as  the  radial  distance  r  increases.  To  describe  the  asymptotic  behavior  in  the 
crack-tip  region  it  is  assumed  that  the  interfacial  tractions  in  the  elastic  portion  of  the 
upper  region  are  negligible.  The  interfacial  tractions  are  idealized  as  being  equal  to 
zero  everywhere  beyond  the  plastic  zone  and  within  the  plastic  zone  are  equal  to  tn 
and  t„  as  given  by  Gqs.(4.33)  and  (4.34).  This  idealized  traction  distribution  around 
the  crack  tip  is  drawn  in  Figure  4-18. 

By  consideration  of  this  idealized  interfacial  traction  distribution,  an  elasticity  po¬ 
tential  is  assembled  which  asymptotically  reproduces  the  stress  and  strain  state  in  the 
elastic  lower  domain  as  r  — ►  0.  From  the  known  solutions  for  semi-infinite  bodies  with 
constant  normal  and  shear  surface  tractions  across  half  of  their  free  surface  (Timo¬ 
shenko  and  Goodier,  1970),  the  stress  potential,  <t>,  for  the  lower  crack-tip  domain  is 
assembled  by  superposition  of  the  various  known  solutions  and  is  expressed  as 
So* 


<t>  =  - 


OB 


^  +  yJ)  arctan  -  xy  +  (x  +  r/)  y 


2  JT 


-  ((*  +  ri)i  +  V*)  arctan  ■ 


(4.35) 
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Figure  4. 18  Idealized  interfacial  traction  distribution  for  a  traction-free  crack-tip  in 
SSY  conditions,  showing  interfacial  normal  (t„)  and  shear  ( t ,)  tractions,  plastic 

zone  radius  of  upper  material  (r/),  and  polar  (r, 7)  and  Cartesian  (x,y)  coordi¬ 
nates. 
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Here  r/  is  the  plastic  zone  radius  along  the  interface.  (The  stress  potential  for  a  semi¬ 
infinite  body  is  a  special  case  of  the  general  wedge  solution  with  the  enclosed  wedge 
angle  equal  to  180".)  Since  only  the  asymptotic  crack-tip  elastic  stress  field  is  desired 
and  the  traction  distribution  outside  the  crack-tip  region  is  only  approximate,  attention 
is  focused  upon  the  very  near  crack-tip  field.  By  dividing  Eq.(4.29)  by  r/2,  defining 
two  new  relative  coordinate  measurements  X  =  x/rj  and  Y  =  y/r/,  and  by  assuming 
X  C  1  and  K<1,  the  local  asymptotic  stress  potential  is  obtained,  as  Ri  — *  0  (where 
R)  =  Xt  +  V2),  and  it  is  given  by 

4,  =  --1  [jV’In^  +  y*)  +Xyarctan(j)  -  y!] 

+^r  [(*’ + yl)  arct“  (I)  ■  *^1  ■  (4-36) 

At  small  distances  along  the  interface  relative  to  the  interfacial  plastic  zone  radius, 
r/,  the  tractions  appear  to  remain  constant  for  increasing  or  decreasing  z.  Thus,  by 
observation  of  the  traction  behavior,  the  stress  potential  for  a  semi-infinite  body  with 
constant  normal  and  shear  surface  tractions  across  half  of  its  free  surface  could  be 
obtained  directly.  Note,  Eq.(4.36)  is  the  stress  potential  for  such  a  semi-infinite  body, 
except  that  the  coordinates  X  and  Y  are  normalized  by  the  plastic  zone  radius  along 
the  interface. 

Timoshenko  and  Goodier  (1970)  pointed  out  that  prescribing  only  the  surface  trac¬ 
tions  and  determining  their  resultant  stress  potential  does  not  always  uniquely  charac¬ 
terize  the  stress  field.  Stress  fields  which  require  no  surface  tractions  or  displacement 
boundary  conditions  on  the  free  surface  (y  =  0)  can  be  arbitrarily  superimposed.  Due 
to  these  boundary  constraints,  certain  restrictions  are  imposed  on  the  otherwise  arbi¬ 
trary  fields.  Since  no  free-surface  shear  tractions  are  allowed  in  these  fields, 

c„(X,Y  =0)=0  =>  -J?L;t(X,r=0)=0,  (4.37) 

and  because  no  normal  tractions  are  admissible, 

a„(X,Y  =  0)  =0  =►  ^  4>(X,Y  =  0)=0.  (4.38) 
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For  small  values  of  X  and  Y  as  Ri  -*  0,  the  most  dominant  field  which  satisfies  these 
conditions  is  that  of  a  uniform  stress  field  parallel  to  the  interface,  defined  such  that 
o**  =  Tcv,.  The  stress  potential  for  this  uniform  field  is  given  by 

*=±2V,.[y1].  (4.39) 

The  total  asymptotic  stress  potential  for  the  elastic  lower  domain  as  Rj  — ►  0  is 
now  assembled.  Summing  the  various  stress  potentials,  Eqs.(4.30)  and  (4.33),  the  total 
stress  potential,  expressed  in  a  polar  coordinate  frame,  is 

<f>  -  \r)  ln(J2/)  sin* (7)  +  R)~i  sinfa)  cosfr)  -  R )  sinfr)] 

l*'7  “  R*  COflfr)]  +  \Ta*‘  [R*  sin,fr)]  •  (4-40) 

Asymptotic  Characteristic 

The  stress  components  are  obtained  from  Eq.(4.40)  using  Eqs.(4.30)  to  (4.32),  and 
are  converted  to  the  polar  coordinate  frame  used  shown  in  Figures  LI  and  2.1  (via 
0  =  7-t).  The  normalized  stress  components  are  expressed  as 

—  f(l  +  2  In  (12))  sin*  (0)  +  (x  +  0)sin(20)l 
aytl  ir 

[x  +  9  -  sin(fl)  cos(tf)]  +  T  [sin*(0)]  ,  (4.41) 

[2 In  (A)  cos1  (0)  -  (x  +  0)sin(20)  -sina(0)l 
o,§l  if  1 

+£  [x  +  0  +  sin(0)  cos(*)]  +  T  [cos*(»)] ,  (4.42) 

and 

~  (1  +  2ln(fZ))sin(20)  +  (x  +  $)  cos(20)J 

[sin*(0)j  -  T  (sin(0)  cos(0)j .  (4-43) 

It  is  assumed  here  that  the  plastic  zone  radius  along  the  interface,  r/,  can  be  approxi¬ 
mated  by  the  characteristic  plastic  zone  dimension,  rp,  such  that  Rj  »  R. 
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The  total  stress  state  at  any  point  in  the  elastic  domain  can  be  decomposed  into 
the  three  individual  components  which  describe  the  entire  field.  From  both  a  physical 
and  mathematical  point  of  view,  the  uniform  T-stress  produces  no  startling  or  unusual 
features.  The  field  which  results  from  a  uniform  normal  interfacial  traction  (Pov,) 
produces  normalized  stress  components  of  order  P/x  which  are  solely  a  function  of 
angular  location.  The  third  field  which  arises,  due  to  the  uniform  interfacial  shear 
traction,  is  logarithmically  singular  as  R  -*  0  (and  mathematically  as  R  — ►  oo+).  The 
stress  components  behave  as  a  ~  [(S/ir)<rM  In  (R)}  as  R  — ►  0,  indicating  that  large 
stresses  are  present  and  that  yielding  in  the  lower  material  domain  is  expected  near 
the  crack  tip.  This  means  that  the  inclusion  of  non-linear  deformation  in  the  upper 
region  does  not  completely  eliminate  the  stress  singularity  at  the  crack  tip;  rather  it  only 
changes  the  relative  degree  of  singularity  at  the  crack  tip. 

The  actual  asymptotic  stress  field  is  completely  defined  by  substituting  in  the  ap¬ 
propriate  numerical  values  for  5,  P,  and  T.  The  numerical  values  of  S  and  P  are 
solely  determined  by  the  deformation  pattern  of  the  upper  domain;  however,  the  value 
of  T  is  a  function  of  the  local  asymptotic  deformation  and  the  far-field  loads.  In  the 
traction-free  crack-tip  analyses  the  M  =  0  “T-term”  and  associated  eigenmode  directly 
correspond  to  the  uniform  in-plane  T  stress.  (In  the  boundary  layer  formulation  the 
coefficient  of  the  T-term  is  set  to  zero.)  The  value  of  T  arrived  at  here  does  not  include 
far-field  loading  effects  and  only  reflects  the  interaction  of  the  local  crack-tip  elastic- 
plastic  fields  with  the  elastic  K- fields.  The  elastic  far-field  contribution  in  homogeneous 
cracks  is  typically  small  compared  to  the  yield  stress,  but  as  pointed  out  by  Larsson 
and  Carlsson  (1973),  a  non-zero  T-stress  does  alter  the  local  plastic  fields. 

The  individual  elastic  stress  fields  are  completely  characterized  when  the  precise 
numerical  values  of  P,  5,  and  T  are  determined  from  the  numerical  analyses.  From  the 
slip-line  model  used  to  describe  the  plastically  deforming  upper  region,  the  interfacial 
traction  coefficients  P  and  S  are  extracted,  and  the  value  of  T  is  obtained  by  matching 
the  predicted  behavior  in  the  lower  elastic  region  with  the  actual  numerical  results. 
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To  determine  the  value  of  T,  any  number  of  matches  can  be  made  which  theoretically 
should  produce  identical  results;  e.g.,  matching  the  radial  strain,  err,  along  the  interface. 
In  the  work  described  herein,  T  represents  the  average  of  matching  arT  at  0  =  0°  and 
9  =  — 180*,  typically  at  A  =  0.01.  This  is  done  in  an  attempt  to  minimize  the  effects 
of  numerical  noise. 

Comparison 

Comparisons  between  the  asymptotic  fields  based  upon  the  elasticity  potential  and 
those  numerically  calculated  are  now  made.  Figure  4-19  shows  the  angular  distribution 
of  the  normalized  stress  components  for  the  case  of  a  deformable  aluminum  medium 
atop  a  graphite  substratum  loaded  with  IK  =  0  until  f0  =  -2.70°  (e  =  -0.07923).  In 
judging  this  comparison,  one  should  bear  in  mind  that  att  and  art  are  mathematically 
required  to  match  by  definition  of  the  boundary  conditions  imposed  in  obtaining  the 
stress  potential.  The  radial  strain  along  the  interface  as  a  function  of  the  In  R  is 
plotted  in  Figure  4.20  for  the  same  conditions  as  in  Figure  4-19-  Here  development 
of  the  asymptotic  “logarithmically  singular”  solution  is  evident.  The  fields  described 
by  the  elasticity  potential,  Eq.(4.40),  represent  the  actual  crack-tip  fields  at  radial 
distances  where  A/  <  0.05  or  (in  terms  of  the  normalized  radial  distance  R)  where  R  < 
0.0 1.  The  additional  restriction  on  A,  as  compared  to  A/,  is  necessary  to  compensate 
for  any  overestimation  that  the  assumption  rj  ~  rp  causes,  since  the  characteristic 
dimension  in  the  lower  half-plane  is  ri,  not  rp.  Clearly,  sufficient  agreement  exists 
between  the  numerical  result  and  the  stress  potential  to  justify  use  of  the  stress  potential 
for  describing  the  lower  half-plane  asymptotic  crack-tip  fields  in  SSY. 

4.2.3  Parametric  Study 

This  section  explores  the  dependence  of  the  SSY  asymptotic  crack-tip  field  on  the  ILPA 
(fo)  and  on  material  properties,  namely  €  and  V\.  The  stress  intensity  factor  angle  (ZK) 
is  varied  in  an  attempt  to  cover  the  full  range  of  admissible  ILPA  for  several  values 
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Bi-material  Crack-Tip  Stresses 
€=-0.07923  <f=-2.70°  R=0.00551 


of  «.  Various  materials  and  material  combinations  are  used  to  span  nearly  the  entire 
plane  strain  range  of  e  for  positive  Poisson’s  ratio  (—0.170  <  e  <  0.170).  By  use  of  six 
materials,  whose  isotropic  elastic  properties  are  listed  in  Table  4.8 ,  the  various  values  of 
e  obtained  by  pairing  the  materials  are  shown  in  Table  4-4-  It  is  not  possible  to  isolate 
the  dependence  upon  the  Poisson’s  ratio  V\ ,  since  varying  U\  simultaneously  alters  e, 
except  in  the  degenerate  case  c  =  0. 


E  (GPa) 

/c  (GPa) 

u 

Reference 

“Soft” 

1.00 

2.04 

0.708 

Egg] 

Graphite 

5.48 

13.7 

9.13 

m 

Chamis,  1984  t 

Aluminum 

26.1 

70.1 

73.9 

0.342 

Hertzberg,  1976 

Steel 

80.7 

210.0 

175.0 

0.293 

Hertzberg,  1976 

“Stiff” 

249.2 

722.7 

2409.0 

0.45 

“Rigid” 

00 

00 

00 

0.0 

1  ■  I  ...  ■  1  ■  1  _ 11  — 

t Approximate  isotropic  (transverse)  properties  from  a  Pitch-55  fiber 


Table  4-8  Idealized  elastic  material  properties. 


e 

0 

Region  1 

Upper  Domain 

Region  2 

Lower  Domain 

-0.1700 

0.4885 

“Stiff” 

“Soft” 

-0.07923 

0.2439 

Aluminum 

Graphite 

0 

0 

Aluminum 

Aluminum 

0.03320 

-0.1039 

Aluminum 

Steel 

0.07796 

-0.2400 

Aluminum 

“Rigid” 

0.07923 

-0.2439 

Graphite 

Aluminum 

0.1700 

-0.4885 

“Soft” 

“Stiff” 

Table  4  4  Material  combinations  used  in  analyses  to  obtain  the  various  e. 


For  all  the  cases  considered,  the  evolution  of  steady-state  solutions,  interfacial  trac¬ 
tions,  and  strains  are  fundamentally  the  same  as  discussed  previously.  In  the  upper  do¬ 
main,  the  plastic  zone  boundary  separates  the  elastic  and  yielding  regions.  The  shape, 
size,  and  growth  characteristics  of  this  boundary,  along  with  its  dependence  upon  e,  IK, 
and  1/1  are  essentially  represented  y  the  plastic  zone  approximation,  Eq.(P2.6),  and 
thus  the  ILPA,  &.  The  plastic  zone  grows  in  a  periodic  fashion  with  respect  to  Co,  which, 
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along  with  c,  completely  determines  the  plastic  zone  shape.  Figures  PS. 4  to  PS.  7  show 
the  actual  numerically  calculated  plastic  zones  for  the  various  values  of  ft  and  e  along 
with  the  elastically  approximated  plastic  zone  shapes.  The  actual  plastic  zone  features 
are  always  elongated  ahead  of  the  crack  tip,  as  compared  to  the  elastic  approximation, 
while  the  features  in  the  region  along  the  crack  face  are  “stunted”  as  compared  to  the 
elastic  solution.  In  combinations  of  ft  and  e  in  which  the  elastic  approximation  predicts 
small  crack-face  plastic  zone  lobes  (usually  ft  >  0),  the  elastic/perfectly-plastic  material 
idealization  totally  suppresses  the  formation  of  any  crack-face  lobes.  The  suppression 
of  these  crack-face  plastic  zone  lobes  has  a  pronounced  effect  on  the  asymptotic  SSY 
crack-tip  fields,  as  elaborated  upon  earlier.  Subsequent  discussion  is,  therefore,  limited 
to  describing  the  asymptotic  fields  via  representative  forms  and  discussing  unique  or 
unusual  features  that  arose  in  specific  cases. 

Plastic  Crack- Tip  Fields  and  Interfacial  Tractions 

The  tensile  yield  strength  used  for  all  analyses  is  32.5  MPa,  however,  the  numerical 
value  used  for  oy(  is  irrelevant  in  slip-line  representation,  because  all  stress  components 
are  linearly  dependent  upon  a¥t.  In  the  interpretation  of  these  results,  it  is  the  initial 
shear  strain  to  yield,  -70.  which  is  important,  since  70  is  used  to  judge  where  the 
elastic  strains  are  small  relative  to  total  strains,  thereby  defining  the  domain  where  the 
asymptotic  slip-line  solution  accurately  represents  the  stress  field.  In  this  parametric 
study  the  initial  tensile  yield  strain  ranges  between  1.6%  for  the  elastically  “soft” 
material,  and  0.0045%  for  the  elastically  “stiff”  material. 

The  asymptotic  crack-tip  field  can  now  be  assembled  for  each  individual  case.  From 
Figure  4-10,  the  schematic  slip-line  field,  and  Table  4-5,  which  lists  the  slip-line  field 
angles,  all  the  asymptotic  stress  fields  considered  are  defined.  As  alluded  to  earlier, 
an  elastic  wedge  with  uniform  surface  tractions  along  its  sides  is  necessary  to  complete 
some  of  the  slip-line  fields.  Included  in  Table  4-5  is  the  elastic  far-field  value  of  J. 
The  stress  potential  and  stress  components  for  the  elastic  wedge  are  given  in  Appendix 
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B.  Table  4.6  contains  the  values  of  the  elastic  wedge  coefficients  a2  and  cj  required 
to  match  the  numerical  stress  states.  Although  the  general  stress  potential  for  such 
a  wedge,  Eq.(B.4),  allows  for  singular  radial  stresses  ( oTT  «  1/r),  no  such  behavior  is 
found  in  the  numerical  calculation.  Because  of  this,  the  coefficients  at  and  ci  in  the 
potential,  Eq.(B.4),  are  zero. 


€ 

ft 

LK 

J  MPa  m 

a 

V 

T 

-0.07923 

29.1" 

26.6" 

7.713  x  10"1 

0" 

83"  (76") 

97" 

84" 

-0.07923 

4.62" 

0" 

4.853  x  10“J 

0" 

135" 

45" 

0" 

-0.07923 

-25.0" 

-26.6" 

9.552  x  10“3 

0" 

135" 

45" 

0" 

-0.07923 

-41.4" 

-45.0" 

6.094  x  10_J 

61" 

74" 

45" 

0" 

-0.07923 

-57.2" 

-63.4" 

3.428  x  10“* 

a 

O 

OO 

55° 

45° 

0" 

-0.07923 

-81.8" 

-90.0" 

2.191  x  IQ-* 

90" 

45" 

45" 

0" 

0 

0" 

0" 

5.066  x  10_1 

0" 

129"  (115") 

51" 

49° 

0.03320 

0.127" 

0" 

2.986  x  10_l 

0" 

123"  (117") 

57" 

56" 

0.03320 

-46.2" 

-45.0" 

1.453  x  10~l 

0 

00 

OO 

47" 

45" 

0" 

0.07923 

-0.980" 

0" 

0.1159 

47"f 

83  "  (77°) 

50" 

44" 

0.1700 

-1.08" 

0" 

0.7291 

74" 

61" 

45" 

0" 

€ 

ft 

P 

5 

T 

-0.07923 

2.91" 

1.83 

1/^3 

0.42 

-0.07923 

4.62" 

3.22 

1/v^ 

-0.48 

-0.07923 

-25.0" 

3.22 

l/\/3 

-2.3 

-0.07923 

-41.4° 

1.99 

-0.31 

-0.9 

-0.07923 

-57.2" 

1.88 

-0.54 

-1.2 

-0.07923 

-81.8" 

1.48 

-l/\/3 

-0.95 

0 

0" 

3.21 

1/V3 

-1.10 

0.03320 

0.127" 

3.14 

i/V5 

-1.56 

0.03320 

-46.2" 

1.69 

-0.57 

-0.68 

0.07923 

-0.980" 

2.68| 

Of 

-0.96 

0.1700 

-1.08" 

2.11 

-0.49 

-0.55 

Table  4-5  Traction-free  crack-tip  slip-line  angles  and  traction  coefficients  for  various 
values  of  c  and  applied  K.  The  slip-line  angle  $1  =  0  except  as  noted;  t  ~  £1  =  20°. 

Hydrostatic  noise  present  in  the  deforming  constant  state  sectors  limited  the  anal¬ 
yses  resolution  for  certain  cases.  Crack-tip  fields  which  contained  interfacial  elastic 
wedges  or  interfacial  constant  state  sectors  (with  a  <  90°),  probably  contained  cusps. 
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The  stress  state  weakly  depended  upon  R  along  the  interfacial  constant-state/fan  bor¬ 
der  {6  =  a),  however  conclusive  verification  of  a  cusp  presence  was  not  possible  due  to 
the  limited  extent  of  the  mesh.  For  some  cases  hydrostatic  noise  in  interfacial  constant 
state  regions  perturbed  interfacial  normal  tractions  and  stresses  in  the  lower  elastic 
region  appreciably,  and  this  limited  the  resolution  of  the  T-stress.  It  should  be  noted 
that  in  inelastic  sectors  hydrostatic  noise  alone  did  not  severly  restrict  identification  of 
asymptotic  crack-tip  fields  because  deviatoric  stresses  and  the  shear  strain,  which  were 
unaffected  by  hydrostatic  pressure,  were  used. 

The  asymptotic  traction-free  crack-tip  fields  and  interfacial  tractions  for  an 
elastic/perfectly-plastic  media  adjoint  to  an  elastic  substratum  are  qualitatively  identi¬ 
fiable  for  the  full  range  of  admissible  ft,  and  are  outlined  for  the  material  combination 
where  the  upper  region  is  aluminum  (u  =  0.342).  The  following  discussion  is  only 
schematic,  and  based  upon  the  data,  the  actual  asymptotic  Blip-line  fields  are  (only) 
mildly  dependent  upon  u  and  e.  Figure  4.21  qualitatively  depicts  the  anticipated  slip¬ 
line  angles  as  a  function  of  Co  and  (selective)  known  data  points  are  represented  by  a 
“+" .  The  associated  assemblage  of  asymptotic  crack-tip  sectors,  sketched  schemati¬ 
cally  in  Figure  4.22,  shows  the  evolving  generic  crack-tip  behavior  with  respect  to  the 
ILPA  and  simulates  the  crack-tip  evolution  for  monotonically  increasing  proportional 
loading.  For  positive  values  of  e  and  fixed  IK,  the  crack-tip  fields  evolve  with  increas¬ 
ing  load  in  the  direction  of  increasing  ft.  The  arrows  on  the  sector  boundaries  indicate 
the  direction  that  each  boundary  moves  as  ft  increases. 


-0.07923 

29.1° 

0.153 

0 

0 

-0.221 

0.03320 

0.127° 

-0.185 

0.07923 

-0.980° 

-0.228 

Table  4-6  Interfacial  elastic  wedge  coefficients. 


A  natural  separation  in  the  asymptotic  crack-tip  fields  occurs  at  $  »  0°.  For  negative 
ILPA  (ft  <  0)  the  crack-tip  fields  are  fully  plastic  and  consist  of  only  fan  and  constant 


Bi— material  Crack-Tip  Fields 

Schematic  Evolution  of  Asymptotic  Slip-Line  Field 
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state  sectors.  To  meet  the  traction-free  crack-face  boundary  condition,  a  constant  state 
sector  always  exists  along  the  crack  face  which  extends  45°  (7  =  45°).  For  between 
—90°  and  —30°,  an  interfacial  quasi-constant  state  region  is  present  whose  angular 
extent  (a)  varies  from  90°  when  ft  =  —90°  to  0®  when  ft  «  —30°.  The  interfacial 
tractions  vary  from  their  minimum  ( t ,  =  —  k  and  tn  =  1.48<7„,)  at  ft  =  90°  to  their 
maximum  (t,  =  k  and  tn  =  3.22 crv,)  when  ft  equals  -30°.  The  interfacial  tractions  and 
assemblage  of  crack-tip  sectors  remain  unchanged  as  the  ILPA  increases  from  ft  «  —30° 
to  some  critical  value  near  zero. 

When  the  ILPA  is  positive,  the  crack-tip  fields  consist  of  both  elastic  and  plastic 
sectors.  It  is  speculated  that  as  ft  increases  and  approaches  zero,  the  stress  state 
everywhere  in  the  crack-face  constant  state  region  fails  simultaneously  below  the  yield 
stress,  and  this  produces  a  crack-face  elastic  wedge  which  extends  a  minimum  of  45°. 
Along  the  interface  an  elastic  sector,  with  a  quasi-constant  state  sector  adjacent  to  it, 
emerges  and  whose  appearance  is  speculated  to  be  linked  with  formation  of  a  local 
plastic-zone  boundary  kink.  [From  Eq.(P2.6)  it  appears  that  both  ft  and  the  angular 
location  at  which  this  kink  forms  are  dependent  upon  u  and  c.]  Adjacent  to  both  elastic 
wedges  are  constant-state  regions  which  in  turn  border  opposite  sides  of  a  centered  fan. 
Near  the  interface,  a  cusp  boundary  separates  the  fan  and  the  constant  state  region. 
The  angular  extent  of  the  interfacial  constant-state  region  approaches  zero  (a  — ♦  0) 
as  R  —»  0  and  as  ft  increases  to  approximately  35®.  The  crack-face  elastic  wedge  size 
increases  with  the  ILPA  from  £  =  45®  at  ft  «  1®  to  f  =  87®  at  ft  =  30®,  and  it  is 
speculated  that  the  size  of  the  crack-face  elastic  wedge  increases  toward  £  =  180®  as 
ft  approaches  90®.  Because  various  interfacial  zones  emerge,  the  interfacial  tractions 
fluctuate  appreciably  over  the  range  of  positive  ILPAs.  The  smallest  interfacial  shear 
traction,  t,  =  0.10o,yt,  appears  near  ft  =  1®,  and  then  increases  to  its  maximum  value, 
t,  =  k,  for  values  of  the  ILPA  equal  to  or  greater  them  35®.  The  normal  interfacial 
traction  decreases  from  its  maximum  value  at  ft  =  0°  as  the  ILPAs  increase. 
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Strain  Distribution  and  CTOD 

The  strain  fields  are  again  represented  by  the  7r#  distribution.  The  normalized  strain 
distributions  at  six  values  of  Jo  between  -81.8°  and  21.9®  we  plotted  in  Figure  4-SS 
at  R  —  'Yo  for  e  =  -0.07923.  To  accommodate  plotting,  the  minimum  value  on  the 
ordinate  axis  is  set  to  -15,  which  truncates  two  strain  distributions.  At  6  =  0°  the 
values  of  ^(R/i 0)  are  -899  and  -49.8  when  the  ILPA  (jo)  equals  -57.2°  and  -81.8°, 
respectively.  Drawn  in  Figure  4-%4  are  the  normalized  strain  distributions  for  four 
values  of  e  at  R  =  70  and  Jo  as  0®.  Figure  4.24  (b)  shows  the  strain  distribution 
for  e  =  0.03220  when  the  ILPA  equals  —46.2®.  In  this  figure,  the  truncated  value  of 
7r#(i2/7o)  at  9  =  0®  is  -41.5. 

To  further  summarize  the  strain  fields,  Table  4-7 contains  the  numerically  calculated 
magnitude  of  Sctodi  normalized  by  oyt/ J  s  and  its  associated  angle  u.  (J  is  the  far- 
field  elastic  J-Integral  value.)  For  comparison,  the  elastically  calculated  CTOD  angle, 
obtained  by  evaluating  Eq.(P2.32)  at  r  =  rp,  is  also  given.  The  difference  between  w 
and  <*j Elastic  is  typically  less  than  30®,  and  w  is  always  less  than  UEia,tic- 
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Table  4'7  Traction-free  crack-tip  CTOD  and  CTOD  angle  (w)  for  various  values  of  e 
and  applied  K. 

From  the  information  in  the  quarter  wave-length  analysis  and  this  parametric  study, 
the  strain  distribution  in  an  aluminum  upper  region  (u  =  0.342)  is  qualitatively  de- 
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scribed  for  the  full  admissible  range  of  the  ILPA.  When  the  ILPA  is  between  -90° 
and  -50°,  the  largest  strains  (in  magnitude)  occur  at  the  interface  {^rt{Rh o)  <  ~40], 
while  modest  positive  strains  [^{R/iq)  &  4]  are  produced  in  the  fan  region  near  the 
crack-face  constant-state  sector  ($  m  130°).  As  ft  approaches  zero,  negligible  interfacial 
strains  are  present  and  the  location  of  maximum  strains  M-R/'To)  «  3]  migrates  from 
0  -  130°  to  approximately  d  =  90°.  For  positive  fo,  the  location  of  maximum  strains 
is  in  the  centered  fan,  about  15°  to  20°  away  from  the  crack-face  elastic  wedge,  and 
moves  toward  the  interface  as  the  fan  region  shrinks.  Finally,  the  maximum  strains  for 

ft  between  0°  and  30°  are  relatively  small  [^rt{R/'io)  «  2]. 

When  e  >  0,  large  residual  plastic  shear  strains  would  appear  to  accumulate  and 
reside  in  portions  of  the  non-singular  sectors  due  to  the  continuously  changing  angular 
extent  of  the  fan  region.  In  centered  fans  the  angular  locations  of  the  largest  radial  shear 
strains  generally  exist  10°  to  15°  away  from  the  crack-face  elastic-fan  transition  border, 
and  for  small  to  modest  values  of  €  the  asymptotic  fields  and  ILPA  change  slowly  with 
increasing  magnitude  of  K  (Aft/A||K||  =  2e/||K||)  as  compared  to  the  plastic  zone  size 
(Arp/A||K||  =  2rp/||K||).  Thus,  by  the  time  an  elastic  sector  is  positioned  in  a  region 
previously  occupied  by  a  centered  fan  (where  large  strains  existed),  the  plastic  zone  size 
and  blunted  crack-tip  opening  size  would  have  grown  by  at  least  one  order  of  magnitude 
or  more.  As  the  plastic  zone  size  and  CTOD  grow,  the  inner  limit  of  the  radial  extent  of 
the  “asymptotic  crack-tip  fields"  (r  =  rp7o),  also  grows.  Therefore  only  a  small  portion 
of  the  elastic  sector  which  is  very  near  the  crack  tip  could  potentially  contain  large 
(previously  singular)  residual  shear  strains  (7 r#  oc  1/r),  and,  mathematically,  these 
residual  singular  strains  would  be  those  that  accumulated  at  r  7o *p* 


Path  Dependence  of  7-Integral 

In  the  parametric  study,  local  crack-tip  J-Integrals  were  only  estimated  by  the  VCEM. 
Nine  contours  centered  about  the  crack  tip  were  evaluated,  and  the  average  of  the 
second  to  fourth  contours  are  tabulated  in  Table  4.8  for  various  ft  and  c-  The  nine  7 
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estimates  typically  vary  by  less  than  5%,  and  except  for  the  case  where  ft  =  —57.2°, 
no  discernible  trends  are  evident;  i.e.,  J  does  not  consistently  increase  or  decrease  as 
R  — *  0.  In  the  case  where  e  =  -0.07923  and  ft  =  -57.2°,  the  J  estimate  increases  by 
89%  from  the  ninth  to  the  first  contour  (as  R  — *  0).  However  it  is  thought  that  this 
increase  reflects  the  limited  radial  extent  of  the  steady-state  solution,  and  therefore  it  is 
insignificant.  In  general,  the  degree  of  crack-tip  shielding  or  intensification  is  strongly 
dependent  upon  ft. 
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0.92 

0.03320 

-46.2® 

0.68 

0.07923 

-0.980® 

0.97 

0.1700 

-1.08® 

0.92 

Table  \.8  Local  J- Integral  values,  normalized  by  the  elastic  far-field  value  of  J, 
estimated  by  the  VCEM  for  various  values  of  ft  and  e. 


Conclusion 

The  bi-material  traction-free  crack-tip  fields  for  an  elastic/perfectly-plastic  material 
atop  an  elastic  (or  rigid)  medium  sue  represented  by  perfectly-plastic  slip-line  theory  in 
the  upper  region  and  by  an  elasticity  potential  in  the  lower  region.  This  representation 
is  accurate  at  radial  distances  less  than  1%  to  5%  of  the  characteristic  plastic  zone 
dimension  rp.  The  local  stress  and  strain  fields  are  strongly  dependent  upon  the  ILPA 
(ft)  and  modestly  dependent  upon  the  bi- material  constant  (e)  and  the  Poisson’s  ratio 
of  the  plastically  deforming  media.  No  oscillations  exist  in  elastic/perfectly-plastic  bi¬ 
material  crack-tip  fields,  however,  cusps  are  found  in  some  crack-tip  fields  which  couple 
portions  of  the  stress  state  to  the  radial  distance  from  the  crack-tip. 


In  the  upper  region,  plastic  deformation  completely  surrounds  the  crack  tip  for  most 
values  of  £  when  the  ILPA  is  negative,  thus  the  interfacial  tractions  are  bounded  between 
|t«|  <  k  and  1.48  <  tnjavt  <  3.22.  In  loadings  where  the  ILPA  is  less  than  -50°, 
extremely  large  shear  strains  accumulate  near  the  interface.  The  crack-tip  behavior 
is  significantly  different  for  positive  ILPA  in  the  sense  that  elastic  sectors  are  present. 
Interfacial  elastic  wedges  axe  found  embedded  within  the  plastic  zone,  and  a  crack-face 
elastic  sector  grows  (for  £  >  0)  in  angular  extent  as  jK|  increases.  Interfacial  tractions 
vary  between  0  <  tt  <  k  and  1.7  <  tnjoyt  <  2.9,  however,  the  interfacial  strains  are 
typically  very  small. 

The  asymptotic  fields  in  the  lower  elastic  region  are  represented  by  the  superposition 
of  three  individual  stress  fields.  The  three  stress  fields  are  represented  by  a  semi-infinite 
body  with  uniform: 

1.  Shear  tractions  (t,  =  Sayt)  across  half  of  its  free  surface. 

2.  Normal  tractions  ( tn  =  Payt)  across  (the  same)  half  of  its  free  surface. 

3.  Uniform  stress  (of  magnitude  Tcyl)  in  the  direction  parallel  to  the  free  surface. 

The  free  surface  tractions  simulate  the  conditions  existing  along  the  postulated  intact 
interface  in  the  immediate  crack-tip  proximity.  Due  to  the  jump  in  interfacial  shear 
tractions,  the  elastic  fields  in  the  lower  region  are  logarithmically  singular  and  crack-tip 
yielding  is  expected.  The  radial  strain  along  the  interface  is  not  zero,  even  though  the 
interface  is  a  line  of  zero  extension  (according  to  rigid-plastic  slip-line  theory). 

The  elastically-calculated  and  numerically  obtained  CTOD,  the  ./-Integral,  and  the 
plastic  zone  shapes  can  differ  appreciably.  The  CTOD  angle  u  was  smaller  than  its 
elastic  estimate,  and  no  crack-face  contact  occurred  over  the  range  of  ft  explored.  How¬ 
ever,  prior  to  establishing  steady-state  asymptotic  crack-tip  fields,  oscillations  present 
during  initial  plastic  deformation  may  induce  crack-face  contact  within  the  plastic  zone 
for  values  of  ft  less  than  the  elastically  predicted  critical  values  $,  [Eq.(P2.35)j.  Al¬ 
though  plastic  deformation  reduces  the  range  of  admissible  “traction-free  crack-tip” 


loadings,  for  many  load  states  it  also  helps  shield  the  crack-tip.  The  local  J  values  are 
lower  than  the  far-field  elastic  J- Integral  by  as  much  as  58%,  but  the  significance  of 
this  is  unclear. 

4.3  Closed  Crack-Tip  Model 

The  local  behavior  around  a  closed  bi-material  crack  tip  varies  much  less  than  the  local 
behavior  around  a  traction-free  crack  tip.  The  approximated  plastic  zone  shape  in 
Figure  2.2  is  relatively  independent  of  the  precise  values  chosen  for  /?  and  u.  Because 
a  large  lobe  extends  along  the  crack  face,  it  is  anticipated  that  the  actual  plastic  zone 
in  the  upper  medium  will  always  completely  surround  the  crack  tip.  Even  if  the  same 
degree  of  plastic  zone  suppression  occurs  along  the  crack  face,  as  seen  in  the  traction-free 
model,  the  plastic  zone  should  still  completely  engulf  the  crack  tip.  Figure  2.S  shows 
the  approximated  plastic  zone  along  with  the  location  of  actively  yielding  integration 
points  from  the  numerical  calculations,  represented  as  black  dots.  To  accommodate 
plotting,  not  all  of  the  actively  yielding  integration  points  near  the  crack  tip  were 
drawn. 

4.3.1  Plastic  Fields 

The  transition  from  the  remote  K^-field  to  the  asymptotic  plastic  field  is  similar  to 
that  observed  in  the  traction-free  crack-tip  model.  A  steady-state  solution  is  achieved 
at  radial  distances  less  than  1%  to  5%  of  the  characteristic  plastic  zone  dimension  rep. 
During  this  same  transition  period,  the  interfacial  tractions  and  the  now  non-zero  crack- 
face  tractions  also  establish  themselves.  Similarity  profiles  of  the  normalized  crack-face 
and  interfacial  tractions  are  shown  as  functions  of  the  normalized  radius,  R  =  r/r®, 
in  Figure  4-25.  (The  sign  convention  for  positive  normal  traction  is  tensile  stress,  and 
shear  traction  has  the  same  sign  as  or«.)  No  gaps  open  along  the  crack  face,  and  the 
minimum  crack-face  traction  occurs  prior  to  reaching  its  steady  state  value  near  the 
plastic  zone  boundary. 
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As  r  — »  0,  the  asymptotic  interfacial  and  crack-face  tractions  t  take  on  constant 
values  of 

'  Pou.  0  =  0° 


t, 


v 

Qov,  0  =  -180°, 


(4.44) 


and 


,  J  Sav,  0  =  0 f 
*  \  0  0^  -180°. 


(4.45) 


The  asymptotic  crack-tip  stress  state  is  completely  constructed  from  fan  and  con¬ 
stant  state  regions.  A  schematic  closed  crack-tip  slip-line  field  is  sketched  in  Figure 
4-26,  while  Table  4-2  lists  the  schematic  slip-line  angles  and  the  crack  face  and  inter¬ 
facial  tractions  obtained  from  the  numerical  calculations.  (The  slip-line  angles  for  the 
closed  crack-tip  case  were  extracted  from  the  numerical  calculations  in  the  same  way 
as  the  traction-free  crack-tip  slip-line  angles  were.)  Due  to  the  crack-face  contact,  it 
is  necessary  to  know  the  precise  value  of  the  normal  traction  on  either  the  crack  face 
or  interface  in  order  to  construct  the  stress  field  in  the  upper  domain.  In  this  closed 
crack-face  case,  the  crack-tip  displacement  represents  sliding  parallel  to  the  interface, 
w  =  180°,  and  has  a  normalized  magnitude  of  \6ctod°v$!  J\  =  1.914. 
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Table  4-2  Asymptotic  SSY  slip-line  angles  and  traction  coefficients  for  closed  crack- 
tip  model;  elastic/perfectly-plastic  material  atop  a  rigid  substrate. 


Computationally,  the  shear  strain  at  the  fan  near  the  crack  face  extends  slightly 
beyond  its  purported  angular  extent.  This  is  likely  an  artifact  of  the  mesh  discretization 
in  this  region,  since  the  crack-face  constant-state  zone  has  no  shear  traction  and  there 
is  no  indication  of  an  elastic  wedge  (see  Figure  2.S).  Thus  the  transition  from  constant 
state  to  centered  fan  must  occur  at  0  =  135°.  Indeed,  the  circumferential  extent  of  the 
elements  is  newly  equal  to  the  amount  by  which  the  shear  zone  in  Figure  4-27  extends 
beyond  the  fan/constant-state  boundary.  The  numerical  and  assumed  asymptotic  stress 
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Closed  Crack-Tip  Strain  Distribution 


distributions  plotted  in  Figure  4-98  differ  only  near  the  fan/constant-state  borders, 
again  over  angular  distances  which  correspond  to  the  angular  span  of  several  elements. 
Excluding  mesh  discretization  error,  the  assembled  and  numerically  calculated  crack-tip 
fields  are  in  excellent  agreement. 

It  is  enlightening  to  compare  the  slip-line  field,  plastic  zone  shape,  and  the  shear 
strain  distribution.  In  Figure  2.8 ,  the  radial  lines  emanating  from  the  crack-tip  rep¬ 
resent  the  slip-line  field  boundaries,  and  Figure  4-27  is  a  plot  of  the  asymptotic  shear 
strain  distribution.  The  shear  strains  are  largest  (in  magnitude)  at  9  =  0°  (negative) 
and  130°  (positive),  which  correspond  to  local  maximum  plastic  zone  radii.  Near  the 
center  of  the  constant  state  regions  the  plastic  zone  radius  exhibits  a  local  minimum 
and  the  shear  strain  are  nearly  zero.  It  is  evident  that  the  radial  shear  strain  distri¬ 
bution  significantly  influences  the  plastic  zone  shape  and,  to  some  extent,  the  local 
asymptotic  stress  field,  and  vice  versa. 

4.3.2  Elastic  Field 


Although  the  lower  region  was  idealized  in  this  work  as  being  rigid,  certain  features 
of  adjacent  elastic  fields  can  be  ascertained  in  the  same  fashion  as  they  were  for  the 
traction-free  crack-tip  model.  Consider  the  conditions  that  exist  along  the  common 
boundary  of  the  elastic  and  plastic  regions.  The  traction  distribution  beneath  the 
plastic  zone  can  be  idealized  such  that  they  are  described  by  Eqs.(4.22)  to  (4.23)  and 
zero  elsewhere.  Figure  4-29  is  a  schematic  representation  of  the  assumed  traction 
distribution.  The  elastic  stress  potential  for  the  closed  crack-tip  model  is  obtainable 
by  superimposing  an  additional  stress  field,  attributable  to  contact  traction  [*„(0  = 
tt)  =  -QCy,],  to  that  previously  obtained  for  the  traction-free  model  Eq.(4.40).  The 
total  stress  potential  from  the  three  individual  traction  contributions  and  the  general 


uniform  parallel  stress  field  is 
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(4.46) 


Here  re  is  the  size  of  the  plastic  zone  along  the  crack  face  (5  =  180°)  and  r/  is  the  size 
of  the  plastic  zone  along  the  interface  (0  =  0°). 

The  asymptotic  crack-tip  behavior,  as  r  — ►  0,  is  found  by  defining  X  —  xjrj  and 
Y  =  y/r/,  assuming  re  «  r/,  and  assuming  X  <  1  and  Y  «  1.  The  asymptotic  stress 
potential,  as  Rj  — »  0,  is  given  by 

<t>  =  [iy2ln(X2  +  K2)  +XY  arctan  -  Y2 

^  [(X‘ +  K’)  arctan  (I) -XT] 

~^2T  [(**  +  y2)  "ctan  (r3c)  +XY'\  +  l-Tov,  [Y2]  ,  (4.47) 

or  when  expressed  in  a  polar  coordinate  frame  is  given  by 

<t>  =  [^/  ln(^/)  sin2 (7)  +  R) 7sin(7)  cos(7)  -  R 2  sin(7)] 

+  [Rh  ~  R )  sin(T)  cos(7)] 

~^L  +  R *  ““W  C08fr)]  +  \Tov  [*/  sin* (t)]  •  (4-48) 

The  individual  stress  components  can  be  obtained  directly  from  the  potentials  via  the 
relationships  in  Eqs.(4.2)  to  (4.4)  or  Eqs.(4.5)  to  (4.7). 

In  general,  the  elastic  stress  and  strain  field  for  the  closed  crack-tip  model  differs 
fundamentally  only  slightly  from  that  derived  for  the  traction-free  crack-tip  model.  The 
addition  of  the  crack-face  tractions  only  contributes  to  the  individual  stress  component 
terms  of  order  Qcv,/ir.  For  non-zero  values  of  5,  the  stress  field  is  logarithmically 
singular. 

Comparison  between  the  stresses  based  upon  the  elastic  potential  and  the  numerical 
calculations  are  not  possible  because  the  lower  domain  was  idealized  as  being  rigid.  For 


the  same  reason,  explicit  values  for  T  were  not  expressed.  As  for  agreement  between 
the  two  solutions,  one  can  only  speculate  that  it  would  be  comparable  to  that  achieved 
in  the  traction-free  crack-tip  model  (i.e.,  very  good)  and  would  be  accurate  at  radial 
distances  less  than  1%  of  R. 

4.3.3  Conclusion 

The  asymptotic  stress  field  around  a  closed  bi-material  crack  tip  are  completely  repre¬ 
sented  by  deforming  slip-line  fields  in  the  upper  domain  and  by  an  elastic  potential  in 
the  lower  domain.  The  asymptotic  solution  has  interfacial  shear  tractions  equal  to  the 
shear  yield  strength  of  the  material  ( k )  and  small  tensile  normal  tractions  (~  0.13a,,,). 
On  the  frictionless  crack  face,  the  asymptotic  compressive  normal  tractions  is  also  small 
(~  0.18a„,).  The  resulting  plastic  zone  shape  reflects  certain  features  of  the  shear  strain 
distribution  and  stress  distribution. 

Although  no  parametric  study  was  performed,  it  is  anticipated  that  asymptotic 
closed-face  slip-line  fields  for  an  elastic/perfectly-plastic  medium  adjoint  to  a  dissim¬ 
ilar  elastic  material  are  only  weakly  dependent  on  0.  As  discussed  previously,  the 
elastically-calculated  plastic  zone  is  rather  insensitive  to  the  precise  values  of  0  and  u 
used.  In  the  degenerate  case  0=0,  the  far-field  elastic  homogeneous  mode  II  solution 
is  recovered,  it  is  therefore  expected  that  as  0  —♦  0,  t„(0  =  ±tt)  — ►  0.  Finally,  the 
homogeneous  mode  II  slip-line  field,  whose  slip-line  angles  are  al  =  36.8®,  7I  =  126.8°, 
a2  =  8.2°,  and  ^2  =  45°  for  $  >  0  (Hutchinson,  1968),  does  not  differ  substantially 
from  the  asymptotic  field  obtained  for  0  =  —0.2401. 

4.4  Limitations 

In  this  work  the  term  “asymptotic  crack-tip  fields”  has  been  extensively  used  to  de¬ 
scribe  local  crack-tip  phenomena,  but  what  are  asymptotic  fields?  Webster  (1979) 
defines  an  asymptote  as  “a  line  which  continually  approaches  newer  to  some  curve, 
but,  though  infinitely  extended,  would  never  meet  it.”  Fracture  mechanics  commonly 
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uses  expressions  to  reproduce  the  dominant  features  and  near-tip  behavior  which  it 
terms  as  asymptotic.  However  these  relationships  are  not  truly  asymptotic  by  defini¬ 
tion  in  that  they  are  only  representative  over  a  discrete  interval  because  their  underlying 
assumptions  simplify  and  exclude  a  portion  of  the  physics  and  mechanics.  This  section 
defines  the  limits  for  which  the  asymptotic  characteristics  are  appropriate  by  identify¬ 
ing  length  scales  for  which  the  simplifications  or  omissions  made  in  the  mechanics  are 
admissible. 

In  Chapter  2  it  is  established  that  the  asymptotic  elastic  field  equations  [Eqs.(2.4) 
to  (2.7)]  represent  SSY  traction-free  crack-tips  for  radial  distances  between  3rp  and 
1/  10,  where  rp  is  the  characteristic  plastic  zone  dimension  and  l  is  the  characteristic 
geometric  length.  The  outer  limit  defines  the  point  where  the  local  solution  reproduces 
only  90%  (in  magnitude)  of  the  full  elasticity  stress  solution.  (This  happens  because 
the  asymptotic  solution  excludes  the  homogeneous  far-field  contribution.)  The  inner 
limit  represents  the  point  where  the  solution  is  significantly  influenced  by  the  exclu¬ 
sion  of  inelastic  deformation.  Deep  within  the  plastic  zone  “steady-state  inelastic” 
behavior  appears  at  r  w  0.01rp,  where  deformation  in  plastic  sectors  is  dominated  by 
incompressible  plasticity  and  the  affects  of  compressible  elasticity  are  generally  negligi¬ 
ble.  Therefore  inelastic  (SSY)  asymptotic  crack-tip  fields  composed  of  some  perfectly- 
plastic  sectors  describe  the  actual  fields  at  radial  distances  less  than  0.01rp.  (Recall, 
it  is  necessary  to  account  for  compressible  elasticity  in  constant  state  sectors  when  an 
elastic-wedge/fan  transition  exists.)  Thus  by  examination  of  the  mechanics  or  physics 
excluded,  both  bounds  of  the  asymptotic  elasticity  solution  and  the  outer  bound  of 
the  inelastic  asymptotic  crack-tip  solution  have  been  quantified  for  SSY  conditions. 
The  minimum  radial  distance  at  which  inelastic  asymptotic  crack-tip  fields  depict  the 
actual  crack-tip  behavior  is  dependent  upon  various  material  attributes,  mathematical 
assumptions,  and  micro  or  macro  phenomena. 

The  discussion  of  limiting  length  scales,  used  to  define  the  inner  bound  of  the 
inelastic  crack-tip  fields,  is  divided  into  two  parts.  The  first  part  identifies  physical  ma- 


terial  attributes  in  view  of  the  necessary  continuum  assumptions  to  model  them,  and 
it  qualitatively  elaborates  upon  their  associated  mathematical  length-scale  restrictions. 
Quantitative  results  are  not  formally  stated  because  the  actual  size  varies  consider¬ 
ably  between  different  material  systems.  The  second  part  quantitatively  determines 
limitations  imposed  by  modeling  assumptions  made  and  by  the  evolution  of  crack-tip 
features.  The  largest  feature  or  mechanism  is  assumed  to  be  the  minimum  distance  for 
which  inelastic  asymptotic  crack-tip  fields  are  appropriate. 

4.4.1  Physical  Attributes 

The  physical  material  structure  limits  the  representative  element  size  necessary  for 
continuum  constitutive  relationships  to  homogenize  and  accurately  describe  material 
behavior.  For  example,  in  crystalline  materials  deformation  is  produced  by  discrete 
movement  of  dislocations  which  each  translate  the  crystal  lattice  by  the  interatomic 
distance.  When  many  slip  systems  are  active  many  discrete  slip  events  must  be  averaged 
over  a  representative  volume  which  is  several  hundred  or  thousand  Burger’s  vectors 
per  side,  to  achieve  a  continuum.  Isotropy,  as  used  in  these  analyses,  poses  additional 
restrictions  because  no  macro  preferential  slip  directions  are  allowed.  Although  many 
slip  systems  exist  in  metals  [i.e.,  aluminum  (FCC)  has  12  possible  independent  slip 
directions],  the  representative  volume  must  usually  span  many  grain  diameters  to  yield 
an  isotropic  response.  Second  phase  and  intermetallic  particles  restrict  the  minimum 
continuum  volume  size,  when  they  exceed  the  primary  grain  size  or  if  they  preferentially 
impede  directions  of  deformation.  In  non-metallic  systems  the  minimum  volume  size  is 
a  function  of  some  characteristic  material  dimension.  For  example,  in  particle  reinforced 
composites  the  particle  diameter  or  mean  particle  spacing  is  the  characteristic  material 
dimension,  while  in  ceramics  and  polymers  the  characteristic  dimensions  are  the  grain 
size  and  length  of  the  molecular  chains,  respectively. 

In  addition  to  the  constraints  associated  with  the  bulk  materials  are  those  con¬ 
straints  which  arise  from  the  interfacial  thickness  and  properties.  Use  of  an  ideal- 
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perfect  interface  assumes  a  priori  that  interfacial  mechanical  properties  are  equivalent 
or  stronger  and  stiffer  than  the  surrounding  bulk  media  and  that  perturbations  in¬ 
troduced  by  the  actual  interface,  such  as  local  crack-tip  separation,  are  confined  to  a 
small  region.  As  discussed  in  Chapter  1  the  interfacial  make-up  and  size  scale  varies 
widely  and  the  interfacial  resolution  limits  imposed  must  be  assessed  individually  for 
each  material  system. 

4.4.2  Mathematical  and  Evolutionary  Limitations 

When  not  restricted  by  physical  attributes,  it  is  anticipated  that  the  inner  range  of  the 
asymptotic  solution  is  limited  by: 

1.  The  formation  of  a  blunted  crack-tip  and  the  emergence  of  the  CTOD  as  the 
characteristic  length  in  the  inelastic  (SSY)  asymptotic  field. 

2.  The  use  of  linearized  kinematics. 


3.  The  idealization  that  the  lower  domain  behaves  elastically. 


To  ascertain  the  limitations  that  these  impose,  an  estimate  for  the  critical  length  scale 
of  each  is  made. 

For  planar  homogeneous  cracks,  the  CTOD  (Sctod)  is  typically  estimated  to  be 
(Hellan,  1984) 


Sctod  —  0-6  — ,  (4.49) 

Oy, 

and  an  estimate  of  Sctod  for  interfacial  cracks  is  made  by  evaluating  Eq.(P2.32)  at 
f  =  fo  and  r  —  rp  which  yields 


\Sctod\  = 


4y/2  J 
flV  1  +  4eJ  Oy, 


(4.50) 


Equation  (4.50)  overestimates  the  homogeneous  Sctod  by  a  factor  of  three,  and,  based 
upon  the  other  data  in  Chapter  4  for  an  elastic/perfectly-plastic  material  atop  an 
elastic  medium,  typically  overestimates  the  actual  \Sctod\  by  a  factor  of  2  to  3.  For 


comparison  purposes,  it  is  convenient  to  compared  Sctod  to  rp.  Division  of  Eq.(4.50) 
by  rp  and  by  a  factor  of  2  (to  account  for  the  overestimation)  gives 
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or 
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(4.52) 


Here  70  is  the  initial  yield  strain  of  the  material  in  the  :>per  region  and  the  sub¬ 
scripts  1  and  2  refer  to  the  upper  and  lower  domains,  respectively.  For  many  material 
combinations  the  normalized  magnitude  of  the  CTOD  is  of  order  \6ctod/tp\  83  0( 7o)- 
Use  of  linearized  kinematics  fails  when  strains  and  rotations  are  no  longer  “small.” 
To  estimate  the  size  of  the  strains  and  thereby  infer  the  relative  size  of  the  rotations, 
the  behavior  of  the  largest  strain  component  in  a  fan  region,  7r#,  is  considered.  From 
Eq.(4.10)  the  asymptotic  shear  strain  behavior  in  a  fan  region  is  approximately 


In  » 


(4.53) 


where  R  is  the  normalized  radial  distance  from  the  crack-tip  and  A{6,  t)  is  the  angular 
distribution  of  shear  strain.  As  stated  previously,  A(9,t)  is  of  order  unity  because  at 
the  edge  of  the  plastic  zone  (r  =  rp  or  R  =  1)  the  shear  strain  must  just  equal  the 
yield  shear  strain  (7r#  =  70)-  With  the  assumption  that  A{0,  t)  »  1  and  by  use  of  the 
rather  loose  definition  that  strains  of  order  unity  are  no  longer  small,  the  assumption 
of  linearized  kinematics  is  valid  for  radial  distances  such  that 


r  >  ^0rp  or  R  >  (4.54) 

For  reference,  a  typical  value  of  70  for  aluminum  is  7.2  x  10-4  (Hertzberg,  1976). 

In  the  lower  domain  use  of  an  elastic  material  idealization  is  acceptable  as  long 
as  the  stress  state  is  not  sufficient  to  cause  inelastic  deformation.  At  the  crack-tip 
the  shear  traction  jumps  by  |S(7V,|  from  the  crack-face  to  the  interface,  and  this  step- 
function  jump  in  t,  produces  logarithmically  singular  stresses  in  the  elastic  domain 
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whenever  5^0.  Plastic  deformation  is  anticipated  in  the  elastic  half-plane  for  all 
non-zero  values  of  S. 


A  “rough”  interfacial  plastic  zone  size  is  estimated  by  evaluating  the  elastic  stress 
components  at  6  =  0®  and  by  determining  the  radial  distance  where  the  Mises  equivalent 
stress  equals  ayti,  the  yield  stress  of  the  “elastic”  lower  material.  Substituting  the  stress 
components,  Eqs.(4.41)  to  (4.23),  into  the  Mises  stress  expression,  Eq.(2.31)  (retaining 
only  the  logarithmically  singular  portion  of  arr),  and  solving  for  the  radial  distance  rPa 
at  which  =  ayt3  yields  (for  5^0) 


f  FP  ±  J(F  Pf  -  4D  (3 S’  +  DP>-  (<W<V):)  ] 

—  «  exp  - - - — — - >  . 

rp  2  DS/n 


(4.55) 


Here  F  and  D  are  defined  in  Eqs.(P2.A.14)  and  (P2.A.15),  respectively.  For  Eq.(4.55) 
to  have  physical  significance,  it  is  required  that 

fe)‘ >«*  +  '-("-£)•  (4.56) 

When  P  and  5  take  on  their  maximum  observed  values  of  P  =  3.27  and  S  —  l/\/3 
the  actual  elastically  inferred  [not  estimated  by  Eq.(4.55)|  size  of  plastic  deforma¬ 
tion  along  the  interface  for  u  =  0.3  is  rp,/rp  ss  1.08  x  10~2  for  <ry$3/<rv,  =  3.0  and 
rpi/rp  **  3.38  x  10-5  for  ov, , / cy,  =  4.0.  A  more  intuitive  understanding  is  obtained 
from  examination  of  Figure  4-80.  By  use  of  the  stress  expression,  Eqs.(4.41)  to  (4.23) 
the  elastically-calculated  plastic  zone  in  the  lower  half-plane  is  plotted  for  P  =  3.27, 
5  =  I/n/3.  and  T  =  —0.5  for  several  ratios  of  ayii  to  <ryi;  ».e.,  oy,2j<7y,  =  2.5,  3.0,  3.5, 
4.0,  and  4.5.  The  characteristic  plastic  zone  size  of  the  upper  domain  (rp)  is  used  to  nor¬ 
malize  the  scale  of  this  figure.  Because  the  stress  fields  are  logarithmically  singular,  the 
size  of  the  plastic  zone  decays  rapidly  as  oy,3layt  increases.  The  elastically-calculated 
plastic  zones  for  oyt3jay,  >  3.5  are  not  resolvable  on  this  size  scale.  For  material 
combinations  where  oyiijayt  is  greater  than  3,  the  maximum  plastic  zone  radius  ex¬ 
tents  less  than  0.1%  of  rp  for  the  extreme  interfacial  conditions  and,  for  many  metallic 
polycrystallines,  rPijrp  <  70 • 


When  the  specific  material  structure  is  excluded,  it  is  evident  that  the  SSY  asymp¬ 
totic  crack-tip  fields  presented  in  sections  4.2  and  4.3  are  usually  applicable  over  the 
normalized  radial  range  of  70  <  R  <  0.05.  At  radial  distances  smaller  than  this  the 
assumptions  of  linearized  kinematics  and  a  mathematically  sharp  crack  tip  are  vio¬ 
lated,  and  the  use  of  an  elastic  lower  half-space  may  be  inappropriate.  When  material 
structure  is  considered,  the  restrictions  arise  from  the  minimum  representative  element 
size  necessary  to  model  the  material  behavior  as  a  continuum,  and  the  actual  limiting 
factor  are  only  established  after  particular  materials  and  their  properties  are  identified. 
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Chapter  5 

Summary  and  Discussion 


In  this  final  chapter,  a  brief  summary  qualitatively  highlighting  the  major  features  of 
the  two  interfacial  crack-tip  models  will  be  presented.  It  will  touch  on  the  major  aspects 
of  both  the  elasticity  and  plasticity  solutions.  Observations  regarding  some  solution 
aspects  and  associated  implications  will  also  be  discussed.  This  includes  observations 
regarding  crack-face  conditions  and  the  ILPA,  and  the  anticipated  effect  that  altering 
material  combinations  would  have  on  interfacial  separation.  Finally,  some  suggestions 
regarding  the  direction  of  further  work  will  be  made. 

5.1  Summary 

Before  reviewing  specific  details  of  the  interfacial  fracture  mechanics,  an  overview  of 
the  various  analyses  and  components  which  interconnect,  forming  a  complete  interfacial 
crack  framework,  is  presented.  Reviewing  of  the  two  commonly  accepted  interfacial 
crack-tip  elasticity  solutions  identifies  the  parameters  which  quantify  the  asymptotic 
elastic  fields,  their  admissible  ranges,  and  the  dominant  features  present  in  each.  When 
appropriate,  corresponding  relationships  between  various  elastic  variables  present  in 
each  idealization  provide  a  link  between  the  two  models.  Using  the  elasticity  solutions, 
approximate  descriptions  of  contained  inelastic  deformation  embedded  in  a  dominant 
asymptotic  elastic  crack-tip  field  (SSY)  are  given,  along  with  the  parameters  needed 
to  describe  the  plastic  zone  boundary.  Presumably,  the  same  variables  which  uniquely 
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relate  the  plastic  zone  shape  to  the  asymptotic  elastic  solution  also  uniquely  relate  the 
asymptotic  (inelastic)  crack-tip  behavior  to  the  asymptotic  elastic  solution.  Far-field 
loads  producing  physically  admissible  elastic  crack-tip  conditions  tire  determined  by 
excluding  the  crack-face  behavior  in  regions  where  inelastic  deformation  is  anticipated. 
Corresponding  limits  on  the  inelastic  crack-tip  parameters  are  then  formulated,  thereby 
reducing  the  spectrum  of  admissible  inelastic  crack-tip  loadings.  Finally,  for  a  specific 
constitutive  idealization,  the  complete  range  of  asymptotic  inelastic  crack-tip  fields  is 
quantified  as  a  function  of  the  inelastic  parameters.  The  discussion  which  follows  details 
this  schematic  overview. 

The  asymptotic  elastic  behavior  of  interfacial  cracks  which  occur  between  dissimilar 
isotropic  media  is  reviewed.  Traction-free  crack-face  boundary  conditions  result  in  os¬ 
cillatory  elastic  fields  as  well  as  crack-face  contact  and  mathematical  interpenetration. 
Use  of  the  complex  traction-free  bi-material  stress  intensity  factor  K  requires  defin¬ 
ing  both  a  magnitude  and  phase  angle.  (Two  parameters  are  necessary  to  describe 
the  elastic  singularity  of  a  traction-free  interfacial  crack.)  Some  ambiguity  exists  in 
expressing  K  because  the  phase  angle  of  K  changes  when  different  length  units  are 
used.  Physically  inadmissible  crack-face  interpenetration  is  eliminated  by  considering 
a  closed  (frictionless)  crack-tip  model.  This  model  contains  no  oscillatory  fields,  and 
its  asymptotic  nature  is  similar  to  that  of  the  homogeneous  mode  II  solution.  The 
sign  of  the  (scalar)  closed  bi-material  stress  intensity  factor,  K7/,  is  restricted  to  en¬ 
sure  compressive  normal  crack-face  tractions.  When  defining  the  elastic  singularity  of 
a  closed  frictionless  interfacial  crack,  only  one  parameter  is  required.  Finally,  both 
elastic  crack-tip  models  predict  unbounded  stresses  as  the  crack  tip  is  approached. 

For  both  crack-tip  models,  approximate  SSY  elastically-calculated  plastic  zones  are 
obtained  as  the  locus  of  points  where  the  elastically-calculated  Mises  stress  equals  the 
tensile  yield  stress.  This  is  the  first  time  such  an  approach  has  been  used  to  “semi- 
formally”  extract  the  inelastic  behavior  around  interfacial  crack  tips.  From  this  ap¬ 
proach,  it  is  found  that  traction-free  crack-tip  plastic  zones  grow  in  a  periodic  manner, 
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with  respect  to  the  ILPA,  fo  =  +  €  In  ^  >  and  scale  approximately  with  the 

characteristic  plastic  zone  dimension,  rp  =  KK/(<72,7rcosh2(7T£));  however,  the  plastic 
zone  shapes  change  continuously  as  ||K||  increases  since  ft  also  changes  with  increasing 
||K||.  The  elastically-calculated  plastic  zone  expression  modestly  represents  the  overall 
size  and  features  of  the  plastic  zone  for  strain  hardening  and  elastic/perfectly-plastic 
materials  atop  rigid  or  elastic  substrates. 

For  positive  ft,  the  elastically-calculated  plastic  zone  expression  predicts  c rack- 
face  plasticity;  however,  for  elastic/perfectly-plastic  materials  bonded  to  an  elastic  or 
rigid  substrate,  no  crack-face  plastic  deformation  is  observed.  (This  is  an  unexpected 
feature  since  in  homogeneous  plane-strain  stationary  and  quasi-static  growing  crack 
tips,  active  plastic  deformation  occurs  on  the  crack  flanks.)  The  closed  crack-tip  plastic 
zone  approximation  weakly  depends  upon  the  bi-material  constant  and  scales  with 
the  characteristic  closed  plastic  zone  dimension,  r*  =  3Kj/2/2<7*>.  No  changes  in  the 
closed  plastic  zone  shape  occur  with  increased  load,  and  the  homogeneous  mode  II 
characteristics  are  completely  recovered  when  the  bi-material  constant  is  equal  to  zero. 
It  is  learned  from  the  elastically-calculated  plastic  zone  expressions,  that  it  is  necessary 
to  have  both  a  phase  angle  and  a  load  magnitude  to  describe  the  inelastic  traction-free 
crack-tip  fields,  while  only  a  load  magnitude  and  the  assurance  that  a  sufficiently  large 
contact  length  exists  are  required  to  quantify  the  closed  crack-tip  fields. 

The  crack-tip  loads  which  provide  traction-free  or  closed  crack-tips  are  approxi¬ 
mately  identified  by  determining  when  crack-face  contact  occurs  outside  the  elastically- 
calculated  SSY  plastic  zone.  Previously,  discussions  concerning  the  admissibility  of  the 
two  elastic  crack-tip  models  usually  eliminated  one  crack-face  idealization  based  upon 
so  called  “physical”  reasons;  e.g.,  “the  crack  must  be  traction-free  because  the  contact 
length  is  extremely  small  and  on  the  order  of  the  interatomic  spacing  distance,”  or  “the 
crack  tip  is  closed  since  interpenetration  is  predicted  and  is  physically  inadmissible.” 
This  unified  approach  shows  that  both  interfacial  idealizations  are  admissible  for  SSY, 
and  provides  explicit  mathematical  expressions  to  define  the  loads  producing  traction- 
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free  or  closed  crack  tips.  For  the  right  hand  crack  tip  of  a  Griffith  crack  geometry,  the 
far-field  loads  which  produce  open  or  closed  elastic  crack-face  conditions  are  mapped. 
A  region,  termed  SSC,  exists  where,  simultaneously,  the  contact  length  is  small  com¬ 
pared  to  the  crack  length  and  the  plastic  zone  size  is  small  with  respect  to  the  contact 
length.  Explicit  relationships  between  K  and  K/j  are  established  for  SSC  based  upon 
equivalent  energy  release  rates.  In  general,  determination  of  the  appropriate  elastic 
crack-tip  model  can  be  made  for  most  geometries,  however,  the  precise  contact  length 
and  closed  form  stress  intensity  factors  are  only  known  for  a  few  geometries. 

The  numerical  procedure  used  in  identifying  the  SSY  asymptotic  interfacial  crack 
fields  between  an  elastic/perfectly-plastic  material  and  an  elastic  or  rigid  material  re¬ 
quired  implementation  of  an  effective  inelastic  constitutive  integration  operator  and 
extension  of  the  boundary  layer  formulation  to  bi-materials.  These  numerical  reduction 
techniques  were  necessary,  especially  when  one  considers  that  each  parametric  analysis 
represents  an  investment  of  one  hundred  to  three  hundred  computational  hours,  and 
the  quarter  wave-length  analysis  consumed  more  than  seven  hundred  computational 
hours  on  one  computational  element  of  an  Alliant  FX-8  mini  super-computer.  To 
demonstrate  that  the  boundary  layer  formulation  had  indeed  been  extended  correctly 
for  bi-materials,  an  example  point  load  elasticity  problem  was  performed. 

The  asymptotic  (inelastic)  traction-free  crack-tip  fields  contained  some  very  unusual 
features.  The  cusp  and  elastic  sectors  found  in  the  SSY  traction-free  crack-tip  solutions 
have  not  been  observed  before  in  homogeneous  plane-strain  (stationary  or  quasi-static) 
crack  fields.  These  cusps  couple  the  stress  state  in  the  quasi-constant  state  sector  to 
the  radial  distance  from  the  crack  tip  and  propagate  as  ft  changes  or,  for  proportional 
monotonic  loading,  as  |]K||  increases.  The  elastic  crack-face  and  interfacial  sectors 
evolve  with  ft  and  may  or  may  not  contain  residual  plastic  strain  depending  upon  ft 
and  the  sign  of  e. 

Qualitatively,  the  traction-free  SSY  asymptotic  fields  for  the  complete  range  of 
admissible  ft  are  assembled,  and  from  this  the  crack-tip  behavior  for  proportional 


monotonically  increasing  loads  is  described.  At  fixed  radial  locations  deep  within  the 
plastic  zone,  the  SSY  asymptotic  fields  are  assembled  from  centered  fans,  constant 
state,  quasi-constant  state,  and  elastic  sectors.  Excluding  the  cusp  effects,  the  crack- 
tip  stress  and  strain  fields  are  not  oscillatory  for  an  elastic/perfectly-plastic  material 


bonded  to  an  elastic  or  rigid  material,  unlike  those  obtained  by  Shih  and  Asaro  (1987) 
for  deformation  theory  based  strain  hardening  materials.  The  asymptotic  crack-tip 
fields  continuously  evolve  with  ft,  and,  in  general,  only  contain  elastic  sector(s)  for 
positive  ft.  Crack-tip  shielding  lowers  the  local  ./-Integral,  as  compared  to  the  far- 
field  elastic  J,  by  as  much  as  75%,  but  the  degree  of  shielding  varies  considerably 
with  ft.  Moreover,  for  some  values  of  ft  the  local  J  is  actually  larger  than  the  far- 
field  elastic  J.  As  is  anticipated,  finite  crack-tip  opening  displacements  occur  for  all 
cases  analyzed.  However,  the  CTOD  angle  is  always  less  than  the  elastic  estimate, 
indicating  that  crack-face  contact  may  occur  within  the  plastic  zone  when  no  crack-face 
contact  exists  outside  the  plastic  zone.  Near  the  crack  tip,  deep  within  the  plastically 
deforming  interfacial  region,  the  triaxiality,  defined  as  <7**/ Z&,  may  exceed  that  of  the 
Prandtl  stress  distribution  and  reach  3.22.  Because  of  this,  the  interfacial  tractions  are 
bounded;  i.e.,  0  <  tnjayt  <  3.22  and  |t,|  <  k,  but  depend  strongly  on  ft. 

No  unusual  features  appear  in  the  closed  crack-tip  model  for  a  rigid  medium  beneath 
an  elastic/perfectly-plastic  medium.  The  asymptotic  crack-tip  fields  are  composed  of 
two  constant  state  and  two  centered  fan  sectors  whose  angular  extent  and  arrangement 
are  similar  to  homogeneous  mode  II  fields.  Compressive  crack-face  tractions  extend 
from  the  elastic  asymptotic  fields,  through  the  plastic  fields,  all  the  way  to  the  crack- 
tip.  Appreciable  interfacial  shear  strains  develop  in  the  deforming  medium. 

For  both  crack-tip  idealizations,  asymptotic  crack-tip  fields  in  the  lower  elastic 
medium  are  completely  described  by  the  elastic  potential  for  the  closed  crack-tip  case. 
This  potential  is  constructed  by  idealizing  the  interfacial  tractions  sis  constant  beneath 
'.lie  plastic  zone  and  zero  elsewhere.  It  is  also  assumed  that  uniform  compressive  trac¬ 
tions  exist  along  the  crack-face  within  the  plastic  zone  (the  magnitudes  of  which  are 


zero  in  the  traction-free  crack-tip  model).  A  uniform  tensile  field,  oriented  parallel  to 
the  interface,  is  superimposed  to  complete  the  potential.  Due  to  the  jump  in  shear 
traction  at  the  crack-tip,  the  resulting  field  is  logarithmically  singular,  and  local  crack- 
tip  yielding  is  anticipated.  However,  for  “elastic”  materials  with  a  yield  strength  three 
or  more  times  greater  than  the  yield  strength  of  the  perfectly-plastic  material,  “elastic” 
yielding  does  not  restrict  the  application  of  these  results. 

The  method  used  to  identify  the  crack-tip  idealization,  in  conjunction  with  the 
parameters  necessary  to  define  elastic  and  SSY  inelastic  crack-tip  deformation,  rep¬ 
resents  a  rigorous  framework  usable  in  systematically  quantifying  interfacial  crack-tip 
behavior.  Via  this  framework  one  can  determine  the  asymptotic  stress,  strain,  and 


interfacial  behavior,  based  upon  the  far-field  loads  and  constitutive  assumptions,  and 
(by  inference)  provide  the  requisite  interfacial  properties  necessary  for  sustaining  the 
integrity  of  interfacial  cracks.  Evaluating  the  interfacial  crack-tip  conditions  for  a  par¬ 
ticular  geometry  (whose  components’  constitutive  behavior  can  be  idealized  as  elastic 
and  elastic/perfectly-plastic,  respectively)  is  made  as  follows.  First  the  elastic  crack- 
tip  singularity  and  contact  length  must  be  quantified  by  either  determining  K  or  K cu 
(and/or  $)  and  6  via  numerical  solutions,  tables  containing  known  solutions,  etc.  Some 
parameters  may  not  be  directly  obtainable,  however  their  values  might  be  inferred  by 
using  the  approximations  and  relationships  identified  in  Chapter  2;  e.g .,  approximat¬ 
ing  6  from  K  by  Eq.(2.43).  Based  upon  this  information,  the  bi-material  constant, 
and  the  yield  strength  of  the  material,  the  characteristic  plastic  zone  dimension  can 
be  compared  to  the  contact  length,  thereby  establishing  if  and  when  either  of  the  two 
models  are  appropriate.  Alternatively,  for  certain  geometries  and  loading  conditions 


a  load  map  might  be  consulted  to  determine  the  appropriate  crack-tip  idealization. 
If  the  crack  tip  is  closed  (and  frictionless),  the  asymptotic  crack-tip  fields  are  those 
associated  with  the  particular  values  of  /?  (and  u).  On  the  other  hand  if  a  traction-free 
crack  tip  exists,  ft  must  be  evaluated,  and  then,  based  upon  the  values  of  f0,  v, 

the  asymptotic  crack-tip  fields  can  be  “looked  up.”  Section  P2.B  contains  a  numerical 
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example  showing  how  SSY  traction-free  crack-tip  conditions  are  established  and  how 
?o  is  evaluated  for  a  particular  geometry. 

5.2  Discussion 

As  discussed  in  Chapter  1,  the  purpose  of  doing  this  work  is  to  quantitatively  describe 
the  material  state  surrounding  an  interfacial  crack  tip.  It  is  believed  that  since  the 
largest  stresses  and  strains  evolve  in  this  area,  interfacial  separation  or  crack  deflec¬ 
tion  is  completely  governed  by  the  behavior  within  the  immediate  crack-tip  proximity. 
By  analyzing  and  identifying  the  deformation  patterns  accompanying  the  maximum 
stresses,  strains,  and  interfacial  tractions,  insight  might  be  gained  into  the  mechanisms 
and  conditions  which  initiate  separation.  Unfortunately,  this  work  only  provides  the 
conditions  which  must  be  substained  prior  to  unstable  crack  propagation  and  is  limited 
to  only  one  constitutive  idealization.  However,  in  conjunction  with  this  study  and  ex¬ 
perimental  observations  and  measurements,  the  feasibility  and  admissibility  of  specific 
failure  mechanisms  postulated  to  be  active  in  certain  materials  can  be  systematically 
evaluated. 

Independent  of  the  many  observations  and  classifications  made  in  regard  to  inter¬ 
facial  cracks,  the  present  work  is  far  from  conclusive,  even  for  elastic/perfectly-plastic 
materials  bonded  to  elastic  or  rigid  substrates.  Some  final  comments  will  be  made 
regarding  interpretational  aspects  of  the  analyses,  modifications  to  various  quantities 
and  definitions,  and  areas  which  warrant  further  investigation. 

5.2.1  Crack-Face  Contact 

Various  issues  pertaining  to  the  elastic  and  plastic  crack-tip  fields  have  been  identi¬ 
fied,  with  considerable  attention  to  excluding  the  physically  inadmissible  phenomenon 
of  crack-face  interpenetration.  In  SSY  the  complete  asymptotic  elasticity  solution  is 
recovered  sufficiently  far  away  from  regions  of  inelastic  crack-tip  deformation,  inde¬ 
pendent  of  whether  the  crack-faces  are  open  or  closed  in  the  plastic  zone.  Therefore, 
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crack-face  contact  within  the  plastic  zone  has  no  consequence  upon  the  elastic  crack- 
face  conditions  since  it  is  the  elastic  solution  which  drives  the  inelastic  deformation 
in  SSY,  and  not  vice  versa.  For  proportional  monotonically  increasing  far-held  loads, 
conclusions  based  solely  upon  the  asymptotic  elasticity  solutions  are  valid  at  distances 
larger  than  several  times  the  characteristic  plastic  zone  size,  but  still  small  compared  to 
the  next  relevant  characteristic  geometric  dimension.  Within  the  limitations  discussed 
in  Section  2.3.3,  the  actual  elastic  crack  face  is  open  whenever  crack-face  contact  or 
interpenetration  is  not  predicted,  independent  of  the  crack-face  conditions  within  the 
plastic  zone. 

In  this  study  only  frictionless  closed  bi-material  crack-tips  were  considered.  In 
actuality,  frictionless  crack-tips  rarely  occur  in  nature,  and  friction  significantly  al¬ 
ters  crack-tip  behavior.  In  the  bi-material  case  Comninou  (1977b)  found  that  friction 
reduced  the  order  of  the  elastic  stress  singularity  for  “closed”  interfacial  cracks.  Ob¬ 
viously,  the  assumption  of  frictionless  closed  crack-tip  faces  represents  a  simplification 
which  is  inappropriate  for  many  situations,  and  further  studies  which  include  crack-face 
friction  are  warranted. 

5.2.2  Unifying  ILPA 


The  ILPA  (ft)  is  a  naturally-arising  parameter  which  is  convenient  for  studying  and 
classifying  plastically  deformable  traction-free  crack  tips,  but  it  is  not  comprehensive  in 
that  it  does  not  automatically  compensate  for  different  values  of  e  and  u.  For  example, 
in  the  elastic  approximation  for  crack-face  closure,  the  critical  value  of  ft  is  different  for 
different  e.  Similarly,  the  asymptotic  inelastic  crack-tip  fields,  for  given  values  of  ft  and 
u,  differ  with  e.  Deformation  near  open  interfacial  cracks  is  only  periodic  with  respect 
to  ft;  i.e.,  it  is  not  harmonic.  (This  is  apparent  when  the  additive  decomposition  of 
ft  Eq.(P2.2I),  is  substituted  back  into  the  plastic  zone  approximation,  Eq.(P2.6),  and 
the  trigonometric  functions  are  expanded.  Although  ft  appears  only  as  the  argument 
of  trigonometric  functions,  the  coefficients  which  multiply  the  functions  of  ft  change 
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(periodically)  as  ft  changes.)  Thus  a  relative  shift  in  ft  is  not  expected  to  relate  the 
crack-tip  fields’  evolution  (with  ft)  for  different  values  of  e.  The  ILPAs  of  the  results  in 
Chapter  4  were  modified  in  an  attempt  to  compensate  for  the  dependence  of  crack-face 
closure  on  e,  however,  this  procedure  failed  to  unify  the  asymptotic  crack-tip  fields 
(probably  for  the  reason  just  discussed). 

5.2.3  Anticipated  Experimental  Observations 

To  aid  in  experimental  identification  of  bi-material  crack-tip  behavior,  a  qualitative 
overview  describing  the  anticipated  visible  crack- tip  features  follows.  Upon  application 
of  load,  the  extent  of  crack-face  contact  should  become  evident.  The  contact  length 
will  depend  upon  the  direction  of  the  applied  far-field  load,  the  characteristic  geometric 
dimension  and  material  properties,  and  it  should  be  independent  of  the  applied  load 
magnitude.  Experimental  techniques  capable  of  resolving  elastic  stress  or  displacement 
states  should  allow  for  detection  and  identification  of  the  elastic  asymptotic  crack-tip 
fields  and  crack-face  displacements.  Because  the  period  of  oscillation  in  the  traction-free 
crack-tip  model  is  so  large  and  experimental  resolution  and  specimen  size  are  limited, 
the  experimentally  obtained  near  crack-tip  fields  will  appear  as  having  the  conventional 
square-root  dependence  on  radial  distance,  whether  or  not  crack-face  contact  occurs.  In 
materials  capable  of  inelastic  deformation,  as  the  load  magnitude  is  increased  the  next 
resolvable  feature  should  be  the  plastic  zone.  Again,  due  to  the  large  oscillation  period 
and  limited  realistic  specimen  size,  the  plastic  zone  shape  will  appear  independent  of  the 
applied  load  magnitude,  however,  varying  the  direction  of  the  load  on  different  specimen 
sizes  should  produce  different  plastic  zone  shapes.  For  materials  whose  constitutive 
behavior  is  similar  to  that  idealized  within  this  study,  plastic  zone  shapes  extending 
only  partially  around  the  crack-tip  (in  the  deforming  medium)  could  be  expected  for 
certain  loadings. 

Resolving  the  asymptotic  inelastic  fields  is  not  a  realistic  expectation  at  this  time. 
Some  materials  may  localize,  i.e.,  Fe-Si,  polycarbonate,  leaving  traces  indicative  of  the 
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asymptotic  inelastic  field.  In  addition,  experimental  observations  of  surface  deformation 
are  likely  to  reflect  plane-stress  conditions,  rather  than  the  plane-strain  conditions 
primarily  studied. 

In  designing  experiments,  it  is  important  to  keep  in  mind  both  the  types  of  loads 
being  applied  (usually  to  simulate  some  real  physical  situation)  and  the  particular  ma¬ 
terials,  because  altering  either  of  these  can  drastically  change  the  crack-tip  conditions. 
For  example,  consider  the  ramifications  of  evaluating  interfacial  separation  by  an  inter¬ 
facial  Griffith  crack  geometry  loaded  by  far-field  tension.  Sketched  in  Figure  PS. 11  is 
such  a  geometry.  (To  facilitate  discussion,  allow  the  magnitude  of  the  far-field  tensile 
load,  £T®,  and  material  properties  to  be  unspecified.)  Following  the  example  shown  in 
Section  P2.B,  both  K  and  ft  can  be  evaluated  for  a  specific  set  of  material  combinations 
and  load  level.  Note  that  because  no  far-field  shear  tractions  are  applied,  K  and  ft  are 
the  same  at  both  crack  tips.  For  convention,  the  material  with  the  lower  yield  strength 
is  always  located  in  the  upper  region,  and  its  yield  strength  is  used  in  evaluating  ft. 
The  evolution  of  ft  with  monotonically  increasing  SSY  loading  is  shown  in  Figure  5.1 
for  several  different  values  of  e.  For  material  combinations  whose  constitutive  behavior 
can  be  idealizied  as  an  elastic/perfectly-plastic  material  atop  an  elastic  medium,  the 
crack-tip  fields  are  those  which  correspond  to  the  particular  values  of  ft,  (u,)  and  e. 
Note  the  large  range  of  ft  produced  from  this  one  “simple”  test  configuration,  and  that 
the  actual  value  of  ft  is  strongly  dependent  upon  the  actual  value  of  e  for  a  specific 
load  level  of  c^/ayt. 

In  light  of  the  above  example,  experimentalists  who  simulate  interfaces  by  using  al¬ 
ternative  material  models,  must  insure  that  not  only  chemical  similitude  exists  between 
the  actual  and  model  systems,  but  that  mechanical  properties  (namely  the  elastic  con¬ 
stants)  are  also  scaled  appropriately.  Using  only  one  model  material  which  is  elastically 
softer  than  its  counterpart  in  the  actual  system  can  change  t,  possibly  even  changing 
its  sign,  and  produce  asymptotic  crack-tip  fields  in  the  model  which  differ  drastically 
from  those  produced  in  the  actual  system.  Figure  5.1  clearly  indicates  how  sensitive 
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the  crack-tip  parameter  ft  is  to  load  levels  and  material  combinations. 

5.2.4  Influence  of  Material  Properties  on  Separation 

On  the  basis  of  the  limited  parametric  study  considered,  it  appears  that  particular  ma¬ 
terial  combinations  do  not  alter  the  nature  of  the  asymptotic  fields  produced,  rather, 
they  shift  the  fields  in  the  same  way  that  a  change  in  ft  would,  and  they  distort 
the  strain  distribution.  For  an  elastic/perfectly-plastic  material  bonded  to  an  elastic 
substrate,  the  phase  angle  of  the  applied  load,  measured  by  ft,  appears  to  affect  the 
asymptotic  crack-tip  fields  more  than  the  choice  of  elastic  material  properties.  How¬ 
ever,  for  a  specific  set  of  traction-free  loading  conditions,  altering  the  elastic  material 
properties  and  changing  the  sign  of  e  can  significantly  alter  both  the  asymptotic  crack- 
tip  stress  and  strain  states,  as  demonstrated  previously.  This  is  extremely  important 
when  interfacial  separation  criteria  are  evaluated,  because,  for  certain  load  states,  it 
might  be  more  advantageous  to  bond  to  a  stiffer  substrate  or  to  orientate  an  anisotropic 
substrate  in  a  different  direction. 

Generally,  the  material  combination  with  the  lowest  perfectly-plastic  flow  strength 
produces  the  lowest  tractions,  since  the  asymptotic  stress  state  scales  with  the  flow 
strength.  For  a  specific  flow  strength,  minimum  normal  tractions  occur  when  the 
material  combination  is  subjected  to  the  largest  (positive)  ft  or  when  the  crack-tip  is 
closed.  When  the  normal  tractions  axe  at  their  minimum  level,  substantial  inelastic 
radial  shear  strains,  which  scale  as  7,#  oc  1  /R,  localize  in  a  small  band  parallel  to  or 
slightly  inclined  from  the  interface.  It  is  somewhat  ironic  that  the  minimum  interfacial 
shear  strains  axe  present  when  normal  interfacial  tractions  are  at  their  maximum  values 
and  vice  versa.  Interfacial  separation  criteria  for  deformable  media,  which  are  only 
traction  or  (interfacial)  strain  based,  may  seem  inappropriate  in  light  of  this  trend. 

In  this  crack-tip  idealization,  the  resulting  interfacial  tractions  are  bounded.  This 
implies  that  separation  criterion  for  materials  with  strong  interfaces,  ».e.,  those  capa¬ 
ble  of  sustaining  tractions  greater  than  the  maximum  asymptotic  crack-tip  interfacial 
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tractions,  must  be  strain  controlled.  (If  the  controlling  mechanism  is  only  a  maximum 
traction  criterion,  and  the  tractions  are  less  than  the  critical  traction  value,  separation 
would  never  occur  in  SSY.)  However,  it  is  impossible  to  predict  separation  without  a 
specific  criterion  in  mind  because  most  separation  criteria  require  the  traction  and/or 
strain  level  to  reach  or  exceed  some  threshold  value  over  a  critical  distance  before 
separation  is  said  to  commence. 

Micro  fracture  mechanisms  occurring  in  the  interfacial  proximity  may  be  indistin¬ 
guishable  from  interfatcial  decohesion.  One  can  easily  visualize  small  particles,  whose 
size  might  be  10-8  to  10~6m,  embedded  in  continuum  crack-tip  fields  and  whose  pres¬ 
ence  does  not  alter  the  continuum  idealization.  The  high  triaxiality  near  the  interface 
which  accompanies  the  maximum  tractions  will  promote  (ductile)  micro-void  formation 
and  growth  in  the  neaLT  crack-tip  field.  For  traction-free  crack-tip  loadings  the  maxi¬ 
mum  triaxiality  always  occurs  at  or  within  (+)40°  of  the  interface,  while  in  the  closed 
crack-tip  case,  the  region  where  the  triaxiality  is  the  highest  extends  from  0  ~  30° 
to  9  «  120°.  Cleavage  of  brittle  particles,  which  can  initiate  macro- voids,  and  micro- 
cracking  are  typically  thought  to  be  governed  by  the  maximum  principal  stress  and  its 
associated  direction.  The  maximum  principal  stress  occurs  along  the  interface  [when 
ort{6  =  0°)  =  jfe]  and  its  direction  is  orientated  approximately  45°  from  the  interface. 
Therefore,  in  the  plastically  deforming  interfacial  region  one  might  expect  to  find  mi¬ 
crocracks  and  the  direction  of  cleaved  particles  inclined  (-H)  135°  from  the  interface.  In 
the  lower  elastic  region  failure  associated  with  a  maximum  principal  stress  criterion 
may  deflect  the  crack  into  the  lower  elastic  medium.  At  radial  distances  very  close 
to  the  crack  tip  such  a  failure  criterion  predicts  crack  deflection  at  an  angle  inclined 
approximately  -90®  from  the  interface,  while  at  larger  radial  distances  the  deflection 
angle  would  be  larger  («  —45°). 


5.2.5  Suggested  Additional  Work 

Several  avenues  need  to  be  explored  to  establish  concisely  the  complete  bi-material 
crack-tip  behavior  even  for  the  case  of  an  elastic / perfectly-plastic  material  adjoint  to 
an  elastic  or  rigid  material.  An  analytical  expression  defining  the  cusp  in  terms  of  the 
far-field  load  parameters  is  essential  to  fully  ascertain  the  evolution  of  the  interfacial 
tractions.  Incorporation  of  finite  deformation  would  allow  identification  of  the  crack- 
tip  fields  all  the  way  to  the  blunted  crack  tip  and  extend  the  mathematical  range  for 
which  asymptotic  inelastic  fields  are  appropriate.  Of  course,  the  material  restrictions 
acknowledged  earlier  would  still  limit  the  applicability  of  the  results  from  such  analyses, 
but  additional  insight  may  suggest  a  mathematical  bound  for  the  singular  interfacial 


and  the  crack-tip  strains. 

Finite  element  solutions  such  as  these  “roughly”  estimate  the  actual  slip-line  an¬ 
gles,  and  are  severely  limited  by  mesh  fineness.  Analyses  which  use  discretized  repre¬ 
sentations  must  carefully  refine  and  focus  these  representative  elements  to  ensure  that 
important  details  are  not  systematically  excluded  from  the  solution.  For  example,  in 
this  study,  no  jumps  in  a„  were  resolved.  It  is  unclear,  however,  whether  jumps  existed 
or  were  just  unresolved.  To  this  extent  a  more  precise  asymptotic  numerical  solution 
would  resolve  the  issue  of  stress  jumps. 

In  this  study,  incremental  plasticity  is  utilized  as  opposed  to  deformation  theory,  as 
used  by  Shih  and  Asaro  (1987).  For  the  constitutive  idealization  of  an  elastic/perfectly- 
plastic  medium  atop  a  rigid  or  elastic  substrate,  unloading  usually  occurred  in  asymp¬ 
totic  crack-tip  fields  whenever  e  >  0  and  ft  >  0.  In  light  of  this,  utilization  of  de¬ 
formation  theory  in  investigating  interfacial  cracks  which  have  large  strain  hardening 
exponents  must  insure  that  all  “plastically  deforming”  material  points  do  not  unload; 


i.e.,  l(t  +  At)  >  1(f);  \  =  e'-g'. 

As  is  usually  the  case,  parametric  studies  are  only  of  limited  value,  and  there 
always  exist  additional  material  combinations  and  loadings  for  which  information  is 
sought.  The  major  issues  unresolved  in  this  study  which  still  need  be  addressed  are  how 
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and  when  does  the  crack-face  constant-state  sector  become  an  elastic  wedge;  how  and 
why  does  the  interfacial  elastic  wedge  and  accompanying  constant  state  region  evolve; 
and  what  are  the  elastic  and  inelastic  asymptotic  crack-tip  fields  when  the  elastically- 
predicted  crack-face  contact  zone  is  approximately  the  same  size  as  the  plastic  zone. 
In  addition  to  analyzing  more  material  combinations,  extending  the  assumed  material 
idealization  to  include  anisotropic  material  behavior  (both  elastic  and  inelastic),  and 
strain-hardening  would  also  be  useful. 

Although  much  attention  has  been  focused  upon  determining  the  characteristics 
of  fields  very  deep  within  the  plastic  zone  (specifically,  for  the  traction-free  crack-tip 
model  —  nine  orders  of  magnitude  smaller  than  the  plastic  zone),  such  information  is 
of  little  more  than  academic  use  unless  it  reveals  the  complete  asymptotic  structure. 
From  a  purely  physical  point  of  view,  structures  larger  than  geophysical  plates  must 
be  considered  before  the  characteristics  of  fields  which  are  nine  orders  of  magnitude 
smaller  than  the  plastic  zone  would  have  meaning.  [Picture  the  structure  that  would 
require  the  twelve  orders  of  magnitude  of  resolution  considered  by  Shih  and  Asaro 
(1987)!]  Additionally,  the  limitations  identified  previously,  (Section  4.4)  would  require 
very  unique  material  properties  in  order  to  achieve  a  valid  solution  at  that  size  scale. 
For  most  common  engineering  applications,  resolution  and  identification  of  continuum 
fields  three  or  four  orders  of  magnitude  smaller  than  the  plastic  zone  should  provide 
sufficient  and  (hopefully)  meaningful  information  at  that  size  scale. 
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Appendix  A 

Boundary  Layer  Formulation 


In  order  to  impose  Sham’s  boundary  layer  formulation  (Sham,  1983),  it  is  necessary 
to  calculate  consistent  energy  conjugate  stiffnesses  and  boundary  displacements.  The 
first  section  derives  the  far-field  stored  energy,  due  to  the  lower  order  terms,  and  for¬ 
mulates  an  energy  equivalent  spring  network  to  represent  it.  Appendix  C  contains  the 
actual  FORTRAN  program  used  to  determine  the  spring  stiffness  for  a  given  material 
combination.  The  second  section  derives  the  imposed  displacements  in  terms  of  the 
admissible  eigenfunctions  and  coefficients  (generalized  degrees  of  freedom).  These  dis¬ 
placement  constraints  are  then  enforced  on  the  FE  boundary  nodes  via  a  user-written 
MPC  subroutine.  Again,  Appendix  C  contains  the  actual  FORTRAN  coding  used  for 
the  MPC  subroutine. 

In  this  appendix,  the  two  stress  potential  functions  used  are  <t>  and  x  instead  of  the 
stress  potentials  <p  and  fi,  as  used  in  the  body  of  the  text.  Since  x  is  related  to  <f>  and 
Q  by 

x"  =  n'  -  H  -  z<t>\ 

they  produce  equivalent  results.  However,  the  unknown  coefficients  On  and  bn  of 
Eqs.(3.4)  and  (3.5)  are  not  the  same.  All  Appendices,  subroutines,  and  FORTRAN 
coding  use  B^s)  and  D(n)  as  the  unknown  coefficients,  with  the  U(0)  term  being  adjusted 
so  that  it  is  interpreted  as  fl(0)  =  K. 


A.l  Energy  Considerations 

A. 1.1  Formulation  of  Equivalent  Stiffness  Matrix 

Implementation  of  Sham’s  boundary  layer  formulation  requires  the  evaluation  and  in¬ 
clusion  of  the  far-field  energy,  which  is  attributable  to  the  T-field  terms.  This  section 
evaluates  the  second  term  in  Eq.{3.8)  from  its  associated  strain  energy  potential  rela¬ 
tionship. 

The  general  series  potential  functions  given  by  Sih  and  Rice,  (1964)  and  Rice  (1988), 
which  satisfy  the  bi- material  crack,  are 

-  2*'h‘ + i>  -  •'1^ + crh 5  <a-‘> 

M*)  =  +  (A.2) 

Xi(*)  =  2 ■«*"*$+*  B{S)ZN  ~  El(^  "  ~  it]B{N)*N 
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W  N  * 

Cx  +  C,^  {M)  Cx  +  Ci^M  +  2^  ’ 


=  (*  =  1,2). 
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(A.5) 


In  these  expressions  the  subscripts  (1,2)  indicate  material  domains,  e  is  the  bi-material 
constant,  r?;  =  3  —  4i/;  for  plane  strain  or  r?;  =  (3  -  i/;)/(  1  -I-  */,■)  for  plane  stress,  /i, 
and  i/;  are  the  appropriate  shear  modulus  and  Poisson’s  ratio,  respectively,  and  z  is 
the  complex  variable  measured  from  the  crack  tip.  The  desired  lower  order  Laurent 
series  displacements,  ur,  and  the  associated  stresses,  aT  ,  are  obtained  by  letting 
N  =  -1,  -2,  -3,  •  •  •  and  M  —  -2,  -3,  -4,  •  •  •.  The  M  =  - 1  term  is  excluded  from  the 
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formulation  since  it  represents  an  applied  concentrated  crack-tip  force  and  produces 
infinite  far-field  elastic  energy  in  the  boundary  layer  formulation.  For  the  <f>  and  x 
stress  potentials,  this  represents  the  same  modifications  to  the  4>  and  H  potentials  as 
were  made  in  Eqs.(3.4)  and  (3.5).  From  these  potentials,  the  fair- field  elastic  strain 
energy  due  to  the  lower  modes,  $(iT),  cam  be  evaluated  and  incorporated  directly. 
Since  ur  is  an  equilibrium  solution  in  the  faj-field  (Region  k  of  Figure  S.S), 

2fi(ur)  =2 /  $(iT)dS  =  J  tr  •  u Tds.  (A. 6) 

Here  ft  is  the  total  strain  energy  in  k ,  $  is  the  strain  energy  density,  T  represents  the 
entire  boundairy  around  k  (Foo  r/»|a,«e,  and  re),  and  tT  is  the  resultant  traction  due 
to  the  lower  order  modes.  Dividing  the  boundary  into  regions  yields 

2IT(ur)  =  f  tTu Tds+  f  tT  uTds+  f  tr  u Tds.  (A. 7) 

•'Too 

Recall  the  Kolosov-Muskhelishvili  stress  formulas  (Sih  and  Rice,  1964), 

oTT  +  ott  —  49?[^’]  =  2 \4>  +  4>],  (A. 8) 

and 

att  -  a„  +  i2ori  =  2 c™[l4>n  +  x"),  (A.9) 

where  a  bar  indicates  the  complex  conjugate,  amd  9?  signifies  the  real  portion  of  the 
argument.  Subtracting  Eq.(A.8)  from  Eq.(A.9)  gives 

-2arr  +  i2ort  =  2eiU[24>"  +  X"]  -  2[<p'  +  #}.  (A.10) 

The  displacements  obtained  via  Kolosov-Muskhelishvili  transformation  are 

u  +  iv  =  ~  z<t>'  ~  x']»  (A. 11) 

where  the  sheair  modulus,  /x,  Poisson’s  ratio,  v,  and  rj  are  those  associated  with  the 
individual  material  domains.  Transforming  to  a  polar  coordinate  frame,  Eq.(A.ll) 
becomes 
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Examination  of  the  potential  functions  shows  that  the  stresses,  orrT  and  ariT ,  behave 
as  zp~i~u  +  z'2~p  and  the  displacements,  urr  and  utT,  behave  as  zq~ 3_M  +  z~l~q , 
where  p  =  0,  -1,-2,-  •  •  and  q  =  0,-1,  -2,-  •*.  In  general,  the  term  tr  -ur  behaves  like 
zp+q-t-2"  z-i~p-q t  while  for  large  z  the  dominant  component,  p  =  q  =  0,  acts  like 
-phis  means  that  as  r  — ►  oo  on  F,*, 


f  tT  ■  uTds  =  0. 

hoo 

(A. 13) 

By  the  problem  definition,  “traction-free  crack-tip  faces,”  tr 

=  0  on  T„  so  that  Eq.(A.7) 

can  now  be  written  as 

2fi(ur)  =  f  tT  ■  u Tds. 

(A. 14) 

The  traction,  tr,  is  by  definition 

tT  =  oT  •  n, 

(A.15) 

where  n  is  the  unit  outward  normal.  Choosing  IViaitte  to  be  a  circle  of  radius  r,  ds 
becomes  rdd,  and  the  cylindrical  components  of  n  are  (-1,0,0).  Eq.(A.14)  then  becomes 

2fl(ur)  =  f  [~orrTurT  -  <rr#Tu#r]rd0.  (A. 16) 

r  riuiM 

For  convenience,  C  in  Eq.(A.12)  is  defined  as 

C  =  ~r~[rf<t>  -  zfi  ~  X'j  =  «r  +  »'«#.  (A-17) 

2m 

and  P  is  defined  by  dividing  the  complex  conjugate  of  Eq.(A.lO)  by  two,  which  results 
in  the  following: 

P  =  t-iU[z4>"  +  f]  -  \<t>'  +  V\  =  -  io  rt .  (A.18) 

Eq.(A.16)  can  then  be  rewritten  as 

2n(ur)  =  /  (R(C)R(P)  +  9(C)3(P)]r<0,  (A.19) 

'T  pUmlie 
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1 


or 


2n(ur)  =  [  dt{rCr>)d$  =  f  X{rCD)dO, 

*  T  P/aa(i>  *  rpUitia 


(A. 20) 


where  D?  and  $  designate  real  and  imaginary  parts,  respectively.  It  is  convenient  to 
factor  out  the  coefficients  B  and  D  (these  are  the  vectors  which  contain  B^s)  and  -D(at) 
as  their  components,  respectivley),  and  to  express  the  potential  functions,  Eq.(A.l)  to 
Eq.(A.4),  in  terms  of  their  individual  components  as 


N+M  _ 

4>  =  £  P,<t>< 

1=1 


where 


riv+M-i 


Dw 

d(m) 


(A.23) 


and  the  terms  and  U<  correspond  to  the  functional  parts  of  Eq.(A.l)  to  Eq.(A.4). 

More  specifically,  this  means  that  the  functions  (^i,  •  •  • ,  <j>s),  (Ni,  •  •  • ,  Njv),  and 
(Ui,  •  •  •  ,U n)  all  correspond  to  the  functions  associated  with  the  B  coefficients  and  the 
functions  (<t>N+\,’  •  •  and  (Ui,*  •  •  ,Un+m-i)  correspond 

to  the  functions  associated  with  the  D  coefficients.  (The  subscripts  indicating  the 
material  domains  are  implied  by  the  value  of  z  chosen.)  Further,  four  matrices,  BB, 
SB,  B  B ,  and  8  8 ,  are  defined  whose  components  are  given  by 


BBij  =  +  z%$.  +  -  o;$], 

SB,,  =  l{-z4>\t'u24>n,  +  +  zWj  + 

-o^u;  -  o,v;.), 

BB^  =  -  T]4>i4>'j  -  +  K'*'], 


(A. 24) 


(A. 25) 
(A. 26) 


(A.21) 

_  w  i-  " 

•  J 

MS 

N+M 

E  pm, 

(A. 22) 

M, 

;S Si;!: 

i=  1 

-w  .*  , 

b<»  | 
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m 


ii1 

8® 


IS1? 

5‘V 

i 


$ 


■■Bp 


muwwwiui 


KnKKjtn 


and 


B 8tl  =  z[Tj4>te'uz4>n}  -  n^U'l  -  r)4>d}  - 

+N'e,MU"  +  (A. 27) 

By  using  Eq.(A.17),  Eq.(A.18),  and  Eqs.(A.20)  to  (A. 27),  Eq.(A.16)  reduces  to 

2fi(ur)  =  /  ^fclPSSP+PBBP  +  PSBP  +  PBBPld*.  (A.28) 

jRpuiti*  2 fi 

At  this  point,  the  integral  /*  $(fT)<iS  has  been  recast  in  terms  of  the  complex  vector 
P,  which  represents  the  unknown  coefficients,  and  four  matrices  containing  functions  of 
the  original  stress  potentials.  The  remaining  formulation  consists  of  various  algebraic 
manipulations  used  to  recast  Eq.(A.28)  into  an  expression  which,  when  integrated, 
contains  real  numbers  only.  First,  the  real  vector  qeT  is  defined  as 

(  IRBm  v 


M -{«■)- 


(A.29) 


l  9D(«)  > 

Next,  the  stiffness  matrix  S  is  introduced  and  is  defined  such  that 
n(uT)  =  ^qeTSq‘r. 


(A. 30) 


Using  the  convention  that  P;-  =  c, + * /; ,  factoring  out  the  real  components,  and  equating 
Eq.(A.28)  to  Eq.(A.30),  we  can  express  S  as 


=  /  - 


’  3?(S8  +  8B  +  88  -f  88) 

3(88  -88  +  88  -88) 

.  ^{88  +  88-88-11) 

^{-88  +  88  +  88  -  88)  . 

d0.{  A.31) 


After  integration  of  Eq.(A.31),  the  integral  J*  $(iT)dS  can  be  replaced  by  |q‘TS qtT . 


A.  1.2  Evaluation  of  Spring  Constants 

To  incorporate  this  energy  into  the  finite  element  code,  a  spring  network,  with  appro¬ 
priate  stiffness,  was  constructed.  The  spring  network  vertices  corresponded  to  “free” 
nodes  and  the  displacements  of  these  free  nodes  were  governed  by  the  value  of  the 
generalized  coefficient  vector  qeT.  It  was  observed  that,  since  q'T  both  pre-  and  post- 
multiplied  the  stiffness  matrix  S  [in  Eq.(A.30)j,  a  new  upper  triangular  stiffness  matrix 
C  can  be  used  to  reduce  the  number  of  individual  stiffnesses.  When  constructed  cor¬ 
rectly,  C  replaces  S  in  Eq.(A.30)  to  produce  identical  results.  The  new  stiffness  matrix 
C  is  related  to  S  (after  evaluation  of  S)  via 

f  S„  *  =  J  i  =  1, 2, 3,  •  •  • ,  2(N  +  M  —  1) 

C„  =  S„  +  S0-  »  <  j  j  =  *,*'  +  l,i  +  2,  •  -  -  ,2(iV  +  M-  1)  (A.32) 

(  0  otherwise. 

The  energy  associated  with  a  spring  is  calculated  in  the  finite  element  code  as  jC,y(g,  — 
g;)1  as  opposed  to  |C as  assumed  in  Eq.(A.30).  To  rectify  this  situation,  a  further 
modified  spring  stiffness  matrix  C'  is  defined  whose  components  are 

j  j 

C'.=  *  =  1,2,3,  •  •  •  ,2(N  +  M)  (A 

1  y'l  r>i  I  1  pi  *  J 

2  2^=1  W,  +  j  U=j  ^ n  y  _  ,-f  ,•  +  1,,  +  2, . . .  ,2(7V  +  M  -  1). 

Finally,  the  far- field  elastic  strain  energy  can  now  be  expressed  in  terms  of  spring 
constants,  C'y,  as 


—  If.. 


*(ur)  =  -  </>)£',, (l>  -  1:1’ 


(A.34) 


with  the  clarification  that  the  term  (g<  —  g,)  is  interpreted  as  g,,  when  i  —  j. 

The  actual  spring  stiffnesses  for  a  particular  choice  of  material  properties  were 
obtained  by  numerically  integrating  Eq.(A.31)  using  Simpson’s  1/3  Rule  with  A 9  = 
x/lOO.  The  Tpiattie  boundary  was  chosen  to  be  a  circle,  with  radius  rpiaitie  =  1.0  m, 
centered  about  the  crack  tip.  This  prevented  numerical  noise  associated  with  evaluating 
rpiattic  raised  to  large  power.  To  reduce  other  numerical  noise,  the  integration  path  was 
divided  and  integrated  from  6  =  ±n  to  6  =  0  simultaneously.  The  complex  FORTRAN 
coding  used  to  evaluate  C'  is  included  in  Appendix  C. 


.V  mV  '.N  f. 


A. 2  Boundary  Considerations 

The  boundary  conditions  required  for  Sham’s  boundary  layer  formulation  are  those  of 
the  general  bi-material  crack  problem.  Using  the  general  series  potential  functions, 
Eqs.(A.l)  to  (A. 4),  and  the  Kolosov-Muskhelishvili  relation  Eq.(A.ll),  the  displace¬ 
ments  cam  be  expressed  in  terms  of  the  complex  coefficients  B^)  and  D(m),  and  the 
location  z  =  re'* .  To  maintain  the  K-field  dominance  at  the  boundary,  again  only  the 
series  terms  corresponding  to  N  =  0,  — 1,  -2,  •  •  •  and  Af  =  -2,  —3,  -4,  •  •  •,  are  used  to 
determine  the  displacements.  After  some  algebra,  the  displacements  for  the  upper  half 


can  be  written  ats: 

rQ  CrA,+1 

“  =  53  — (F  n*n  +  F  «2j y/n)  +  53  — ^ - (Gel^CM  +  Gt2\td.M)  (A. 35) 

N  P  M 

and 

r<3  CrM+1 

v  =  53  — (F  +  F  e4  Nfn)  +  53  — o - (Gc3mcm  +  Gt4M<IM),  (A. 36) 

N  P  M 

where  (subscripts  dropped  for  brevity), 

P  =  N  +  3/2,  (A. 37) 

Q  =  N  +  1/2,  (A. 38) 

J Z  =  PQ  -  (A. 39) 

S  =  t{P  +  Q),  (A.40) 

Tl  =  cos[eln(r)]cos(Q0)  -I-  sin[c  ln(r)j  sin(Q0),  (A. 41) 

T2  =  cos[eln(r)]  sin(Q0)  -  sin[«  ln(r)j  cos(Q0),  (A. 42) 

T3  =  cos(eln(r)]  cos(2Q0)  -  sin[«  ln(r)]  sin(2Q0),  (A. 43) 

T4  =  cos[eln(r)]  sin(2Q0)  +  sinfe  ln(r)]  cos(2Q0),  (A. 44) 

T5  =s  cos(«  ln(r)]  cos(Q0)  -  sm[e  ln(r)|  sin(Q0),  (A.45) 

T6  =  cos[c  ln(r)]  sin(Q0)  +  sin[«  ln(r)]  cos(Q9),  (A. 46) 

Ft  1  =  r?e‘#[P  xTl  +  exT2\~  t,f[Z  x  T3  -  S  x  T4j 
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_ammrmii - 


—e2ne~tel 


+e2nc-<*\ 


e,#[S  x  Tl  +  S  x  T2], 

(A.47) 

x  T3  +  k  x  T4] 

e‘*[£  x  T2-  S  x  Tl], 

(A.48) 

x  73  +  Z  x  T4| 

e‘#[je  x  T2-  S  x  n], 

(A.49) 

and 


Ft  4  =  rit(,{P  xn  +  £xr2)  +  et#[£  x  TZ  -  S  x  Ti] 

-t2nt~lt\P  xT5-£xT6]- e*#[J2  xTl  +  Sx  T2). 


(A. 50) 


The  coefficients  of  the  integer  powers  are  defined  as 

A<)  =  CU>  +  *'i Mib 


(A.51) 


and  the  accompanying  terms  associated  with  the  integer  powers  are 
r]  +M  +  1 


Gel  = 
Ge2  = 
Ge3  = 


Af+1 


cos[(M  +  1)0], 


T?  +  M  +  1sin[(M  +  l)0], 


M  +  1 


^  ^  sin[(Af  +  1)0]  +  2  sin((Af  —  1)0], 


M  + 1 


(A. 52) 

(A. 53) 

(A.54) 

(A.55) 


and 


Ge4  = 


rj  —  M  —  1 


cos[(M  +  1)0]  4-  2cos[(M  -  1)0]. 


(A. 56) 


M  +  1 

By  using  the  definition  proposed  by  Rice  and  Sih  for  the  stress  intensity  factors  and 
the  convention  B(o)  =  e(0)  +  */(o)i  -B(o)  cm  be  expressed  in  terms  of  K  as 


and 


SRK(.75-el)+3K2£ 

4e‘*\/27r[.75  +  3£2]cosh(irc) 

(A.57) 

KK2£  -  3K(.75  -  £2) 

^  4e‘,V/25r[.75  +  3e2]  cosh(7rf) 

(A.58) 
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It  should  be  noted  that  the  original  Rice  and  Sih  (1965)  work  docs  not  give  the  ap¬ 
propriate  energy  release  rate  unless  the  definition  relating  kj  and  fc//  to  K,  given  by 
Hutchinson  et  al.  (1987)  [Eq.(2.15)|,  is  used. 

The  displacement  relations  (A.34)  and  (A. 35)  were  “coded  up"  as  constraint  equa¬ 
tions  and  used  along  the  Tpia^-model  boundary  of  the  finite  element  mesh.  Appendix 
C  contains  the  user  MPC  which  was  used  to  enforce  the  nodal  displacement  boundary 
conditions  in  terms  of  imposed  the  K(f)  and  the  unknown  vector  qeT. 


j 

i 

I 

I 


Appendix  B 

Elastic- Wedge  Stress  Potential 


The  elastic  stress  potentials  for  a  semi-infinite  wedge  loaded  by  constant  tractions  on 
each  of  its  faces  is  given.  The  individual  stress  components  are  obtained  from  <f> ,  the 
stress  potential,  by  using  the  definitions  (Timoshenko  and  Goodier,  1970) 


d*<t> 

0mn  ~  dr*  ’ 

a 

/1^\ 

°rn  ”  dr 

\r*yj' 

ld<t> 

Orr  =  — 3- 
r  dr 

r2  d7 

The  stress  potential  for  a  wedge  loaded  along  its  faces  by  constant  tractions  is 
from  the  general  solution  given  by  Timoshenko  and  Goodier  (1970): 


(B.l) 

(B.2) 


(B.3) 

found 


<f>  =  6or3 -f  do^J,7  + —r7sin7  - —r7  cos  t -(- o2rJ  cos  27  +  c2rJ  sin27.  (B.4) 

2  2 


For  the  specific  problem  shown  in  Figure  B.l ,  the  stress  potential  constants  are 


W 

60  =  -y  - 
do  =  — 2c2  —  T , 

(. H  +  2 T1>  -  W)  sin  2 rjj  -  {K  ~  T){ cos  2 rp  -  1) 
Ci  2(cos2^>  -  l)1  +  2(sin2V>)  x  (sin2^>  -  2ip) 


(B.5) 

(B.6) 

(B.7) 


a2  = 


and 


(H  -f  2Ttl>  -  W) (cos  20  -  1)  +  {K  -  T) (sin  20  -  2rp) 
2(cos2^  —  l)2  +  2 (sin  2rj>)  x  (sin  2^  -  2t/>) 


(B.8) 


Using  Eqs.  (B.l)  to  (B.3)  and  Eq.  (B.5),  the  stress  components  are 


=  2aj(cos27  -  1)  +  2c2(sin2'y  -  27)  +  W  -  2T7, 
an  =  2aj  sin  27  -  2c2(cos  27  —  1)  -f-  T , 


(B.9) 

(B.10) 


orr  =  — 2aj(cos  27  +  1)  —  2cj(sin27  +  27)  +  W  —  2T~i 

+  -(01  cos7  +  ci  sin  7). 
r 


(B.Xl) 


The  arr  component  is  singular  with  respect  to  r,  and  that  two  constants  ai  and  ci 
remain  unspecified  from  the  boundary  conditions  prescribed.  The  values  of  these  two 
constants  are  determined  by  matching  the  orr  stress,  and  for  non-zero  values  of  ax  and 
ci  concentrated  forces  must  exist  at  r  =  0. 

A  note  of  caution,  when  the  coordinate  frame  is  rotated  to  coincide  with  the  crack- 
tip  coordinate  frame  (via  7  =  ir  -  0),  the  sign  of  the  art  component  must  also  be 
changed. 


constant  normal  [W  =  *4-7  =  0)]  and  shear  [T  = 
^er  surface,  constant  normal  [ H  =  tn( 7  =  ^)]  and 
pper  surface,  and  polar  (r,-y)  coordinates. 


Appendix  C 

User- Written  Software 


This  appendix  contains  the  the  FORTRAN  coding  for  the  user-written  elastic/perfectly- 
plastic  constitutive  relationship  subroutine  UMAT  as  well  as  the  program  used  to  cal¬ 
culate  the  spring  coefficients  for  the  traction-free  crack-tip  model  derived  in  Appendix 
A.  The  user-written  MPC  subroutines  which  impose  the  boundary  displacements  are 
included  for  both  the  traction-free  and  (frictionless)  closed  crack-tip  models. 


C.l  Elastic/Perfectly-Plastic  UMAT 


This  rountines  original  framework  was  written  by  Allen  Lush.  The  author  modified  the 
original  subrountine  from  its  radial  return  operator  to  the  Rice-Tracey  mean  normal 
integration  operator. 


o*********«****«*****************************************************> 


c  > 

C  ABAQUS  USER  MATERIAL  FOR  > 

C  RATE  INDEPENDENT  PERFECT  PLASTICITY  > 

C  > 

C. **.***•*. •*••*..*.*•**. ••*••*••*.****•********•*••***••**•*•*****•*•> 

c  > 

C  Properties  coaaon  to  all  saterial  models:  > 

C  PROPS(l)  ■  yield  stress  TAU  Tensile  > 

C  PROPS (2)  -  MU  > 

C  PROPS (3)  ■  KAPPA  > 

C  > 


C********** ****************************************** ******* **********> 
C  Notes :  > 
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c 

c 

c 

c 

c 


1.  Compile  with  FORTRAN  77  only. 

2.  Do  not  nee  this  version  {or  plane  stress. 

3.  Use  with  the  "STATIC  procedure. 


C**************»»************************************************»****> 
SUBROUTINE  UMAT ( STRESS . STATEV . DDSDDE . SSE . SPD . SCD . STRAN . DSTRAN . 

1  TIME .DTIME . TEMP . DTEMP . PREDEF . DPRED . MAT ERL , NDI . NSHR . NTENS , 

2  NSTATV, PROPS, NPROPS. COORDS) 

IMPLICIT  REAL*8(A-H,0-Z) 

REAL *8  MU. KAPPA 

DIMENSION  STRESS (NTENS) , STATEV (NSTATV) . DDSDDE ( NTENS , NTENS) . 

1  STRAN (NTENS) . DSTRAN (NTENS) .Stress! (8) .Sn(6) ,Gamma(6) . 

2  COORDS (3) .PREDEF(l) .DPRED(l) .PROPS (NPROPS) 


C 

C 


DATA  ZERO . ONE , Onep . TWO , THREE/O . ODO . 1 . OOOOOOODO . 1 . 0200000D0 
*  .2. OOOOOOODO. 3. OOOOOODO/ 

NDIPL1-NDI+1 


TAU-32.6DO  ! PROPS (1) 

MU-6.48D3  ! PROPS (2) 

KAPPA-O. 1333333333D3  IPR0PS(3) 

o***************************«***************************************** 
C  Calculate  the  beginning  state  SIG1  and  PI. 

C  Note  that  UMINV  converts  STRESS  to  its  devlatoric  part. 
***-***-************************#*****■ 

CALL  UMINV  (STRESS. PI. SIG1 . NDI. NTENS) 
»*«******«**********************»*•***, 

C  Calculate  the  trace  o!  the  strain  increment. 

TRACE-ZERO 
DO  10  I-l.NDI 
10  TRACE-TRACE+DSTRANU) 

C  Convert  to  devlatoric  tensor  strain  components. 

C****** ******************************* ********************************* 
DO  15  I-l.NDI 

15  DSTRAN (I) -DSTRAN (I) -TRACE/THREE 
DO  20  I-NDIPLl, NTENS 
20  DSTRAN (I) -DSTRAN (I) /TWO 


C 

C« 


Calculate  the  new  trial  stress. 


DO  30  I-l .NTENS 
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30  SN  ( I ) -TWO*MU*DSTRAN ( I ) -STRESS ( I ) 

£**«■******** ********************************************************** 
C  Calculate  SIGTRL. 

C*********** ************************************************* ********** 
CALL  OMINV  (SN.PDUMMY, SIGTRL, NDI.NTENS) 

C  Calculate  the  pressure  at  the  end  of  the  increment. 

C*********************************** ******* **************************** 
P2-P1 -KAPPA-TRACE 

C  Determine  the  state  of  the  initial  and  final  conditions. 
C******************************************* ************** ************* 
If lag-0 

Close- ( . 90999099D0*Tau) 

If (Sigtrl.Le. Close)  Then 
C  The  final  state  is  elastic. 

ETA-ONE 
Cl -TWO-MO 
C2-KAPPA-C1/THREE 
C3-ZER0 

C  Check  if  the  initial  state  is  non-yielding,  but  the  final  state  is. 
Else  IF  (SIGTRL. Gt. Close. and. SIGl.Lt. Close)  then 
Iflag-1 
Else 

C  Both  initial  and  final  states  are  plastic .  (Use  Rice-Tracey) 

If lag-2 
End  if 

C  Decide  vhat  method  should  be  used  to  calculate  the  stresses  and  the 
C  Jacobian.  The  following  section  is  used  if  the  final  state  is 
C  elastic . 

C* ********************************************************************* 
If (Iflag.Eq.O)  Then 

£**************************************  *******  ************************* 
C  Calculate  the  deviatoric  stress  at  the  end  of  the  increment. 

DO  100  I-l.NTENS 
100  STRESS(I)-ETA*Sn(I) 
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C  Calculate  the  Jacobian. 


DO  200  I-l.NTENS 
DO  200  J-l.NTENS 


.  ********************************************** 


|; 


DDSDDE (I . I) -DDSDDE (I,I)+C1 
DO  210  J-l.NDI 

210  DDSDDE ( I , J ) “DDSDDE ( I , J) +C2 
DO  220  I-NDIPL1. NTENS 
220  DDSDDE ( I. I ) -DDSDDE (I, I )*C1 /TWO 

C********************************************************************** 
C  Convert  deviatoric  stress  to  complete  stress. 

C******************************** ******************************* ******* 
DO  225  I-l.NDI 
225  STRESS(I)-Stress(I)-P2 

Else  If  (If lag. Eq. 2)  Then 

C********************************************************************** 
C  This  section  is  used  to  iapleaent  the  Rice-Tracey  Mean  Normal  Operator 

C************************************** ******* ***************** ******** 
C  Calculate  the  trail  stress  and  the  needed  direction. 

C********************************************* ************************* 

Do  230  1-1, Ntens 

230  Sn( i ) -Two*Stress ( i ) +Two*Mu*Dstran ( i) 


C  Noraalize  the  trail  stress  and  the  needed  direction. 
C********************************************************************** 
Call  Euminv(Sn.Taustar,Ndi,Ntens) 

C******** ************************************************************** 

C  Calculate  the  dot  product  between  the  strain  increaent  and  stress 
C  direction. 

C********************************************************************** 


RNdotE-Zero 
Do  240  I-l.Ndi 

240  RNdotE-RNdotE  ♦  Sn(i)*Dstran(i) 

Do  260  I-(Ndi+l) .Ntens 
250  RNdotE-RNdotE  ♦  Sn(i)*Dstran(i)*Two 

Q*********************************** ******* **************************** 

C  Calculate  the  final  stress  state 

C*** ************************************************************ ******* 

Do  200  1*1 .Ntens 

200  Stressf (i)*Stress(I)  ♦  Two*Mu*Dstran(i) 

*  -  Two*Two*Mu*RNdotE*Sn(i) 

C****« ***************************************************************** 

C  Calculate  the  Jacobian  -  It  is  syaaetric . 

C****** ************ ***************************************** *********** 
Alpha-Two*Mu* ( One -Two*Mu*RNdotE/Taustar) 

Do  200  I- 1. Ntens 
Do  200  J-l, Ntens 


Ddsdde ( i , j ) •  - Two* Alpha*Sn ( i ) *Sn ( j ) 

*  -(Mu/Taustar)*Sn(i)*(Stressf ( j ) - Stress ( j ) ) 

*  - (Mu/Taustar) *Sn( j ) * (Stress* (i) -Stress (i) ) 

I* ( I . Le . Ndi .  end . J . Le . Ndi ) 

*  Ddsdde(i.j)-  Ddsdde(i.j)  *  Kappa  -  Alpha/Three 
I* ( I . Eq . J . and . I . Le . Ndi ) 

*  Ddadde(i.j)-  Ddsdde(i.j)  ♦  Alpha 
I* ( 1 . Eq . J . and . I . Gt . Ndi) 

*  Ddsdde (i,j)-  Ddsdde (i.j)  ♦  Alpha/Two 
200  Continue 

C  To  prevent  numerical  drift,  the  stress  will  be  normalized  and  the 
C  equivalent  stress  scaled  to  be  exactly  the  yield  stress,  Tau. 

C* *************************************************** ****************** 
CALL  UMINV  (Stress*. Pug, Scale, Ndi. Ntens) 

Factor-Tau/Scale 

C  1*  the  new  stress  is  not  close  to  the  yield  surface,  signal  it) 

I*  (Factor . It. ( .00) .or. Factor. Gt. (1 .01))  then 
Print  *,‘Scaling  factor  is  * .Factor, 

*  ‘and  Initial  Equiv.  stress  is  ’.Sigl 
End  if 

Do  205  I*l.Ntens 

205  Stress (i) -Stress* (i)*Factor 

C* ********************************************************************* 
C  Convert  deviatorlc  stress  to  coaplete  stress. 

c* ********************************************************************* 
DO  300  I-l.NDI 
300  STRESS(I)-Stress(I)-P2 

Else 

C*******************************************************************«** 

C  This  section  is  used  to  lapleaent  the  Rice -Tracey  Mean  Normal  Operator 
C  when  the  initial  solution  is  elastic  and  the  final  is  plastic. 


C*************************************** ******* ************************ 
C  Calculate  the  dot  product  between  the  strain  increaent  and  itself. 
C*** ************************************** ***************************** 
DEdotDE-Zero 
Do  306  I-l.Ndi 


306  DEdotDE-DEdotDE  ♦  Dstran(i}**Two 

Do  310  I-(Ndi+l) .Ntens 

310  DEdotDE-DEdotDE  ♦  Dstran(i)*Dstran(i)*Two 

C* ************************************************** ******************* 
C  Calculate  the  dot  product  between  the  strain  increaent  and  initial 

C  stress. 
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c********************************************************************** 

DEdotS-Zero 
Do  315  I-l,Ndi 

315  DEdotS-DEdotS  ♦  Stress(i)*Dstran(i) 

Do  320  I-(Ndi+l) .Ntens 

320  DEdotS-DEdotS  +  Stress(i)*Dstran(i)*Two 

C** ********************************************************** ********** 
C  Calculate  the  dot  product  between  the  initial  stress  and  initial 
C  stress. 


SIdotSI-Sigl*Dsqrt (Two/Three) 


>*********«*******« 
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C  Find  beta,  the  fraction  of  the  elastic  strain  needed  to  cause  yield 
C  In  the  text  beta  is  called  alpha. 

C*****************************  ************  ***************************** 
Quad2-Dsqrt ( (DEdotS**Two) 

*  -DEdotDE* (SIdotSI-Two*Close*Close/Three) ) 
C)uad3-Two*Mu*DEdotDE 

Ibetal-0 

Ibeta2-0 

Betal*(-DEdotS  -  Quad2)/Quad3 
Beta2-(-DEdotS  +  Quad2)/Quad3 
c  Logic  to  find  maximum  exceptable  root. 

If (Betal.Lt.Zero.or.8etal.Gt.0nep)  Ibetal»l  lUnexceptable  value 
If (Beta2 . Lt . Zero . or . Beta2 . Gt . Onep)  Ibeta2-1  lUnexceptable  value 
If (Ibetal .Eq. 1 . and . Ibeta2 . Eq . 1)  Then 
Beta-One 

Print  *,'Beta  roots  exceed  the  allowable  range.  Betal  ' .Betal 

*  ,*  Beta2  *,Beta2 

Else  If (Ibetal. Eq.l. and. Ibeta2.£q.O)  Then 

Beta-Beta2 

Else  If (Ibetal. Eq.O. and. Ibeta2. Eq.l)  Then 
Beta-Betal 
Else 

Beta-Betal 

If (Beta2.Gt. Betal)  Beta-Beta2 
End  if 

C********************************************************************** 

C  Calculate  the  star  stress  state. 

C******  ****************************  ********************  ******  ********** 

Do  325  i-l,Ntens 

325  Sn(i)-Two*Stress(i)  ♦  (One+Beta)*Two*Mu*Dstran(i) 
C************************************************************ ********** 
C  Find  the  N  star-bar  direction  and  it's  magnitude.  Normalization  is 
C  done  in  the  subroutine. 


c********************************************************************** 

Call  Euminv(Sn,Taustar,Ndi .Ntens) 

C********* ************************************************************* 
C  Calculate  the  dot  product  between  the  strain  increment  and  N  star-bar 


SNdotDE>Zero 
Do  330  I-l.Ndi 

330  SNdotDE*SNdotDE+  Sn(i)*Dstran(i) 

Do  335  I«(Ndi+l) .Ntens 

335  SNdotDE-SNdotDE*  Sn(i)*Dstran(i)*Two 

C* ************************************************************ ********* 

C  Calculate  the  final  stress  state. 

C******* ****************************************************** ********* 
Do  340  I»1 , Ntens 

340  Stressl(i)aStress(i)  ♦  Two*Mu*Dstran(i) 

*  -  (One-Beta) *Two*Two*Mu*Sn(i)*SNdotDE 

O ********************************************************************* 

C  Calculate  the  Gamma  tensor.  Determines  the  change  in  beta  wrt.  Dstran 

Gammac  on* (Two*Beta*Mu*DEdotDE+DEdotS) * ( -One) 

Do  345  1*1, Ntens 

346  Gamma ( i) - ( (Two*Mu* (Beta) **Two) *Dstran( i) 

*  ♦Beta*Stress(i))/Gammacon 

C********************************************************************** 
C  Calculate  the  Jacobian  -  It  is  symmetric. 

C************************************************* ********************* 
C  Useful  constants  lor  the  Jacobian 


Cl*SNdotDE 

Dl* (One -Beta) *Two*Mu 
El*Dl*Two*Mu/Taustar 
Fl-DEdotDE 

Gl«Two*Mu-El*Cl*(One+Beta) 

G2*Two*Two* (Mu* (Beta-One) +El*Cl*(One*Beta) ) 

G3*Two*Two*Mu*Cl+Two*Two*Cl*Cl*El-El*Fl 

G4*(-El)*(0ne+Beta) 

G6*(-C1*E1) 

Do  300  1*1, Ntens 
Do  300  J*l, Ntens 
Ddsdde(i.j)- 
G2*Sn(i)*Sn(j ) 

♦G3*Sn ( i ) *Gamma ( j ) /Two 
♦G4*Sn ( i ) *Dstran ( j ) /Two 
+G6*Dstran ( i ) *Gamma ( J ) /Two 
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♦G3*Sn(] )*Gamma(i)/Two 
+G4*Sn( j )*Dstran(i)/Two 
+G5*Dstran( j ) *Gamma(i)/Two 
It ( I . L« . Ndl . and . J . Le . Ndi ) 

Ddsdde (i.j)-  Ddsdde (i.J)  ♦  Kappa  -  Gl/Three 
If (I.Eq. J.and.I.Le.Ndi) 

Ddsdded, j)-  Ddsdde ( i . j )  +  G1 
If  ( I . Eq . J . and . I . Gt . Ndi ) 

DdsddaCi,])*  Ddsdde (i.j)  ♦  Gl/Two 
Continue 


***** 

C  To  prevent  nuaerical  drift,  the  stress  will  be  normalized  and  the 
C  equivalent  stress  scaled  to  be  exactly  the  yield  stress,  Tau. 

CALL  OMINV  (Stress! .Pug, Sc ale, Ndi, Ntens) 

Fac  tor*Tau/Sc  ale 

C  If  the  new  stress  is  not  close  to  the  yield  surface,  signal  it  I 
If  (Factor. It . ( .00) .or. Factor. Gt , (1 .01))  Then 
Print  *,‘In  mod  R-T:  Scaling  factor  is  * , Factor, 

*  'and  Initial  Equiv.  stress  is  *,Slgl 

End  if 

Do  306  I*l,Ntens 

306  Streas(i)-Stressf (i)*Factor 

C** *************************************************************  ******* 
C  Convert  deviatoric  stress  to  complete  stress. 


************* 


DO  400  1*1 .NDI 
400  STRESS ( I ) "Stress ( I ) - P2 


End  if 

C* ********************  ******* *******************************0********** 
RETURN 
END 

C********************************************************************** 


SUBROUTINE  UMINV  (X .XINV1 , XINV2 , NDI , NTENS) 

IMPLICIT  REAL*8  (A-H.O-Z) 

DIMENSION  X (NTENS) 

C****** *******  ******************************  **************** **********> 
C  This  subroutine  calculates:  > 

C  IINV1— (l/3)*trace(X),  > 

C  converts  X  to  its  deviatoric  part  X’,  and  calculates  > 

C  XINV2"DSQRT ( 1 . 6*X ' *X ’ )  > 


£********************* ****************************************** ****•*■> 
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NDIPL1-NDI+1 

XINV1-0.0D0 

XINV2-0.0D0 

C 

DO  10  I-l.NDI 
10  XINVl-XINVl-X(I) 

XINV1-XINV1/3.0D0 
DO  20  I-l.NDI 
20  X(I)"X(I)*XINV1 
DO  30  I-l.NDI 

30  IINV2-XINV2+0. 6D0*X(I)*X(I) 

DO  40  I-NDIPL1.NTENS 
40  XINV2-IINV2-H(I)*X(I) 

XINV2-3.0D0*XINV2 
XINV2-DSQRT (XINV2) 

RETURN 

END 

C********************************************** ***************** ******* 
C** *********************************** ****** *************************** 
SUBROUTINE  Euninv  (X , Xlnv2 , NDI , NTENS) 

IMPLICIT  REAL*8  (A-H.O-Z) 

DIMENSION  X(NTENS) 

C* ********************************************************************> 
C  This  subroutine  calculates:  > 

C  Xij  -IiJ  /(2.0  *(.6  *  Xij  Dot  IiJ)*. 6)  > 

C*********************************************************************> 
NDIPL1-NDI+1 
XINV2-0.0D0 
C 

DO  10  I-l.NDI 

10  IINV2-XINV2*0.6D0*X(I)*X(I) 

DO  20  I-NDIPL1.NTENS 
20  XINV2-XINV2+X(I)*X(I) 

XINV2-Dsqrt (XINV2) 

Xinv-2 . OOOOOOODO*Xinv2 
Do  30  I-l,Ntens 
30  X(i)*X(i)/XinT 
RETURN 
END 

C* *********************************************** ********************** 
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C.2  Traction-Free  Crack-Tip  Model 

C.2.1  Spring  Coefficients 

Program  Mod.Stiffness 

C  This  program  calculates  the  stiffnesses  in  terms  of  the  eigenmodes. 

C  It  uses  the  assumption  that  twice 

C  the  integral  of  the  traction  times  the  displacement  is  equal  to 
C  the  potential  energy  of  the  body.  The  potential  energy  is  then 
C  just  the  product  of  the  stiffness  matrix  and  the  coefficient  vectors. 
C  This  version  used  the  square -root 
C  oscillatory  terms  and  the  integer  homogeneous  terms. 

C  This  program  has  been  modified  to  give  the  spring  format  in  a 

C  a  manner  consistent  with  ABAQUS  4.6  version. 

Complex* 16  Phi(20) ,PhiI(20) .PhiII(20) ,X1(20) ,111(20) .1111(20) 
Complex* 16  BB(20.20) ,BcB(20,20) ,cBcB(20,20) ,cBB(20,20) .Cpoas 
Complex* 16  12(20) ,121(20) .1211(20) ,Z1 
Complex* 16  Coni . Con2 , Con3 , Con4 , Con5 . Con6 , Z , Zb ,Dthe , Ans 
IMPLICIT  REAL*8  (A-H.O-Z) 

DIMENSION  AiAj (20,20) , AiB j (20 , 20) .BiA j (20 . 20) .BiB j (20 . 20) 
DIMENSION  C(40,40) .0(40,40) ,E(40.40) 

C  The  material  identification  is  such  that  material- 1  is  on  the 
C  upper  half  and  materlal-2  is  on  the  lower  half. 

0pen(Unit-30 . File-"Springs" ) 

C  Set  up  the  material  properties 

Em2-2.04D3 
Eml-7 . 2267D5 

P2- . 02000000000000000 OOOODOO 
PI- . 4 B 00000000000000000 OODO 

Mterms-11  I  This  is  the  number  of  terms  desired. 

Nterms-5  (This  is  the  number  of  Integer  terms  desired. 

Isec-20  ! Number  of  the  node  corresponding  to  the  KII  term. 
Zero-0 . OOOOOOOOOOOOOOOOOODO 
Two-2 . OOOOOOOOOOOOOOOOOOODO 
Three-3 .  OOOOOOOOOOOOOOOOODO 

Zepo-1 . OE-12  I Minimum  stiffness  for  stiffness  to  be  printed. 

C  Determine  the  bi-material  Constants  and  Moduli 

Gl-Eml/((1.00000000D0+Pl)*Two)  IShear  Modulus 
G2-Em2/(U.OOOOOOOODO+P2)*Two)  IShear  Modulus 
FI- (3 . OOOOOOOOODO- (Two*Two*Pl ) ) /G1 
F2- ( 1 . OOOOOOOOODO/ G2) 

F3-  (3 .  OOOOOOOOODO-  (Two*Two*P2) )  /G2 
F4- ( 1 . OOOOOOOOODO/G1 ) 

Epsil- ( 1 . OOOOOOOOOODO/(Two*3 . 14169265358979D0) ) 
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*Dlog( (F1+F2) / (F3+F4) ) 

Psl«3 .OOOOOOOOODO-(Two*Two*Pl)  IPlain  strain  Poisson’s  ratio 
Ps2*3 .000000000D0-(Two*Two*P2)  IPlain  strain  Poisson’s  ratio 
Cl*(Psl*l .00000000D0)/G1  (Constants  needed  for  the  integer  terms. 
C2- (Ps2* 1 . OOOOOOOODO) /G2 
Ccl*Two*C2/(Cl+C2) 

Cc2«Two*Cl/(Cl+C2) 

Epitheta*Dexp(6 . 28318630717958D0*Epsil) 

R-.1000000D1 

This  sets  op  the  integration  rales  for  Simpson’s  1/3  Rale. 

Ninv«60  (Number  of  intervals  per  half /should  be  even 

Nstepsa(Nlnv*2)+l  (Number  of  steps 

Tinc«3 . 14169266368979D0/Dble(Ninv*2)  (Integration  step  size. 
The  integration  step  is  one-half  the  interval  size. 

Do  60  l-l.Mterms  (Zero  out  the  matrix 
Do  60  j»l,Mterms 
AiAj (i,j)*Dcmplx( Zero, Zero) 

AiB)(i.J)-AiAj(i.J) 

BiAJ(i.j)-AiAj(i.j) 

BiB j  <i , J )*AiA j (i . ) ) 

Continue 

Do  300  KKK-1 .Nsteps  (Begin  the  major  do  loop  of  the  intergration 
Do  300  Ml-1.2 

This  loop  is  set  to  integrate  the  loser  half  from  -pi  to  zero 
while  at  the  same  time  integrate  the  upper  half  from  pi  to  zero. 
The  ’logic’  of  this  is  that  terms  of  similar  magnitude  will  be 
accumulated  at  the  same  time  so  that  in  the  case  of  an  anti¬ 
symmetric  term  it  should  contain  less  error.  I  hope! 

If  (Ml.Eq.l)  then  (Lower  half  first. 

Theta  • ( -3 . 14169266368979D0) + ( (Dble (KKK-1 ) ) *Tinc ) 

G-G2 

Cposs-Dcmplx (Ps2 , Zero) 

Cc-Cc2 

Else  (Upper  half  second. 

Theta  •  (3 . 141692B6358979D0) - ( (Dble (KKK-1 ) ) *Tinc ) 

G-Gl 

Cposs«Dcmplx(Psl .Zero) 

Cc-Ccl 
End  if 

Dthe"Dcmplx((Dcos(Two*Theta)) , 

(Dsin(Two*Theta) ) ) 

Z-Dcmplx((R*Dcos (Theta)) , (R*Dsin(Theta))) 

Zb-Dconjg(Z) 

Do  100  i*l,Mterms 
P- . 60000000000+ ( 1 - i ) 


Q- ( 1 - i ) - . 6000000000D0 

Conl-DcaplxCP, (-1 . OOOOOOODO-Epsil))  !P-ie 

Con2-Dcaplx(P . (Epsil))  !P+ie 

Con3-Dcaplx(Q . ( -1 . OOOOOOODO*Epail) )  !  Q-ie 

Con4-Dcaplx(Q , Epsil)  !Q+ie 

Con6-Con3-Dcmplx(l .OOOOOOODO.Zero)  IQ-l-ie 

Call  Power (R. Theta. Con3, Ana) 

Phi ( 1 ) “Dc ap lx (Two , Zero ) *Con 1 * Ana 
II  (Ml.Eq.l)  Phi(i)-Phi(i)*Dcmplx(Epitheta,Zero) 

I  This  adjusts  for  the  lover  half  potential  function. 

Phil (1) -Phi (i)*Con3/Z 
Phi I I < i ) -Phi I ( i ) *Con5/Z 
Call  Power CR, Theta, Con2, Ana) 

XI (i) «Dcnplx(Two , Zero) * 

*  Dcaplx(Epitheta,Zero)*Ana 
Call  Power (R, Theta, Coni .Ana) 

X2(i)-Dcaplx(Tvo.Zero)*Con3*Ans 

If  (Ml.Eq.l)  then 

Xl(i)-Xl(i)/Dcnplx(Epitheta,Zero)  IThia  adjusts  the  potential 
X2(i)-X2(i)*Dcaplx(Epltheta,Zero)  (functions  for  being  on  the 
End  If  1  lower  half . 

XlI(i)-Xl(i)*Con2/Z 
X2I(i)-X2(i)*Conl/Z 
IlII(i)-XlI(i)*Con4/Z 
I2II(i)-X2I(i)*Con3/Z 
If (i.GT. (Mtems-Nterns) )  Then 

This  section  calculates  out  the  teraa  associated  with  the  integer 
powers  of  the  series  expansion  starting  out  at  n— 2. 
j  J-Ntema-l-i 

Call  Power  (R, Theta, (Dble(jj+1)) ,Ans) 

III (i)-DcBplx(-Cc , Zero) *Conjg(Ans/Z) *Z 
XlII(i)-XlI(i)/Z 
X2I(l)-Dcaplx(Cc ,Zero)*Ans 
X2II(i)-Dcmplx((Dble( j  j+1)) ,Zero)*X2I(i)/Z 
PhiI(i)-Dcaplx(Cc ,Zero)*Ans/Z 
PhiII(i)-Dcaplx((Dble( j  j)) ,Zero)*PhiI(i)/Z 
Phi (1) -Phil (i) *Z/Dcaplx( (Dble ( j  J  *1 ) ) , Zero) 

End  if 
Continue 

Do  200  i-l.Mteras  IThe  following  are  the  individual  terms 
associated  with  the  coaplex  variable  bb  and  is  conjugates. 

Do  200  j-l.Mteras 
BB(i, j)-Zb*( 

*  (Z*Dconjg(PhiI(i)*PhiI( j ))) 

*  -(Z*Dconjg(PhiI(i))*Dthe*XlII( j)) 
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*  -(Dconjg(I2I(i)*PhiI(j))) 

*  +(Dconjg(X2I(i))*Dth«*XlII( j ))) 

BcBd.  j)«Zb*( 

*  (Z*Dconjg(PhiId))*Dthe*X2II(j) ) 

*  -(Z*Dconjg(PhiId))*Dthe*Zb*PhiII(j)) 

*  4(Z*DconJg(PhiId))*PhiI(j)} 

*  +  (Dthe*Zb*Dconjg(X2Id))*PhiIl(j )) 

*  -(Dth«*Dconjg(I2I(i))*X2II( j )) 

*  -(DconJg(X2I(i))*PhiI( j))) 
cBB(i.J)-Zt>*( 

*  (Phid)*Dthe*XlII(j)*Cpo§a) 

*  -(Phid)*Dconjg(PhiI(j))*Cposs) 

*  -(Dconjg(XlId))*Dthe*XlII(  j)) 

*  ♦(DconJgCllI(i)*PhiI(J)))) 
cBcB(i.j)-Zb*( 

*  (Phid)*Dthe*Zb*PhiII(j)*Cpoes) 

*  - (Phid)  *Dthe*X2II(  j  ) *Cpoaa) 

*  -(Phi(i)*PhiI( j)*Cpoaa) 

*  * ( (Dconj g(Xl I (i) ) ) *Dthe*Zb*PhiII ( j ) )  !The  Problea  Tara. 

*  +(Dconjg(XllCi))*Dtha*X2II(J)) 

*  ♦(Dconjg(XlI(i))*PhiI( j))) 

Continue 

This  aectlon  adjuata  the  weighting  factor  applied  to  each  point. 
Thia  la  in  accordance  with  Slnpon'a  1/3  rule. 

If  (KKK.Eq. 1 . or. KKK. Eq. Natepa)  Then 
Rinc*Tinc /Three 

Else 

Kl-KKK/2 

K2-K1*2 

If  (K2.Eq.KKX)  Then  I KKK  ia  an  even  nuaber 
Rinc«Two*TwoeTinc /Three 
Else 

Rinc-Two*Tinc /Three 
End  If 
End  If 

Oo  300  i"l,Mteras 
Do  300  J-l.Mteras 

AiAj (i . j )-Dreal(BB(i . J)+cBB(i, J)+BcB(i . j )*cBcB(i . j ) ) *Rinc/(G*Two) 

*  ♦  AiAj(i.j) 

BiBjd. j)«Dreal(BcB(i, j)-BB(i, j)+cBB(i, J)-cBcB(i, j))*Rinc/(G*Two) 

*  ♦  BiBJd.J) 

BiAj(i,j)»Diaag(BB(i.J)+BcB(i.j)-cBB(i,j)-cBcB(i.j))*Rinc/(G*Two) 

*  ♦  BiAj(i.J) 

AiBj(i, j)-Diaag(BB(i.J)-BcB(i. j)«xBB(i. j)-cBcB(i, j ))*Rinc/(G*Two) 

*  4  AiBj(i, j) 
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Continue  I  End  of  the  integration. 

Do  400  i»l,Mterms  (Form  the  global  stiffness  matrix. 

Do  400  j*l,Mterms 
C(i, J)-AiAj (i. j) 

C(i, (J*Mterms))»AiBj (i. j) 

C((i+Mterns) . J)-BiAJ (i, J) 

CUi+Mtems) . (J*Mterms))«BiBj (i,  j) 

Continue 

Do  500  i-1 , (2*Mterms)  I  Upper  triangularize  the  global  stiffness 
Do  600  J»i. (2*Mterms)  I  matrix.  Use  only  one  spring  per  node  set. 
D(i,j)"C(J,i)+C(l,j)  (The  other  half  is  being  filled  in  for 
If(i.Ne.j)  D(j , i)*D(i, j)  (convenience  only. 

If(i.Eq.J)  D(j,i)-D(J,i)/Two 
Continue 

This  section  adjusts  for  the  springs  working  on  the  difference 
between  the  two  degrees  of  freedom,  instead  of  the  degree’s 
of  freedom's  product.  It  becomes  very  Important  to  determine 
at  this  tine  how  many  terms  are  actually  going  to  be  used. 

Do  650  i«l , (2*Mterms) 

Do  650  j-i, (2*Mterms) 

If(i.Ne.j)  then 

E (i . J ) - C - . 6000000000D0) *D (i . j ) 

Else 

E ( i . J ) -D ( i . J ) * ( . 500000000000 ) 

Do  526  K-l . (Mterms*2) 

E(i . j )«E(i , j )♦( . 60000000000)*D(i ,k) 

Continue 
End  If 
Continue 

Ncount"8000  (Set  up  elset  numbering  counter. 

Do  600  i*l.Mterms 
Do  600  j^i.Mterms 
Ncount«Hcount*l 
II-i+1 
JJ-j+1 

If  (Dabe(E(i, j)) . Gt.Zepo)  then 
If(i.Ne.j)  then 

Write  (30,1012)  Ncount.Hcount.il, JJ 
Write  (30,1016)  Ncount.EU, j) 

Else 

Write  (30,1011)  Ncount.Ncount.II 
Write  (30,1015)  Ncount.EU. J) 

End  If 


000  Continue 

Do  700  i-l.Mterms 

Do  700  j-(Mterms-l) , (2-Mterms) 

Ncount -Ncount+1 
II-i+1 

J  J-  j  -Mterms+l+Iaec 
II  (Dabs(E(i, j)) .Gt.Zepo)  then 
Write  (30,1012)  Ncount.Ncount.II, JJ 
Write  (30,1016)  Ncount. E(i, j) 

End  If 

700  Continue 

Do  800  l-(Mterms+l) . (2*Mterma) 

Do  800  j-i, (2-Mterms) 

Ncount-Ncount+1 
II  ■  i-l-Mteraa  +  I*ec 
JJ  ■  J+l-Mter**  ♦  Isec 
If  (Dabs(E(i,]))  .Gt.Zepo)  then 
If(i.Ne.j)  then 

Writ*  (30,1012)  Ncount.Ncount.II, JJ 
Writ*  (30,1016)  Ncount ,E(i, J) 

Elee 

Write  (30,1011)  Ncount.Ncount.II 
Writ*  (30,1016)  Ncount ,E(i . j ) 

End  If 
End  If 

800  Continue 

1011  Fomat(  ’ -ELEMENT,  TYPE-SPRING  1 .  ELSET-SP  ’ ,  14 ,  / ,  3 15  ) 

1012  Foraat ( *  * ELEMENT . TTPE"SPRING2 , ELSET>SP ’ , 14 , / , 315  ) 

1015  Format C*SPRING, ELSET-SP *.I4  ./. '1* ./. E17.ll, *. •) 

1016  FormatC -SPRING, ELSET-SP1 .14  ./ . *  1 . 1* ,/ ,E17 . 11 , * , ’) 

End 

Subroutine  Power (R, Theta, Con, An*) 

C  This  subroutine  calculates  a  complex  number  Z,(  R, Theta), 

C  raised  to  a  another  complex  number  Con. 

Complex- 16  Z. Con, Ana 
IMPLICIT  REAL-8  (A-H.O-Z) 

Ans-Dcmplx(  (  R--Dreal(Con)  )  ,0.00000000000000) 

*  -Dcmplx(  (Dexp ( - 1 . OOOOOOODO-Theta-Dimag ( Con) ) ) , 0 . OOOOOOOOOOOODO) 

*  -Dcmplx( (Dcos (Dimag (Con) -Dlog (R))) , (Dsin(Dimag(Con)-Dlog(R)))) 

*  -Dc*plx( (Dcos (Dreal (Con) -Theta)) , (Dsin(Dreal(Con) -Theta))  ) 

Return 

End 


C.2.2  MPC  Subroutine 

Subroutine  MPC  (Ue.A, Jdoi ,N, Jtype ,X,U,Nmpce) 

IMPLICIT  REAL-8  (A-H.O-Z) 

DIMENSION  A(n) . JDOF(n) ,1(6, n) ,D(6,n) 

C  This  program  imposes  the  asymptotic  bi -material  crack  tip 

C  displacements  as  an  MPC.  The  order  of  the  MPC  as  it  should 

C  appear  in  the  deck  is  MPC* , Node# , Knode , Knode .  Here  MPC# 

C  should  be  1  for  dof  1  and  2  for  dof  2  in  the  upper  half . 

C  While  11  should  be  used  for  dof  1  and  12  for  dof  2  in  the 

C  lover  half.  Note,  this  means  that  for  every  node  to  be  tied 

C  it  has  to  be  entered  in  twice;  once  for  each  dof.  Node#  is 

C  the  number  of  the  constrained  node  while  Knode  is  :he  number 

C  of  the  extra  node.  The  desired  Ki  strength  should  be  given 

C  as  Knode ‘s  dof  1  displacement  while  the  Kii  should  be  given 

C  as  Knode 's  dof  2  displacement.  The  subscript  1  and  2  refer  to 

C  the  upper  (1)  and  lower  (2)  materials  respectively.  The 

C  Knode  numbering  are  arranged  with  the  first  Iinteg  minus  one 

C  terms  corresponding  to  the  square-root  order  terms  while  the 

C  following  terms  correspond  to  the  integer  terms.  (Starting  from 

C  the  n--2  term.) 

Iinteg-7  I#  of  square-root  terms  including  the  K  terms. 

Rone  -(-l.OOOOOOOOOOOOOODO)  I  Useful  constants 
Zone  -l.OOOOOOOOOOOOOODO 
Two  -2 . OOOOOOOOOOOOOODO 
Three-3 . OOOOOOOOOOOOOODO 
Pie  -3 . 1416020536897000 
C  Determine  the  R  and  theta  coordinates. 

Theta-Datan2(  1(2,1) .1(1 .1)  ) 

If (I( 1 . 1 ) . Lt . (0 . 0D0) . and . Dabs (X(2 , 1 ) ) . Lt . (0 . 0001D0) )  Theta-Pie 
Theta  -Dabs(Theta)  !  This  always  gives  a  positive  theta. 

If ( Jtype . Eq . 11 . or . Jtype . Eq .  12)  Theta-Theta-Rone 
R-Dsqrt(X(l , 1)*X(1 ,1)+X(2,1)-X(2,1)) 

C  Set  up  the  material  properties 

Em2«70 . 1D03 
Eml-13 . 7D03 
P2- . 342D0 
P1-.250D0 

C  Determine  the  bi-material  displacements 

Gl-Eml/((Zone+Pl)«Two)  ! Shear  Modulus 
G2-Em2/((Zone+P2)*Two)  (Shear  Modulus 
FI- (Three- (Two*Two*Pl))/Gl 
F2-(Zone/G2) 

F3-(Three-(Two*Two*P2))/G2 

F4-(Zone/Gl) 
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Epsil-(Zone/(Two*Pie))*Dlog((Fl+F2)/(F3+F4)) 

C1“F1*F4  (These  are  constants  used  in  the  integer 

C2-F3+F2  ! function  expansion. 

Cc l-Two»C2/ (C1+C2) 

Cc2-Two*Cl/(Cl+C2) 

If  (Jtype.EQ.ll.0R.Jtype.EQ.12)  then 

G-G2  (This  adjust  for  the  aaterial  being  on  the  down  side. 
Rnj -Three- (Two*Two*P2) 

Cc-Cc2 

Else 

G-Gl  !  Assume  that  the  node  is  on  the  upper  half 
Rnj -Three- (Two*Two*Pl)  (Plain  strain  Poisson's  ratio 
Cc-Ccl 
End  If 

Uit-O.ODO  Unitialize  the  displacenents  before  the  do  loop. 

Vit-Oit 
A (1) -Zone 

MM-(N-l)/2  (Adjustment  for  the  due  loop 

Coshpe- ( ( (Dexp(Epsil*Pie) ) + (Dexp(Epsil* (Rone*Pie) ) ) ) / 
k  Two)  (Correction  of  Rice’s  original  solution. 
Etheta-Dexp(Epsil-Theta) 

Epitheta-Dexp(Two*Pie*Epsil) 

Re-Epsil*(Dlog(R)) 

Con3- (Three/ (Two*Two))  -  Epsil-Epail 
Con4-  Two  *  Epsil 

Con7 -10. 0265 1 3D0  *  Dexp(Pie-Epsil)  * 

*  (  Con4  *  Con4  ♦  Con3  *  Con3) 

Do  200  I-l.MM  I  The  nuaber  of  teras  involved  is  the  second  limit 
If  (I.LE. linteg)  then  (These  terns  are  used  for  the  square - 

(root  expansion. 

II-2-I 

P-Dble ( I I ) ♦ ( Zone/Two ) 

Q-Dble(II) -(Zone/Two) 

CRe-DCos(Re) 

SRe-DSin(Re) 

CQt-DCos(Q-Theta) 

SQt-DSin(Q-Theta) 

CQ2t-DCos ( (Two-Q) -Theta) 

SQ2t-DSin( (Two-Q) -Theta) 

Teral-CRe-CQt-SRe-SQt 
Tera2-CRe -SQt - SRe-CQt 
Tera3-CRe *CQ2t - SRe *SQ2t 
Tera4-CRe*SQ2t+SRe*CQ2t 
Tera6-CRe*CQt-SRe-SQt 
Tera6-CRe«SQt+SRe-CQt 
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Coni* (P*Q) - (Epsil*Epsil) 

Con2*(P+Q)*Epsil 
End  II 

C  The  terms  Fel  and  Fe3  are  associated  with  the  e_n  term  in  07  expan 
C  The  terms  Fe2  and  Fe4  are  associated  with  the  l_n  term  in  my  expan 

If ( ( Jtype . EQ . 11 . or . Jtype . Eq . 12) . and . I . LE . Iinteg)  then 
c  These  are  done  lor  the  lower  hall . 

Fel-(P*Teml  ♦  Epsil*Term2)* (Etheta) *Rn)*Epitheta  - 

*  (Conl*Term3  -  Con2*Term4)* (Etheta) *Epitheta  - 

*  (P*Term6  -  Epsil*Term6) /Etheta  ♦ 

*  (Conl*Terml  ♦  Con2*Term2)*Etheta*Epitheta 
Fe2*(Epsil*Ternl  -  P*Tera2)*  Etheta*Rnj*Epitheta  - 

*  (Con2*Term3  ♦  Conl*Term4)*  Etheta*Epitheta  - 

*  (P*Term6  ♦  Epsil*Term5) /Etheta  - 

*  (Conl*Term2  *  Con2*Teral)*Etheta*Epi theta 
Fe3*(P*Term2  -  Epsil*Terml)* (Etheta) *Rnj*Epi theta  - 

*  (Con2*Term3  ♦  Conl*Term4)* (Etheta) *Epitheta  ♦ 

*  (P*TermO  *  Epsil*Term5) /Etheta  - 

*  (Conl*Term2  *  Con2*Terml)*  Etheta*Epi theta 
Fe4-(Epsil*Term2  ♦  P*Terml)* (Etheta) *RnJ*Epitheta  ♦ 

*  (Conl*Tern3  -  Con2*Term4)* (Etheta) *Epltheta  - 

*  (P*Ter«6  -  Epsll*Termfl) /Etheta  - 

*  (Conl*Terml  ♦  Con2*Term2) * (Etheta) *Epitheta 
Rcon* (Zone/ (G*Coshpe ) ) * (R**Q) 

Else  II  (( Jtype. EQ.l. or. Jtype. EQ. 2) .and. I. LE. Iinteg)  then 
!  These  are  done  lor  the  upper  hall . 
Fel*(P*Teral  +  Epsil*Term2)* (Etheta) *RnJ  - 

*  (Conl*Tern3  -  Con2*Tera4)* (Etheta)  - 

*  (P*Term6  -  Epsil*TermC)*Epitheta/Etheta  ♦ 

*  (Conl*Terml  ♦  Con2*Term2) *Etheta 
Fe2*(Epsil*Terml  -  P*Term2)*  Etheta  *  Rnj 

*  (Con2*Term3  ♦  Conl*Tem4)  *  Etheta  - 

*  (P*Termfl  ♦  Epsil*Term6)*Epitheta/Etheta  - 

*  (Conl*Term2  -  Con2*Terml)*Etheta 
Fe3*(P*Term2  -  Eps±l*Teral)* (Etheta) *Rnj  - 

*  (Con2*Term3  ♦  Coni *Term4)* (Etheta)  ♦ 

*  (P*Term©  ♦  Epsil*Tera5)*Epitheta/Etheta  - 

*  (Conl*Tern2  -  Con2*Terml)*  Etheta 
Fe4*(Epsil*Term2  ♦  P*Terml)* (Etheta) *Rnj  ♦ 

*  (Conl*Term3  -  Con2*Term4)* (Etheta)  - 

*  (P*Term6  -  Epsil*Term6)*Epitheta/Etheta  - 

*  (Conl*Terml  ♦  Con2*Term2)« (Etheta) 

Rcon* (Zone/ (G*Coshpe) ) *(R**Q) 

Else  II  (I. GT. Iinteg)  Then  {This  begins  the  integer 

I  section  ol  the  expansion. 


Mno^Iinteg- 1-1 
Rmno 1 ■ Db 1 e (Mno - 1 ) 

Rano3"Dble(Mno+l) 

Rcon*Cc*(R**Rmno3)/(Two*G) 

Argp-Theta*Rmno3 

Argn*Theta*Ranol 

Fe 1 • ( (Rn J +Rano3 ) /Rmno 3) *Dc os ( Argp) 

Fe2» ( - (Rn j  +Rano3 ) /Rmno3) *Dsln ( Argp) 

Fe3"( (Rnj -Rmno3)/Rmno3)*Dsin(Argp)  ♦  Two*Dsin(Argn) 

Fe4"((RnJ -Rmno3)/Rmno3)*Dcos(Argp)  +  Two*Dcos(Argn) 

Else 

Print  * , '  Tour  are  in  deep . * 

End  if 

C  The  U(*,*)  are  the  stress  intensity  factors.  Therefore  an  adjustment 
C  aust  be  aade  to  convert  then  into  the  proper  fora.  What  follows  are 
C  the  derivatives  of  the  displaceaents  with  respect  to  the  Stress 
C  Intensity  factors.  Or  the  unknown  degrees  of  freedom. 

C  The  conversion  to  the  Stress  Intensity  Factors  only  occurs  for 
C  the  square  root  tern.  The  remaining  terms  are  left  as  the  unknowns 

C  a+ib.  This  is  done  because  the  evaluation  of  the  far-field  is  much 

C  easier  using  aj+lbj  instead  of  K1J+1K2J.  Another  separation  is 

C  given  to  the  integer  terms  and  the  square-root  order  terms. 

If(I.Eq.l)  then 

0K1»  Rcon*(Fel*Con3  ♦  Fe2*Con4)/Con7 
UK2"  Rcon*(Fe2*Con3  -  Fel*Con4)/Con7 
VK1"  Rcon* (Fe3*Con3  ♦  Fe4*Con4)/Con7 
VK2*  Rcon*(Fe4*Con3  -  Fe3*Con4)/Con7 
Else  If (I.Gt.Iinteg)  then 
UKl-Rcon*Fel 
UK2"Rcon*Fe2 
VKl»Rcon*Fe3 
VK2«Rcon*Fe4 
Else 

OKI*  Rcon*Fel*Coshpe 
0K2*  Rcon*Fe2*Coshpe 
VK1"  Rcon«Fe3*Coshpe 
VK2"  Rcon*Fe4*Coshpe 
End  If 

Jdof (2*I*1)"1  1  node  in  the  expansion. 

Jdof(2*I)"l  (Give  the  correct  degree  of  freedom  for  each  free 
IF  (Jtype.Eq.l)  then 
JD0F(1)"1 
A(2*I)"Rone*0Kl 
A(2*I+l)-Rone*UK2 
Else  IF  (Jtype.Eq.il)  then 
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JD0F(1)*1 
A(2*I)«Rone*UKl 
A(2*I+1) *Rone  *UK2 
ELSE  IF  (Jtype.Eq. 2)  then 
JDQF(1)*2 
A(2*I)-Rone*VKl 
A(2*I+l)-Rone*VK2 
ELSE  )  (Jtype.Eq. 12) 

JD0F(l)-2 
A(2*I)-Rone*VXl 
A(2*I*l)-Rone*VK2 
END  IF 

Uit-Uit*(0(l,(2*I))*A(2*I)  ♦  0(2, (2*1+1) )*A(2*I+1)) 
Vit"Vit+(0(l , (2*I))*A(2*I)  ♦  U(2, (2*I+1))*A(2*I+1)) 

200  Continue 

C  Figure  out  which  dof  ie  being  eought  and  is  it  in  the  upper  or 

C  lower  half.  Also,  give  the  total  displacement. 

IF  (JTTPE.Eq.l. OR. JTYPE.EQ. 11)  THEN 
JD0F(1)«1 
OE-Oit 

ELSE  ! IF  (Jtype.Eq. 2. or. Jtype.Eq. 12)  THEN 

JD0F(1)«2 
UE-Vit 
END  IF 
Return 
End 

C.3  Closed  Crack-Tip  :  MPC  Subroutine 


Subroutine  MPC  (Ue.A.Jdof ,N, Jtype.X.U.Nmpce.Kstep.Kinc .Time) 
IMPLICIT  REAL *8  (A-H.O-Z) 

DIMENSION  A(n) , JDOF(n) ,I(6,n) ,D(6,n) 

For  ABAQUS  -  VERSION  4.6 

This  program  imposes  the  asymptotic  bi -material  crack- tip 
displacements  as  an  MPC.  This  is  the  rountine  used  to  enforce 
the  CLOSED  crack-tip  model.  The  order  of  the  MPC  as  it  should 
appear  in  the  deck  is  MPC#, Node#, Knode,  Here  MPC# 
should  be  1  for  dof  1  and  2  for  dof  2  in  the  upper  half. 

While  11  should  be  used  for  dof  1  and  12  for  dof  2  in  the 
lower  half.  Note,  this  means  that  for  every  node  to  be  tied 
it  has  to  be  entered  in  twice;  once  for  each  dof.  Node#  is 
the  number  of  the  constrained  node  while  Knode  is  the  number 
of  the  extra  node.  The  desired  Kii  strength  should  be  given 
as  Knode ’s  dof  1  displacement.  The  subscript  1  and  2  refer  to 
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C  the  upper  (1)  and  lover  (2)  materials  respectively. 

Rone  -(-1 . OOOOOOOOOOOOOODO)  !  Useful  constants 
Zone  -1. OOOOOOOOOOOOOODO 
Two  -2 . OOOOOOOOOOOOOODO 
Three-3 . OOOOOOOOOOOOOODO 
Pie  -3 . 14159266368979D0 
C  Determine  the  R  and  theta  coordinates. 

Theta-Datan2(  X(2, 1) .X(l . 1)  ) 

If (X(l.l) .Lt. (0.0D0) .and.Dabs(X(2.1)).Lt. (0.0001D0))  Theta-Pie 
Theta  -Dabs(Theta)  1  This  always  gives  a  positive  theta. 

If ( Jtype . Eq. 11 . or . Jtype . Eq . 12)  Theta-Theta*Rone 
R-Dsqrt(X(l , 1)*X(1 , 1)+X(2, 1)*X(2, 1)) 

C  Determine  the  bi-material  constant.  Caution:  use  Comninou’s 
C  ordering.  Give  Beta  with  1  in  the  lower  region) 

Beta— 0 . 240120000DO 
C  Set  up  the  material  properties 

Eml-70. 1D03 
Em2-211 .4D16 
P1-.342D0 
P2-.300D0 

C  Solve  for  the  shear  modulus 

Gl-Eml/((Zone+Pl)*Two)  (Shear  Modulus  upper  domain 
G2-Em2/((Zone+P2)*Two)  (Shear  Modulus  lower  domain 
If  ( Jtype. EQ. 11 .OR. Jtype. EQ. 12)  then 

G-G2  (This  adjust  for  the  material  being  on  the  down  side 
Rnj -Three- (Two*Two*P2) 

Else 

G-Gl  I  Assume  that  the  node  is  on  the  upper  half 
Rnj "Three- (Two*Two*Pl)  (Plain  strain  Poisson’s  ratio 
Beta-Beta*Rone  (Adjust  for  Beta  in  the  upper  domain. 

End  If 
A(l)-Zone 

Fl-Rone* ( (Dsqrt  (Two*R) )/ (Two*Two*Two*G) ) 

F2-(Two*Rnj -Zone) * (Zone -Beta) *Dsin(Theta/Two) 
F3-(Three*Beta)*Dsin(Three*Theta/Two) 

Ur«Fl*(F2-F3) 

F4- (Two*Rn j +Zone) * (Zone-Beta) *Dcos (Theta/Two) 
F5-(Three«-Beta)*Dcos(Three*Theta/Two) 

Uo-Fl*(F4-F6) 

C  Rotate  the  displacements  into  the  Cartesian  Coordinate  frame, 
dx- (Ur*Dcos (Theta) ) - (Uo*Dsin(Theta) ) 

Uy- (Uo*Dcos (Theta) )+(Ur*Dsin(Theta) ) 

Jdof(2)-i  (Imposing  DOF  of  K_II  node. 

IF  ((Jtype .Eq. 1) .or. (Jtype .Eq. 11))  then 
JD0F(1)-1 


A(2)-Rone*Ux 

ELSE  IF  ((Jtype .Eq. 2) .or . (Jtype .Eq. 12))  then 
JD0F(1)»2 
A(2)*Rone*Uy 
ELSE 

Print  *.  'You  goofed  up!' 

END  IF 

Uit*  U(1,2)*A(2)  lGet  the  actual  displacement 
Vit-  U(1.2)*A(2) 

Figure  out  which  dof  ia  being  sought  and  is  it  in  the  upper  or 
lower  half.  Also,  give  the  total  displacement. 

IF  (JTYPE. EQ.l. OR. JTYPE.EQ.il)  THEN 
JD0F(1)-1 
OE-Oit 

ELSE  IIF  (Jtype. Eq. 2. or. Jtype. Eq. 12)  THEN 

JDOF ( 1 ) *2 
UE-Vit 
END  IF 
Return 
End 


